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PEEFACE. 

There has existed for some time past a general feeling 
that the Laws of Motion form the only satisfactory basis 
on which the science of Statics can be built. So far as I 
know, all the text-books in use in Cambridge except Prof. 
Minchin's, treat the subject from quite a dififerent point of 
view. In this text-book I have endeavoured to supply 
the wants of students, who are not sufficiently advanced 
in Pure Mathematics, to read with advantage Professor 
Minchin s treatise on Analytical Statics. 

Deducing from the Newtonian definition of force and 
the parallelogram of velocities, the parallelogram offorceSy 
I obtain the necessary conditions of equilibrium for any 
material system by means of the third law, without assum* 
ing the transmissibility of force, or supposing the system 
to become rigid. From these and certain geometrical 
considerations follow the sufficient conditions of equili- 
brium of a rigid body. This ii^volves the introduction of 
the conception of the moment of a force about a line, and 
certain geometrical propositions, which may be regarded 
as somewhat difficult for a beginner : I am in hopes that 
these difficulties will not be found insuperable, as it seems 
to me that there is a distinct gain in clearness and 
simplicity by this mode of treatment of the subject. The 
Appendix on indefinitely small quantities has been added 
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VI PREFACE. 

to enable the student, who is unacquainted with Newton's 
Lemmas and the Differential Calculus, to follow the 
methods used in the chapters on the Centre of Mass and 
Virtual Work. 

For the sake of students beginning the subject, easy- 
numerical examples on the preceding propositions have 
been embodied in the text. The articles, marked with an 
asterisk, may be reserved for a second reading of the sub- 
ject. Explanations and illustrations are printed in smaller 
type than the articles relating to general principles. With 
the view of making the diagrams more intelligible, the 
bounding lines of physical surfaces are drawn thicker than 
lines representing forces, and lines drawn merely to obtain 
a geometrical solution of the problem are dotted. 

I have referred continually to Thomson and Tait's 
Natural Philosophy, and have also consulted Jellett's 
Theory of Friction. Several of the Illustrative Examples 
are taken from Dr Wolstenholme's Collection. 

I am much indebted to Mr E. W. Hobson, M.A., Fellow 
of Christ's College, for many valuable suggestions, and also 
to Mr J. B. Holt, B. A., Scholar of Christ's College, for his 
kind criticisms and assistance. 



JOHN GREAVES. 



Christ's College, Cambbidoe, 
ApHl, 1886. 



PREFACE TO THE SECOND EDITION. 



A FEW articles, which seemed wanting in clearness, 
have been re-written ; and I have introduced Coulomb's 
empirical formula for taking into account the rigidity 
of ropes used in machines, as well as a description of 
Weston's Differential Pulley. Many errors in Examples 
have been corrected, and it is hoped that very few now 



remain. 



April, 1888. 
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CHAPTER I. 



STATICS OF A SINGLE PARTICLE. 

1. When a point is changing its position relatively 
to surrounding points, it is said to be in motion relatively 
to them : if it is not changing its position, it is said to be 
at rest. 

If we consider not only the actual change of position, 
but also the time which the motion occupies, we bring in 
the idea of ra^e of motion or velocity. 

2. Def. If a point moves over equal distances, in 
equal successive intervals of time, no matter how short 
the intervals are, the velocity of the point is said to be 
uniform. If the distances are not equal, the velocity is 
varying. 

For the velocity to be tmifonn, it is essential that the distances be 
equal, even when the intervals of time are indefinitely small: for 
instance, we may imagine a train travelling 30 miles daring each of 
several successive hours, yet we should not describe its motion as 
uniform, if the distances travelled daring the different minutes were not 
all equal, nor yet, even though the distances travelled during the 
different minutes were so, provided those travelled during the different 
seconds were not always the same, and sp on indefinitely. 






2 STATICS. 

3. If we wish to give any one a clear idea of the 
magnitude of some physical quantity, we describe it as 
bearing such and such a ratio to some definite arbitrarily 
chosen amount of that quantity, known to him. The 
known definite amount is called the unit of the physical 
quantity generally, while the ratio is called the numerical 
measure, or simply the measure of tl^e particular amount 
under consideration. 

If for instance, the area of a certain field be 12^ acres, and an acre 
be chosen as the unit area, the ratio of the area of the field to that of 
the unit is 12^, which is therefore the numerical measure of the area of 
the field. 

We shall suppose then, that we have fixed on some 
particular length as the unit length, and some particular 
interval of time as the unit of time. 

If the velocity of a point be uniform, its numerical 
measure is the numerical measure of the distance 
traversed by it during the unit of time. It may happen 
that the point's velocity, though uniform for a finite 
interval of time, is not so for the unit of time : in that 
case, its numerical measure is that of the space the point 
would traverse during the unit of time, provided it moved 
throughout with the same velocity as during the finite 
time. The velocity which we call the unit velocity, or 
whose numerical measure is one, is the velocity of a point 
which traverses the unit of length in the unit of time. 

Bef. The mean or average velocity of a point during 
any interval of time is the velocity with which a point, 
moving uniformly during that time, would describe the same 
distance. Its numerical measure is therefore the numerical 
measure of the distance described, divided by that of the 
time required. 

Def. The velocity of a point at any instant, is the 
limit of the mean velocity of the point during an interval 
of time including the particular instant, when the interval 
is diminished indefinitely. 
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Ex. 1. Compare the velocitieB of two points which move nniformly, 
one throngh 5 feet in half a second, and the other through 100 yards in 
a minute. Am. 2 : 1^ 

Ex. 2. A railway train travels 160 miles in 6 hours 80 minutes. 
What is its average velocity in feet per second ? Ans, 36*1 nearly^ 

Ex. 3, One point moves uniformly twice round the circumference of 
a circle, while another moves uniformly along the diameter: compare 
their velocities. Ana. 2ir : 1. 

Ex. 4. A fly-wheel is 14 feet in diameter, and is observed to go round 
uniformly fifteen times in a minute : find the velocity of a point in the 
circumference, Ans, 11 feet per second nearly. 

Ex. 5. Supposing the earth to rotate about its axis in 23 hours 
56 minutes, its equatorial diameter being 7925 miles, find the velocity of 
a point at the equator relative to the earth's centre, in feet per second. 

Ans. 1526 nearly. 

4. Now a velocity is entirely known, if its direction 
and magnitude are known. But as a straight line AB can 
be drawn in any direction, it can be drawn so as to in- 
dicate fully the direction of a 
point's velocity, provided we shew Fig.i 

either by an arrow-head or by the a . . ^ b^ 

order of the letters AB, the sense 
of the velocity, i.e. whether its 

direction be from J. to 5 or from B to A, As we can 
make the line of any length, we can make it so that its 
length bears the same ratio to some arbitrarily chosen 
length as the velocity considered bears to the unit of 
velocity. If this be done, and we know the scale, i.e. 
the length chosen to represent the unit velocity, the line 
AB will also represent the magnitude of the velocity con- 
sidered. 

5. A point may be moving with several independent velocities at 
once : for instance, we know that the earth as a whole is describing an 
orbit about the sun, and that all points on the earth's surface are 
describing circles about the earth's axis; if then, a point be moving 
on the earth's surface, it has relatively to the sun, three independent 
velocities, viz. its velocity on the earth's surface, the velocity of the point 

1—2 



4 STATICS, 

of the earth's snrface it occupies at the particniar instant, relatively 
to the centre of the earth, and the velocity of the earth's centre about 
the sun. 

Def. When a point has several independent veloci- 
ties, the single velocity which would alone give the point's 
motion is called the resultant of the other velocities. 

Let us consider the case of a point moving in a straight 
line along the deck of a ship, with uniform velocity 
relative to the ship, which is sailing with uniform velocity 
in a straight line along the earth's surface. It is required 
to find the point's motion relative to the earth's surface. 
La given its position at one instant, it is required to find 
its position at the end of a given time. Now since the 
point's motion on the ship's deck is entirely independent 
of the ship's motion, if we suppose the point fixed to the 
deck during the time considered, so that its motion is that 
of the ship, then the ship to remain stationary while the 
point moves for an equal time along the deck with its 
velocity relative to the ship, the final position of the 
point will be the same as if the two motions had taken 
place simultaneously, as they really do. 

The above illustration exemplifies a general axiomatic 
principle, which may be stated thus: if during a certain 
time a point has several independent motions, its actual 
position at the end of any portion of that time may be 
found by imagining that all the motions take place 
separately during a number of successive periods of time 
equal to the one considered, instead of supposing that all 
the mx)tions take place simultaneously, which is what 
really takes place. Of course the imaginary motion only 
gives the same initial and fiual positious of the point as 
the real one, and not in general intermediate ones, although 
by taking the periods of time very small, but very large 
in number, the imaginary motion which gives us the real 
position of the point at the end of each of them, will 
give us an infinite number of points on the point's actual 
path. The motions referred to above are not of necessity 
due to uniform velocities. 



STATldS OF A SINGLE PARTICLE, 5 

A The Parallelogram of Velocities, 

6. If the two independent velocities of a point be 
represented in magnitude, direction and sense hy two 
straight lines drawn from, {or to) a point, and a parallelo- 
gram be constructed on them as adjacent sides, the resul- 
tant velocity is represented in m^agnitude, direction and 
sense by the diagonal drawn from, {or to) the point of inter- 
section of these sides. 

Let the lines OA, OB represent in magnitude, sense 
and direction the velocities u, v of the point: complete 
the parallelogram OACB, and join 00; then OC shall 
represent the resultant velocity. If be taken as the 

Flg.2 



initial position of the point, its position at the end of a 
time t can be found by supposing that it first moves 
with the velocity u for a time t, and then with the velo- 
city V for the same time. If it moves with the velocity 
u alone, it will at the end of a time < be at a in the 
line OA, where Oa=^ut; if now it moves with the velocity 
V alone for a time t, it will arrive at c, where ac is 
parallel to OB, and ax) = vt c then is the position of the 
point at the end of a time t, when the motions take place 
simultaneously. 

But bec ause ac : Oa = AC : OA, c is in OC, i.e. 00 re- 
presents the Aireciwn of the resultant velocity. Also the 
ma^itude of the resultant velocity is to the velocity OA 
as Oc is to Oa, i.e. as OG : OA : hence OC represents the 
magnitude of the resultant velocity. The sense of the 
resultant velocity is clearly OC. 
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The above proposition holds at any instant, even though 
the independent velocities be varying velocities : for it is 
only necessary to suppose that the time t is ultimately 
indefinitely small, and the above proof holds. 

Ex. 1. If a boat can steam 9 miles an hour np stream, and 13 miles 
an hour down stream : find the velocity of the stream. 

Ans. 2 miles per hour. 

Ex. 2. Velocities of 4 feet and 16 feet per second in directions at 
right angles to each other are simultaneously communicated to a body : 
determine the resultant velocity. Ans, 16*49 feet per second. 

Ex. 3. A ship whose head points N.E. is steaming at the rate of 
12 knots an hour in a current which flows S.E. at the rate of 5 knots an 
hour, find the velocity of the ship relative to the sea bottom. 

Atis. 13 knots an hour. 

7. All the objects around us that we can see and 
touch, and even invisible substances, such as air, are 
material bodies or composed of matter. The various pro- 
perties of matter, such as hardness, density, &c., can be in- 
vestigated, but no definition of matter can be given which 
would give any idea of it to a being that had had no ex- 
perience of it. 

Any limited portion of matter is called a Material 
Body or simply a Body. When we consider a body 
whose dimensions are so small that we are only concerned 
with its motion as a whole, and not with any rotational 
motion it may have, we describe it as a material particle, 
or simply a particle. 

The term Mass is synonymous with the phrase 
Quantity of Matter, so that the mass of a body means the 
quantity of matter in it. 

If two bodies are composed of the same substance 
under the same conditions we can compare their masses 
by comparing their volumes. Thus a quart of water 
contains twice as much matter as a pint. Liquids 
generally are sold by volume. In the case of solids it is 
often difficult to determine their volumes and when 
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substances are of different kinds we cannot assume that 
their masses are proportional to their volumes. We shaU 
learn in Art. 9 how to find the ratio one mass bears to 
another. 

The Momentum of a body is measured by the product 
of its mass into its velocity. Its direction is the same as 
that of the velocity. 

8. Statics is the science which treats of the equi- 
librium of bodies under the action of Forces. A defini- 
tion of the term Force is supplied by Newtons 1st 
Law, which asserts that 'Every body remains in a state of 
rest or of uniform motion in a straight line, except in so far 
as it may be compelled by impressed forces to change that 
state \ 

Force, then, is that which alters or tends to alter the 
state of rest or of uniform motion in a straight line, of a 
body. It is not necessary to suppose that the state of rest 
or of uniform motion is actually altered by a force, because 
other forces may be in action which counteract the effect 
of the first. If we observe a body moving in any way 
other than uniformly in a straight line, we infer that it is 
acted on by force : e.g. when we find that the planets 
move in nearly elliptic orbits, we know that each is under 
the action of some force : similarly when we see that a 
falling body moves with gradually increasing velocity, or 
that another is stopped, we know that a force has acted 
on each of them. If a force acts for a time on a body, 
producing a change in the body's velocity, it is clear that 
if it continues to act, it will tend to produce a still further 
change. 

We are all of ns familiar with some instances of the manifestation of 
force. For instance, we may set a body in motion or stop it by pushing 
it, either directly with the hand, or by means of a rod, or we may pull it 
by a string attached to it : we may also expose it to the action of the 
wind or to the pressure of steam. In all these cases the force is exerted 
by tangible means, but force is often manifested without any tangible 
means, as in the case of gravity ^ the name given to the force which causea 
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any body near the earth to move towards it, and the planets to revolve in 
their orbits about the son ; also in the case of the force which causes 
small pieces of iron to move towards a magnet held near them. A force 
of this kind is called an attraction, 

9. The next question that presents itself is * How is 
force measured ? ' or ' When may this force be said to bear 
such and such a ratio to that force ? ' We know by ex- 
perience that it requires a greater efifort on our part to 
impart a given velocity to a large amount of any substance 
than to a small amount, but what determines the exact 
ratio that exists between the two forces ? 

Our own sensations do not give us an accurate scale by 
which the forces may be measured. The answer is con- 
tained in Newton's 2nd Law, which asserts that * Change of 
motion is proportional to the impressed force and takes 
place in the direction of that force . 

By Change of Motion is meant Change of Momentum in 
some fixed time, the unit of time for instance. The Change 
of Motion is therefore the product of the mass acted on into 
the change of velocity produced in a given time. 

First, let us suppose that a number of different forces 
act on the same particle during equal intervals of time, so 
that the only variations in the different cases are the 
differences in the forces and in the changes of velocity 
produced as the mass in each case is the same. Hence 
forces are equal if, when they act for equal times on the 
same particle, they produce equal changes of velocity, and 
the ratio between the magnitudes of two forces is the ratio 
between the respective changes of velocity they produce in 
the same particle, after acting for equal times. 

The direction of a force is clearly defined by the latter 
part of the law as the direction of the change of velocity 
produced by the force. 

It is of course to be understood that the change of velocity meant is 
not necessarily the increase or decrease of the particle's velocity, but 
that velocity which, compounded with the particle's initial velocity, will 
give the final velocity. 
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Next, let US suppose that a number of forces act one on 
each of a number of particles for the same time, and 
produce the same changes in their velocities. Since the 
change of velocity produced in each case is the same, the 
forces are proportional to the masses on which they act. 
Hence masses are eqiicd when equal forces produce in them 
in equal times, the same change of velocity. Also the ratio 
between two masses is the ratio between the forces which 
produce in them the same change of velocity in the same 
time. 

10. In both theoretical calculations and in actual 
practice we must fix on some standard force which is to be 
the unit. In theoretical calculations we take as our unit 
the dyne, which is the force required to generate in one 
second a velocity of 1 centimetre per second in a mass 
equal to that of a cubic centimetre of distilled water at 
4° C. This is called the absolute unit and the advantage 
in its use is, that all the terms involved in its definition 
are the same at all points of the earth's surface and indeed 
everjrwhere. 

It is found that if bodies be allowed to fall towards the earth in a 
vacumn, so that the air does not resist their motion, the velocities with 
which they fall are increased every second by an amount always the same 
at the same point of the earth's surface, and nearly so all over it. The 
force which produces this change of motion in a body is called its 
Weight : hence the weights of different bodies are proportional to their 
masses, since the change of velocity produced is the same for all. 
It is on this account that we generally ascertain the mass of a body by 
weighing the body. Assuming for the present, what we shall prove here^ 
after (Art. 13), that when a body is at rest under the action of two forces, 
th^ are equal in magnitude and opposite in direction, we see that the 
force required to support a body is equal and opposite to its weight, and 
would, if it acted alone, produce in the body the same change of motion 
upwards that its weight does downwards. 

In practice in Statics, forces are generally measured in terms of the 
weights they would support if they acted upwards : for instance in 
England that force that is just sufficient to support a certain lump of 
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metal kept at the Exchequer and called the Imperial Pound, is very often 
regarded as the unit force, the slight yariations in this force at different 
places being of little consequence for practical purposes. 

The velocity of a falling body is increased eveiy second by 32 feet per 
second, approximately. 

Ex. 1. If a body weighing CO lbs. be moved by a constant force 
which generates in it in a second a velocity of 5 feet per second, find 
what weight the force would statically support. Ans, 9*3 lbs. nearly. 

Ex. 2. During what time must a constant force equal to the weight 
of one ton act upon a train of 100 tons to generate in it a velocity of 
40 miles an hour ? Ans. 3 min.. 3 J sees. 

Ex. 3. A force which can statically support 25 lbs. acts uniformly for 
one minute on a mass of 400 lbs.: find the velocity acquired by the body. 

Ans, 120 feet per second. 

Ex. 4. Find what velocity a force which would support a weight of 
n lbs. will give a mass of m lbs. in t sees. Ans. S2ntlm feet per sec. 

11. Def, The resultant of a number of forces is that 
single force whose effect is the same as that of the original 
forces. 

It frequently happens that there are several forces acting simultane- 
ously on a body: e.g. a kite in the air is acted on by its weight, by the 
pressure of the wind and by the tension of the string attached to it. In 
the case of a particle acted on by several forces, we shall shew that there 
is a single force which could produce exactly the same effect as the other 
forces do. 

The second Law of motion states that the change of 
motion is proportional to the impressed force and takes 
place in the direction of that force, so that if there are 
several impressed forces we infer that the actual motion 
will be the resultant of the several independent motions 
which the forces would produce if they acted separately, 
because the law holds for each force, and therefore these 
independent motions must each be produced. But this 
resultant change of motion might be produced by a single 
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force, which is therefore the resultant of the original 
forces. 

12. When a particle is in equilibrium or moving 
uniformly in a straight line under the action of a number 
of forces there is no change of motion, and therefore the 
resultant force must be zero; conversely, when the re- 
sultant force is zero, there is no change of motion, and 
the particle must be at rest or be moving uniformly in a 
straight line. The necessary and sufficient condition of a 
particle's being in equilibrium under the action of a 
number of forces is that their resultant be zero. 

Note. Strictly speaking, if the resultant force on a particle is zero, 
it only shews that the particle's velocity is undergoing no change, and not 
that it is necessarily zero. As however in this subject we always suppose 
the particle initially at rest, if this condition holds, it will always remain 

80. 

13. We have already inferred from Newton's second 
Law, that the direction of a force is that of the change 
of motion it produces, and that its magnitude is propor- 
tional to that of the change of motion : hence a force is 
completely defined when the magnitude and direction of 
the change of velocity it produces in a given time, in a 
particle of given mass, are given. A force may therefore 
be represented completely by the straight line that 
represents this change in velocity. We are now in a 
position to prove the following most important proposition, 
known as the Paralle logram of Forces. 

y^ Prop. If two straight lines be drawn from (or to) a 
point representing in magnitude, direction and sense^ forces 
acting on a particley and a parallelogram he constructed 
having these two lines as adjacent sides, the diagonal 
drawn from (or to) the point mentioned will represent the 
resultant completely. 

Let OA, OB be two straight lines representing the 
magnitude, direction and sense of two forces acting on 
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a particle. Complete the parallelogram OAGB, having 

OAy OB for two adjacent sides, 
. and join OG. 

Since OA, OB represent 
the forces completely, they also 
represent the changes in ve- 
locity they would separately 
\ produce in a certain time in 
"ii a particle of certain mass. 
By the parallelogram of ve- 
locities then, OG represents the resultant change of 
velocity they would produce in the same time in the 
same particle, and therefore represents the resultant of 
the original forces. 

The following particular case of this proposition is 
very important. Bince the diagonal of a parallelogram 
always has a finite length unless the two adjacent sides 
are eqttal in length and in opposite directions, the resultant 
of two forces is never zero, i,e, two forces do not counter- 
balance one another, unless they are equal in magnitude 
■ and opposite in direction, 

Gor, If three forces not in one plane acting on a 
particle, be represented in every respect by three lines OA, 
OB, OG drawn from a point, and a parallelepiped be con- 
structed on these lines as adjacent edges, the diagonal OG of 
the parallelepiped represents the resultant in every respect. 




Flg.4 



For OF is clearly the resultant of OA and OB, and 
since OFGG is a parallelogram (00, FG being equal and 
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parallel), OG is the resultant of OF and 0(7, Le. of 0-4, 
05, OC. . 

Ex. 1. Find the resultant of two forces of 12 lbs. and 35 lbs. respect- 
ively, which act at right angles on a particle* Am. 37 lbs. 

Ex. 2. If two forces acting at right angles to each other be in the 
proportion of 2 to (^5, and their resultant be 9 lbs. find the forces. 

^7i«. Gibs., 3^1b8. 

Ex. 3. The resultant of two forces which act at right angles on a 

particle is 51 lbs. : one of the components is 24 lbs. : find the other. 

Ans, 45 lbs. 

Ex. 4. Two forces act on a particle, and their greatest and least 

possible resultants are 17 lbs. and 3 lbs. : find the forces. 

^n«. 7 lbs., 10 lbs. 

Ex. 5. Two forces acting in opposite directions to one another on a 
particle have a resultant of 28 lbs. : and if they acted at right angles they 
would have a resultant of 52 lbs. : find the forces. Ans, 48 lbs., 20 lbs. 

Ex. 6.. Two forces, one of which is three times the other, act on a 
particle, and are such that if 9 lbs. be added to the larger, and the smaller 
be doubled, the direction of the resultant is unchanged : find the forces. 

Ans. 9 lbs., 3 lbs. 

Ex. 7. Shew that if the angle at which two given forces are inclined 
to each other is increased, their resultant is diminished. 

Ex. 8. If the resultant of two forces is at right angles to one of the 
forces, shew that it is less than the other force. 

Ex. 9. If the resultant of two forces is at right angles to one force 
and also equal to the other divided by J2^ compare the forces. 

Ans. 1 : tj2» 

Ex. 10. Two forces are represented by two chords of a circle, drawn 
from a point on the circumference at right angles to one another: shew 
that the resultant is represented by the diameter which passes through 
the point. 

14. Prop. If a particle he in equilibrium under the 
action of a number of forces, any one of them is equal 
and opposite to the resultant of the rest. 

From the definition of a resultant, all the forces but 
one can be replaced by their resultant without altering 
their effect, so that this resultant force and the remaining 
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force maintain equilibrium,, which we have seen can only 
be the case when they are equal and opposite. 

15, The following proposition known as the Triangle 
of Fox'ces_ i^ practically another way of stating the I'aral- 
lelogram of Forces, 

\If three forces acting on a particle can he represented 
in magnitude, direction and sense by the sides of a triangle, 
taken in order, the forces are in equilibrium. 

By the phrase * taken in order* is meant, that the arrowheads which 
indicate the directions of the forces, should all point the same way round 
the triangle, or that no two should both point to or from the same 
point. 

Let ABC be a triangle whose sides AB, BG, CA, 
taken in order, represent in magnitude, direction and 

sense three forces acting on 
^'«-5 a particle — the particle shall 

D^ --^ be in equilibrium. 

\ ^^ \ Complete the parallelo- 

\ y^ \ gram BCAD. Since BD is 
f^ ^^ \ equal and parallel to CA, it 
\ ^^ \ will represent the force repre- 
\^ :> \q sented by CA : but the re- 
sultant of the forces repre- 
sented by BC, BD is represented by BA, and is therefore 
counterbalanced by the force represented by AB, so that 
the three forces produce equilibrium. 

V 16. Conversely, if three forces keep a particle in equi- 
librium, and a triangle be drawn having its sides parallel 
to the directions of the forces respectively, the sides are 
proportional to the forces to whose directions they are 
respectively parallel. 

Let BC, BD (fig. 5) represent two of the forces : then, 
since they are in equilibrium, AB must represent the 
third. But CA is parallel and equal to BD, therefore the 
triangle ABC has its sides parallel to the three forces, 
and also proportional to them respectively. Any triangle 
then, that has its sides parallel to the three forces respec- 
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lively, must have them parallel to the sides of the triaugle 
ABG, and must therefore be equiangular to this triangle : 
equiangular triangles are similar ones, so that the forces 
are proportional to the sides, to which they are respectively 
parallel, of any triangle drawn in the way described. 

This proposition may be extended thus: if three forces keep a particle 
in equilibrium, and a triangle be drawn with its sides making a constant' 
angle measured in the same direction, with the directions of the forces 
respectively, the sides of the triangle are respectively proportional to 
the forces with whose directions they make the constant angle. 

For if the triangle be turned in its own plane through an angle equal 
to the constant angle, but in the direction opposite to that in which the 
angle is measured, each of its sides becomes parallel to the direction with 
which it previously made the constant angle, and the proposition become^ 
identical with the previous one. 

17. The Triangle of Forces can be easily extended 
to the Polygon of F orcs§y which ia : If a particle be under 
the action of a number of forces, which can be represented 
by the sides of a polygon taken in order, the particle will be 
in equilibrium. 

Let the sides AB, BC, CD, DE, EF, FG, GA of the 
polygon ABCDEFG, taken in order, represent a number 
offerees acting on a particle. Join AC, AD, AE, AF. 

By the Triangle of forces, the forces represented by 
AB, BC can be counter- 
balanced by CA, therefore 
AC represents their result- 
tant; similarly the resultant 
of AC, CD is represented 
by^D, that of ^A I>E by 

AE, that of AE, EF by 

AF, and that of AF, FG 
by AG\ therefore the re- 
sultant offerees represented 
by AB, BC, CD, DE, EF, 
FG is represented hy AG\ 
but forces represented by AG, GA counterbalance one 
another, so that the original forced are in equilibrium. 
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Note, The forces are not necessarily in one plane. 

Cor, To obtain geometrically the resultant of a nnm- 
ber of forces acting on a particle. Draw a series of straight 
lines, end to end, AB, BG, CD, DE, EF, FG to represent 
completely the forces, whose resultant is required, then 
join AO, it represents completely the resultant. 

The following particular case of the polygon of forces 
may be noticed : the resultant of a number of forces on a 
particle,. and in the same straight line, is their algebraical 
sum, the forces being estimated positive in one direction 
and negative in the other. 

The converse of the polygon of forces does not hold, because eqoi^ 
angular polygons are not necessarily similar. 

18. The following theorem, enunciated by Lam, is 
V the parallelogram of forces in another form. ~ 

y/ \ Prop. If three forces acting on a particle, keep it in 
'^^ ■ equilibrium, each is proportional to the sine of the angle 
between the other two. 

Let OA, OB, OC represent three forces P, Q, R which, 
acting on a particle, keep it in equilibrium. 

With OA, 05 as adjacent sides complete the parallelo- 
gram OADB: join OB, 
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OD, 00 must be equal and opposite, since OD 
represents the resultant of P and Q, 

P : Q : R = OA : OB : OG=OA : AD : OD 
= sin ODA : sin AOD : sin OAD 
= sin DOB : sin A OD : sin AOB 
= sin BOG : sin AOC : sin AOB 
= sin. (Q.M) : sin (P,jB): sin (P, Q}. . 

19. The magnitude of the resultant P, of two forces 
P and Q, which act on a particle, and whose directions 
make an angle ^ with one another, may be easily found. 

Let OA, OB represent the forces P, Q respectively. 
"Complete the parallelogram OBCA, and join OC: the 
latter represents P. 



But 00^ = 0B' + BC^-20B,BG. cos OBG, 
Pa = ^0, and OP(7=:180°-^OP 

= 180° - 0, 
.-. P* = P' + Q'* + 2PQ cos (9. 

Ex. 1. If forces of 3 lbs. and 4 lbs. have a resultant of 5 lbs., at what 
angle do they act? Ans. W. 

Ex. 2. If one of two forces acting on a particle is 5 lbs., and the 
resultant is also 5 lbs., and at right angles to the known force, find the 
magnitude and direction of the other force. 

Am. 5/^/2 lbs., making an angle of 135® with the other force. 

Ex. 3. At what angle must forces P and 2P act on a particle in order 
that their resultant may be at right angles to one of them? Ans. 120®. 

G. 2 



)^ 
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Ex. 4. If three forces, whose magnitudes are expressed by the 
numbers 3, 6, 9, act on a particle, and keep it at rest, shew that they 
must all act in the same straight line. 

Ex. 5. Shew that three forces cannot maintain a particle in equi- 
librium if one of them be greater than the sum of Jthe other two. 

Ex. 6. Find the magnitude of the resultant of (i) 3 lbs. and 4 lbs. at 
45® to one another; (ii) 2 lbs. and 3 lbs. at 105® ; (iii) 16 lbs. and 21 lbs. at 
1200. Ana, (i) 6-66 lbs. (ii) 3-15 lbs. (iii) 19-04 lbs. 

Ex. 7. If the three forces in Ex. 4 act in directions represented by 
the sides of an equilateral triangle, taken in order: determine their re- 
sultant, j^ng, A force 3^3, acting at right angles to the force 6. 

Ex. 8. Three forces acting on a particle keep it in equilibrium : the 
greatest force is 5 lbs., and the least is 3 lbs., and the angle between two 
of the forces is a right angle : find the other force. Ans, 4 lbs. 

Ex. 9. Two equal forces act at a certain angle on a particle, and 
have a certain resultant : also if the direction of one of the forces be 
reversed and its magnitude be doubled, the resultant is of the same 
magnitude as before : shew that the two equal forces are inclined at an 
angle of 60®. 

Ex. 10. Determine the resultant of four forces of 5, 6, 9, 10 lbs. acting 
on a particle and represented in direction by OAj OB^ OC, OD, re- 
spectively, where is the point of intersection of the diagonals of a 
square ABCD, _ 

Ans. 4^2 lbs. , in the direction bisecting the angle COD. 

Ex. 11. Forces P, P^/s, and 2P act on a particle : find the angles be- 
tween their respective directions that there may be equilibrium. 

Ans, Between P and P/v/3, 90*; between P and 2P, 120®; between 

Pjl and 2P, 1500. 

Ex. 12. Five equal forces act on a particle, in directions parallel to 
five consecutive sides of a regular hexagon taken in order ; find the mag- 
nitude and direction of their resultant. 

Ans, The direction is parallel to the third force, and the magnitude 
equal that of any one force. 

20. The following proposition is sometimes useful. 

If two forces acting on a particle he represented by m 
times the line OA, and n times the line OB, respectively, 
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their resultant is represented hy (m + n) times the line OG, 
where G is the point between A and B, such that mAG = 
wBG. 

By the triangle of forces m OA is equivalent to mGA 
and mOG, and the force nOB to nGB and nOG. But 
since mAG == ii5(t, and they are opposite, these two 
forces counterbalance one another, so that we are left 
with (m + n) OG only. 



Fig.9 








21* Def, Let A^, A^y J-g...-^^ be a series of points; 
join A^A^, and take B^ between them, so that 

A^B^^B^A^', 

join B^A^, and take 5.^ between them, so that 

join B^^ and take £3 between them, so that 

and so on until we arrive at -B^.^: this point is called the 
Centr oid of J.^, A^j -^3 ... -d.^. 

The centroid of the n points A^, A^-.-A^is sometimes defined as the 
point whose distance from any plane is one n^ the sum of the distances 
of Jj, A^...A^ from that plane. We can easily shew that the definition of 
the centroid we have already given leads to this definition also. 

Draw -ijiVj, -42^/2 ^°* ^1^1 » ^2^2 ^^* perpendicular to any given plane. 
Draw A-^niJn^ parallel to MyS^M^, and B^^^ parallel to N^N^M^. 

A-^Mi+ A2M2 = n^Ni + -42''*2 + "13^2 

A jJ/j + ^2-''^2 + -^3^3 = 2BiA\ + Wlj Jfj + JjTOg 

= 3n2^2 + SBjWs = SBo^s- 

2—2 
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This proves the statement for two and three points, and by the method 
of induction the proof can easily be extended to any nupiber of points. 



Fig. 10 




Note, The distances from the plane must be considered positive when 
they are on one side of it, negative when they are on the other. We 
may suppose that any number of the points become coincident : for 
instance, if J 2 ^^^ -^3 coincide with A^, B^ and B^ will also coincide with 
Ai, and B^ will be in the line A^A^, and such that B^A^=^B^Ay We may 
extend the idea of the centroid by supposing that some of the points are 
negative, in which case the process of finding the centroid will be some- 
what modified : for instance, if A^ be a negative point, B^ will be in -4 jB^, 
but beyond B^ not between Bj and A^y and such that ^2^43=2^2^^ : as B^ 
is the centroid of two positive and one negative point B3 will divide the 
line B2'^4 eq^&%> Also the distance of a negative point from a plane 
must be taken of opposite sign to what it would be if the point were a 
positive one, and in estimating the number of points, we must take the 
difference between the numbers of positive and negative points. 

22*. Prop. If Aj, Ag, Ag, <fcc OA^ represent 

a number of forces acting on a particle, their resultant will 
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be represented hy r times the line OB^.^, where B^.^ is the 
centroid of A^, A^. . . A^. 

For, by the last proposition, putting m = w=l, the 
resultant of OA^ and OA^ is 20B^ ; putting m = 1, w = 2, 
that of OA^ and 205^ is SOB^, and so on, until we obtain 
rOB^^ as the final resultant. 

After reading Chap. IV. it will be obvioug that the centroid of a 
number of points is the Centre of Mass of equal particles situate one at 
each point. As a direct result of this proposition we see, that the resultant 
attraction or repulsion on a particle of any mass of which each particle 
attracts or repels with a force varying as its distance and its mass con- 
jointly, is the same as the attraction or repulsion of the whole mass 
collected at its Centre of Mass. 

Ex. 1. Find a point such that, if it be acted on by forces represented 
by the lines joining it to the vertices of a triangle, it will be in equi- 
librium. 

The required point must be the centroid of the three points, i.e. 
(Art. 21) the point of intersection of the lines drawn from the vertices to 
ihe middle points of the opposite sides. 

Ex. 2. is any point in the plane of a triangle ABC, and D, E, F 
are the middle points of the sides. Shew that the system of forces OA, 
OB, OC is equivalent to the system OD, OE, OF. 

It can be shewn that the centroid of the points A, B, C is also that of 
D, J5, F. 

Ex. 3. The circumference of a circle is divided into a given number 
of equal parts, and forces acting on a particle are represented by straight 
lines drawn from any point to the points of division : shew that their re- 
sultant passes through the centre of the circle, and that its magnitude 
varies as the distance of the point from the centre. 

The centre of the circle is cleariy the centroid of the points. 

Ex. 4. A OB and COD are chords of an ellipse parallel to conjugate 
diameters : forces are represented in magnitude and direction by OAj OB, 
OC, OD: shew that their resultant is represented in direction by the 
straight line which joins to the centre of the ellipse, and in magnitude 
by twice this line. 

The centroid of the points A, B, C, D ib midway between and the 
centre. 
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Ex. o. Straight lines are drawn from any point parallel to the four 
Rides of a parallelogram : find the magnitude and direction of the resultant 
of the forces represented by these four straight lines. 

Ans. The direction is along the line joining the point with the centre 
of the parallelogram, and the magnitude is represented by twice this line. 

23. Def, The components of a force, in two or in three 
given directions, are the forces which acting in those direc- 
tions, will have the given force for resultant. 

As it is frequently desirable to replace two or more forces by one (their 
resultant), so also is it to replace one force by two (its components), in two 
given directions in the same plane with it, and sometimes by three in 
three given directions, which are not all in one plane and no two of which 
are in the same plane as the single force. 

For instance, imagine a particle, free to move in a straight groove, to 
be pulled by a string making an angle with the groove : it is clear that the 
tendency of the force is twofold, viz. (1) to make the particle move along 
the groove and (2) to press it against the groove. Also it is clear that the 
one effect might be produced by a force along the groove and the other by 
a force at right angles to the groove : these two separate forces will be the 
components in the corresponding directions of the force exerted by the 
string. 

We have seen that the mechanical problem of compounding two forces 
into one is the same as the geometrical one of constructing the diagonal 
of a parallelogram, having given two adjacent sides : so also to resolve 
one force into its two components in two given directions in its plane, we 
have to construct the parallelogram, having given one diagonal and lines 
to which the sides are respectively parallel. 

24. To find the components of a given force in two 
given directions in its plane. 

Let OG represent the force. Draw OA, CB parallel to 
the line giving one direction, and OB, CA parallel to the 
line giving the other. By the parallelogram of forces, the 
force 00 is the resultant of OA and OB, which, being in 
the given directions, are the components required. 

We can easily express the magnitudes of these compo- 
nents in terms of OG and the angles the given directions 
make with OG. 
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Let P be the force represented by OC and let the 
angles COA, COB be a, /3. • 

Then OA : 00 = sin OCA : sin AG 

= sin COB : sin AOB 

= sin ^ : Bin (a + /3) ; 

• ^ 

.*. the component in direction OA = P — — z ^r-. 

^ sin (a + p) 



Similarly that in direction OB = P. 



sin (oc + ^y 

Since we can construct any number of parallelograms having a given 
diagonal, the number of ways in which we can resolve a single force into 
two is infinite. The most important case is when the two directions 
along which the resolution takes place are at right angles to one another. 

vr 25. Def. When the directions of the two compo- 
nents of a force are at right angles to one another, each 
component is called the resolved par t of the force in the 
corresponding direction. W hen we speak then of the 
resolved part of a force in any direction, it is understood 
that the force is resolved into two components, one in the 
specified direction, and the other in the direction at right 
angles to it, and in the plane containing this direction and 
that of the original force. 

Let Ox be a given straight line, and let OA^ OA^, 

OA^ represent a number of forces Pj, Pj, P^ , 

whose directions, which are not necessarily in one plane, 
make angles d^, 6^, 6^, &c. with Ooc. 
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• Produce xO backwards to x\ and draw -4^Jf,, A^M^, 
^gjfg, &c. perpendicular to xOx\ Then Oif^, OJ/g, Oifg, &c. 



Fig. 12 




represent the resolved parts of P^, P,, Pg, &c. respectively 
along Ox, and M^A^y M^A^, -^s^s* &c. the resolved parts 
perpendicular to Ux, 

It is found convenient to adopt the convention that 
forces in direction Ox, from left to right, be considered 
positive, while those in the opposite direction are considered 
negative. 

In the above figure it wiU be seen that with this convention the 
resolved parts along Ox of P^, Po and Pg are positive, while those of P3 
and P4 are negative. 

OM^^ OA^ cos e^, AJd^ = OA^ sin (9,, OM^ = OA^ cos 5„ &c. 

Hence the numerical values of the resolved parts of the 
forces along Ox are P^ cos 6^, P^ cos 6^, &c. and those per- 
pendicular to it are P^ sin 0^, P^ sin 6^, &c. 

It is easily seen that these values also give the alge- 
braical values of the resolved parts, the signs being deter- 
mined in accordance with the above convention. 

Note, When the forces are in one plane, their resolved 
parts at right angles to Ox are in the same straight line, 
but not otherwise. 
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If X, Y are the resolved parts of a force P, in two 

directions, making angles and -^ — & respectively, with P, 

we have seen that 

X=P cos ^, and r=P sin ^, 
.-. P = V(^'+ F') and tan ^= F/X 

26*. To ^nd the components of a force in three given 
directions, which are not all in the same plane, and no two 
of which are in the same plane as the original force. 

Let the line AB represent the given force. 

Through both A and B draw three planes parallel to 

,^-- _-___..-.__. .......... .-^ 

/ ^^S. X-.: :-.0 
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each pair of the given directions. These six planes will 
form the faces of a parallelepiped of which -45 is the dia- 
gonal, and each edge of which will be parallel to one of the 
given directions. 

By Art. 13 the edges AE, AC, and AH will repre- 
sent forces of which AB is the resultant, and which are 
therefore the required components. 

The case which is of most interest is when the given 
directions are mutually at right angles to one another: 
the components are then termed the resolved parts in the 
corresponding directions. 

Let P be the given force, X, F, Z the resolved parts in 
the directions -4(7, AE, -4 irrespectively, which make angles 
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a, /3, 7 with AB. But AG^^AB cos a, AE== AB cos /3, 
and AH = AB cos 7, 

and AB^ =^ BF^ ■\- AF^ =^ AE^ + AC^ -\- AH\ 

.•.X = Pcosa, F = Pcos ^,Z=P cos 7, 

and P* = Z«+r + Z^ 

Hence cos* a + cos'^ yS + cos* 7 = 1. 

Ex. 1. Shew how to resolve a given force into two others, of given 
magnitude. When is this impossible ? 

Ex. 2. Find the components of a force P, when they, both make 

angles of 30* with it. Ans. Each is ^P^^. 

Ex. 3. Find the components of a force P in two directions, making 
angles of GO** and 45® with P on opposite sides. 

Ex. 4. Three forces of 6, 2, and 7 lbs. respectively act on a particle 
in directions mutually at right angles : determine the magnitude of their 
resultant. Ans. a/tS lbs. 

Ex. 5. Three forces, represented by three diagonals of three adjacent 
faces of a cube which meet, act at a point : shew that their resultant is 
equal to twice the diagonal of the cube. 

Each of the forces may be resolved into two components, represented 
by those edges of the corresponding face, which meet in the point : the 
three forces are equivalent then to the three forces represented by twice 
the edges of. the cube, which meet in the point, i.e. to twice the diagonal 
of the cube. A similar result holds for any parallelopiped. 

The purely geometrical propositions of the next three Articles are 
extremely useful. 

27. Def. If perpendiculars be dropped from the 
ends of a given finite straight line on any other given 
straight line, the length intercepted between the feet of 
these perpendiculars is called the orthogonal projection of 
the first line on the second. (The two lines are not neces- 
sarily in one plane.) 

Let AB be, the given finite line, PQ the line on which 
it is to be projected. 
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Draw Aa^ Bb perpendicular to PQ, then ah is the 
orthogonal projection of AB on PQ. 




Wc shall make a convention here, similar to that we 
have already made about the resolved parts of forces: 
viz. if AB be regarded as drawn from A to B, its pro- 
jection is ab, measured from a to 6, whereas if BA be 
measured from B to A, its projection is ia, measured from 
b to a. The projections are considered positive when 
measured from left to right as ab is, negative when mea- 
sured in the opposite direction as ba. These signs apply 
to figure 14: they are reversed for figure 15. 




28. Prop. The orthogonal projection of any line on 
another is the product of the projected line and the cosine of 
the angle between them. 

The angle between two lines not in the same plane is the angle 
between one of them and a line intersecting it and parallel to the other. 

Let AB be any finite line, PQ the line on which it 
is projected, a the angle between them. 
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Draw A a perpendicular to PQ, and let Bh'b be a plane 
through B perpendicular to PQ, cutting the latter in 6. 



Fig.l6 




Draw AJ) parallel to ah. Then Ah' is at right angles 
to the plane BUh^ the angle AUB is a right angle, and 
BAV = a. Since Aa, h'h are both perpendicular to ah, and 
are in the same plane, they are parallel, and Ab'ha is a 
parallelogram ; hence ah = AV = AB cos a. 

Observe that a is the angle between AB^ and a line drawn from A 
paraUel to PQ in the direction in which the projections are estimated 
positively. If a is an obtase angle, the projection is negative. The 
angle which BA makes with PQ is two right angles greater than that 
which AB makes with it. 

29. Prop. TJie algebraical sum of the ^projections of 
the two straight lines AB, BC on any straight line is equal 
to the projection of AC on the same line. 

Draw J. a, Bh, Cc at right angles to the given straight 
line PQ, then 

projection oi AB = ah (positive), 

BC = hc (negative), 

J.(7= ac (positive), 

and ah — hc= ac, 
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therefore the algebraical sum of the projections of AB, 
i^(7 = the projection oi AG. 



Flg.17 




The above signs refer to the figure given; the student can convince 
himself of the generality of the truth of this proposition by drawing 
different figures. 

Cor. The algebraical sum of the projections of the lines 
AB, BC, CD, DE, EF, FG [fig. 6), drawn end to end, and 
7neasured all the same way round, on any line is equal to 
the projection of the line AG. 

For the algebraical sum of the projections of AB, BG 
= the projection of AG, 

that of projections of A G, GD = projection of AD, 

AD,DE=^ AE, 

AE,EF=, AF, 

AF,FG = AG, 

therefore the algebraical sum of the projections of AB, 
BG, GD, DE, EF, FG = the projection of AG. 

The same holds for any number of such lines. 

30. It follows at once from the figure, or from the 
expressions for the resolved part of a force in any direc- 
tion, and the projection of a line on a straight line, that 
the orthogonal projection of the line representing a force, 
on any straight line, represents in every respect the resolved 
part of the force in the corresponding direction. 
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Prop. The algebraical sum of the resolved parts in 
any direction of a number of forces acting on a particle ^ 
is equal to the resolved part of their resultant in that 
direction. 

This proposition follows at once from the last, for if 
(fig. 6) AB, BC, CD,...FG represent the forces, AG re- 
presents their resultant ; and the algebraical sum of the 
projections on any straight line, of AB, BC, ... FG, which 
projections represent the resolved parts of the forces in 
the corresponding direction, is equal to the projection of 
AG, which represents the resolved part of the resultant. 

31. We can now obtain expressions for the magnitude 
and direction of the resultant of a number of given forces 
acting on a particle. 

First, let the directions of the forces all lie i^i one 
plane. 

Let Pj, P . . . be the forces, whose directions make angles 
a,, Of J, &c., with the line Ox in the plane of the forces : 
let Oy be a line at right angles to Ox in the same plane. 
Let li be the resultant of the forces and the angle its 
direction makes with Ox, 

Then from the proposition just proved 

Pj cos ttj + Pj cos ttjj + . . . = P cos 0, 
and Pj sin a^ 4- P^ sin a^ + . . . = P sin ^, 

therefore, R' = [2(P cos a)Y -f- [S(P sin a)]% 

and tan = ^t-y^ i . 

S [P cos a] 

32*. Secondly, when the directions of the forces are 
not necessarily in one plane. 

Let Pj, P^, Pg, &c. be the forces, whose directions make 
with three straight lines Ox, Oy, Oz mutually at right, 
angles, angles a^, ^,, 7,, or j, ^^, %, a^, /Sg, 73, &c. respectively. 
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Let R be the resultant of these forces, a, /8, 7 the 
angles its directions make with Ox, Oy, Oz, respectively. 
Then 

Pj cos a^ + Pj cos flfg + . . . = -B cos a, 

Pj cos ^j + Pg cos y8j + . . . = -B cos )8, 
Pj cos 7j + Pg cos 72 + ... =P cos 7, 
/. i? = [S(P cos a)]' + [X(P cos /S)7 + [S(P cos y)]\ 
_ _ 2 (P cos a) 

''''^ "" •" V{[S(P cos a)Y + [S(P cos i8)]« + [S(P cos 7)]'^} ' 
with symmetrical expressions for cos ^ and cos 7. 

'jC Conditions of Equilibrium, 

33. If the resultant of a number of forces acting on 
a particle be zero, its resolved part in any direction is 
zero also ; hence 

I If a system of forces he in equilibrium, the algebraical \ 

\ sum oftlieir resolved parts in any direction is zero. 

Conversely, if the algebraical sum of the resolved parts 
of a number of forces in any direction be zero, the resolved 
part of their resultant in that direction must be zero also, 
i.e. the resultant is either zero or acts perpendicularly to 
that direction. But as a line cannot be perpendicular to 
each of two directions in the same plane as itself, or to each 
of three directions not all in the same plane, the resolved 
part of a force, which is not zero, cannot be zero in two 
directions in its own plane, or in three directions not all 
in the same plane. Hence 

A system of coplanar forces acting on a particle is in f 
equilibrium, provided the algebraical sums of their resolved \ 
parts in two directions in the plane are zero. Also if the 
forces are not in one plane, they are in equilibrium, 
provided the algebraical sums of their resolved parts in 
three directions not in the same plane, are severally zero. 

These conditions have been directly deduced from the condition that 
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the resultant should be zero : in practice they are often found to be 
easier of expression than the geometrical one. 

Ex. 1. ABCD is a square. A force of 3 lbs. acts along AB, one of 
4 lbs. along AC, and one of 5 lbs. along AD; find the magnitude and 
direction of their resultant. 

Ans. ^(50 + 32 /^), making with AB an angle tan-^ (7 - 4,^2). 

Ex. 2. Three forces act on a particle in one plane : they are 1 lb., 
5 lbs., and 3 lbs. respectively, and the force of 5 lbs. is inclined at an angle 
of 30^ to each of the others : find their resultant. 

A ns. V(^^ + ^»J^) ^^^'f making with the direction of the force of 5 lbs. 
an angle cot~^ (5 + 2^) on the side of the force of 3 lbs.. 

Ex. 3. At the point the intersection of the diagonals of a square 
ABCD, act forces of 2 lbs. along OA, 4 lbs. along OB, 3 lbs. parallel to 
CD, and 1 lb. parallel to DA : find their resultant. 

Ans. jsj'60 lbs., making with CD an angle tan-^f (9 + 10^/2). 

Ex. 4. Three forces P, P and P^ act on a particle in directions 
mutually at right angles : determine the magnitude of the resultant and 
the angles between its direction and that of each component. 

Ans. 2P, making with either force P an angle of 60®, and with P^ 
an angle of 46*^. 

Ex. 5. A particle is placed at the comer of a cube, and is acted on 
by forces of 1, 2 and 3 lbs. respectively, along the diagonals of the faces 
of the cube, which meet at the particle : determine the magnitude of the 
resultant. Ana. 5 lbs. 

S4. Def. The moment of a force about any point is 
measured by the product of the force into the length of 
the perpendicular from the point on the line of action of 
the force. 

(The line of action of a force is a line, drawn through 
the particle on which the force acts, in the direction of 
the force.) 

Let P be a force acting on a particle situate at A', 
and be any point : draw OM perpendicular to P's line 
of action, then P x OM measures the moment of P about- 
0. The magnitude of the moment of P is clearly inde- 
pendent of the position of A, provided the line of action 
remain the same. 



STATICS OF A SINGLE PARTICLE. 33 

It is convenient to make the convention that if the 
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force tends to move the particle round in the same 
direction as the hands of a watch, when looked at from 
above, the moment is of one sign, when in the opposite 
direction, of the other sign. The latter is generally taken 
as the positive moment. In the above figure the moment 
is positive. 

The moment of a force is zero, when the force itself is 
zero, or when its line of action passes through the point 
about which the moments are estimated, and in these two 
cases only. 

The student is recommended to accept the above definition of the 
moment of a force, and to follow the theorems concerning it, without 
troubling himself at first to learn the physical meaning of the term. 

35. Prop. The moment of a force about a given 
point is algebraically equal to the moment of its resolved 
part at right angles to the line joining the point with 
the particle, on which the force acts. 

Let P be the force acting on the particle at ^, 
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the given point. Draw OM perpendicular to Ps line of 
action and join OA. Let 0AM = 0. The resolved part 
of P at right angles to OA is P sin 6. 

The moment of P sin about = P sin ^ . 0^ 
= PxOM 

= moment of P about 0. 
It is also evident that these moments are of the same 
sign. 

36. Prop- The algebraical sum of the mimients of 
a nvmber of coplanar forces, acting on a particle, abotU 
any point in their plane is equal to the moment of their 
resultant about the same point. 

Let A be the position of the particle, the given 
point 

The algebraical sum of the moments of the forces about 
= the algebraical sum of the moments about of their 
resolved parts perpendicular to OA 
= OA X the algebraical sum of these resolved parts 
= OA X resolved part of their resultant in this direction 
= moment of their resultant about 0. 
Cor. If the forces are in equilibrium, it follows that 
the algebraical sum of their momenta about any point in 
their plane is zero. 

37. By means of the last theorem the 
conditions of enuilibriura of a syal 
acting on a particle, can he put intc 

Prop. A 31/stem of coplanar for 
is in equilibrium, provided the a 
moments about each of two pointt 
in a straight line with the parti<^ ti 

For the algebraical sum of the 
about any point in their plajie is e 
their resultant about the same point 
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of their resultant about each of the two points is zero, so 
that either the resultant is zero, or its line of action passes 
through both the points ; the latter cannot be the case as 
the line of action passes through the particle. Hence 
the forces are in equilibrium. 

38. Def, If a force be resolved into two components 
respectively parallel and perpendicular to a given straight 
line, the product of the latter component into the common 
perpendicular to its line of action and the given line, is 
called the moment of the force about the given line. 

If the force tend to turn the particle it acts on, in one 
direction about the given line, the moment receives the 
positive sign ; if in the opposite direction, the moment is 
taken to be negative. 

Let P be the force acting on a particle at -4, CD the 
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right angles to OD, 
pbne through^ 
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be resolved part of P at 

^Vi \ CD intersects a 

' ' 0*8 direction is in 
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Now OM is perpendicular to CD and Q, and therefore 
to the plane parallel to CD containing Q*s line of action, 
ie. to the plane PAQ. But since CD is parallel to this 
plane, all points in CD are at the same distance (OM) 
from it; and Q is the same wherever A is in the same line 
of action ; therefore the moment of P about CD is inde- 
pendent of the position of A in its line of action. 

It is obvious that the moment of a force about a line 
is zero, if its line of action and the line are coplanar or if 
the force is zero, and in these cases only. 

39. Prop. The algebraical sum of tli^ momerds of a 
number of forces acting on a particle^ about any straight 
line is eqvm to the moment of their resultant about the line. 

Let (fig. 20) A be the position of the particle, CD the 
given line, and its intersection with the plane through 
A perpendicular to it. 

The algebraical sum of the moments about CD of the 
forces 

= the algebraical sum of the moments about of their 
resolved parts perpendicular to GD 

= the moment about of the resultant of these resolved 
parts 

= the moment about of the resolved part perpen- 
dicular to CD of the resultant of the original 
forces 

= the moment about GD of this resultant. 

Gor, Hence if the forces are in equilibrium, the 
algebraical sum of their moments about any line is zero, 
for if their resultant is zero, its moment about any line 
is also zero. 

40. Recapitulation, We began by shewing from purely 
geometrical considerations how we can compound the in- 
dependent velocities of a moving point, into a single 
resultant velocity, by means of the Parallelogram, of Velo- 
cities. From Newton's First Law we obtained a general 
idea of force as that cause, which, acting on a body, tends 
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to alter the state of rest or uniform motion in a straight 
line, which is the condition of all bodies not acted on by 
force. Newton's Second Law defined the direction of a 
force, and stated that its magnitude is proportional to the 
change of momentum produced by it in any body after 
acting on the latter for a certain time ; from this and the 
Parallelogram of Velocities we deduced the fundamental 
Proposition in Statics, the Parallelogram of Forces. Then 
followed other theorems, the Triangle of Forces, the 
Polygon of Forces, Lamis theorem, &c., modifications of 
the Parallelogram of Forces, which often enable us to 
solve Statical Problems more easily than the original 
proposition. Having shewn that the algebraical sum of 
the resolved parts in any direction of a number of forces 
acting on a particle is equal to the resolved part of their 
resultant in that direction, we obtained expressions for 
the magnitude and direction of the resultant of a number 
of forces. From this and because the sole necessary and 
sufficient condition of equilibrium of a number of forces 
acting on a particle is that their resultant be zero, we 
obtained a set of conditions of equilibrium which is often 
easily applied to the solution of problems. Another im- 
portant set of conditions of equilibrium we deduced firom 
the proposition that the algebraical sum of the moments 
of a number of forces, about any straight line, or in the 
case of coplanar forces, about a point, is equal to the 
moment of their resultant about the same line, or point. 

41. Tension of a String, A very common way of transmitting force 
is by means of a flexible string, rope or chain. Now when a string AB 
is stretched by the application of forces it is a matter of everyday expe- 
rience that if it be cut at any point P, the two ends on either side of P 
separate : what then prevented the portion AP from moving before the 
string was cut? Clearly the force which the other portion PB exerted on 
it, and similarly the latter was prevented from moving by the force which 
AP exerted on it. But we shall see in Art. 44 that these forces are equal 
to one another, and act in opposite directions along the lines joining the 
two adjacent particles on either side of P, i.e. along the tangent at P to the 
curve formed by the string ; if the string is straight, these forces will act 
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along it. Either of these forces is called the tension at P. If the tensions 
at all points of the string are the same, we speak in general of the tension 
of the string. 

There is a limit to the tension which any given string can exert, and 
if we try to transmit a force greater than this by means of the string, it 
will break. 

The above remarks apply to rods also if they are stretched, but the 
tension becomes a thrust, if the tendency of the forces on them is to 
compress them. 

42*. Extensible Strings. The following experimental law, dne to Hooke, 
gives the relation between the extension of an extensible string or rod, the 
tension along it, and its natural length, i.e. its length when unstretched. 
For strings of the same material and thicknesst the extension varies as the 
tensum and the natural length conjointly. 

If { be the natural length, I' the length when stretched, t the tension, 
we may write the law symbolically, 

V-l cc It, 
or "-t=rr» 

A 

where X is a constant for the particular string in question. 

We assume that the tension of the string is t throughout the whole 
length to which we apply the law. For many substances, such as steel, 
this law is only true so long as the extension is small compared with the 
natural length, but in others, such as india-rubber, the limits within 
which it holds are much wider. It is easily seen that X is the tension, 
which, if the law held whatever the extension is, would stretch the string 
or rod to double its natural length. 

X is termed the Modulus of Elasticity for strings of the same material 
and thickness. 

43. When any body is acted on by force we ascribe this force to some 
other body : e.g. we ascribe the force which causes a body to fall to the 
ground, to the earth ; the forces by which the planets are kept in their 
orbits we ascribe to the Sun. If we wish to move any body we must act 
on it by means of some other, such as the hand. Now we know by 
experience that if we strike a table with the hand the latter is stopped : 
if we throw a ball against a wall, it rebounds. Since the hand is 
stopped and the ball rebounds, each must have been acted on by force, 
i.e. when the hand acted on the table, the table reacted on the hand, 
and when the ball acted on the wall, the wall reacted on the ball. These 
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illustrations shew that when a body A acts on a body B, A is acted on 
in retnm by B, The exact relation between the action and the reaction 
is expressed by Newton's Third Law, which is 

To every action there is an equal and contrary reaction. 

All forces then occur in pairs, each pair consisting of equal and 
opposite forces, an action and a reaction. The mutual action between two 
bodies is termed the Stress between them. It is obyious that all forces 
are stresses. 

We shall often have to consider the equilibrium of bodies which are 
not free to move in any direction, but are constrained by surfaces, curves, 
&o. with which they are in contact. For instance, suppose a small body 
inside a fine tube ; the only possible motion of the body is along the tube, 
i.e. the tube itself will supply the force necessary to prevent motion in any 
other direction : if then the resultant force on the body, not including the 
force exerted by the tube, be perpendicular to the tube, we know that 
the body is in equilibrium. Similarly, if a particle be on a plane, and the 
resultant force, not including the force exerted by the plane, be perpendi- 
cular to the plane and towards it: this force, however grea^, will be 
counteracted by the force exerted by the plane and the particle will be in 
equilibrium. If^ however, the resultant force is away from the plane, the 
particle will move, as the plane cannot exert a force to prevent motion 
away from itself. 

Smooth planes or tubes are those which can only exert forces perpen- 
dicular to themselves and are the only ones with which we are concerned 
at present. A plane or tube which can oppose the motion of a particle 
along itself, or in other words, can exert a force not entirely perpendicular 
to itself, is termed rough. The same may be said of a curved surface if 
we take the tangent plane at the point where the particle touches it, as 
the plane considered above. 

Such forces as the pressures exerted by surfaces, &c., and the tensions 
of inextensible strings, are called into play by the actions of other forces 
which tend to press the body against the surface, or to stretch the string; 
the former only act when the latter do. Also, if the surface and the 
string be supposed strong enough, each is capable of exerting a force of 
any magnitude, if such a force is necessary to preserve equilibrium. 
Such forces are termed Passive forces, and it is axiomatic that their 
magnitudes will always adapt themselves so as to maintain equilibrium, 
if possible. 
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ILLUSTBATIVE EXAMPLES. 

Ex. 1. Assuming that the Parallelogram of Forces holds as regards 
direction, to prove it as regards magnitude. 

Let ABf AC represent two forces in magnitude and direction : complete 
the parallelogram ABDC, and join AB, By hypothesis AD is the direc- 

FIfir.2l 9- -^D 



tion of the resultant of the two forces. The force then which will counter- 
act these two forces must act in the direction BA : produce BA to £ so 
that AE represents the magnitude of this last force. The three forces 
ABy ACy AE are in equilibrium. 

Complete the parallelogram AGFE^ and join AF. By hypothesis, AF 
represents the direction of the resultant of AC and AE ; AF then is in a 
straight line with AB ; i.e. is parallel to CB, and ABCF is a parallelo- 
gram. 

.-. AB=FO=AE. 

Hence AB represents the magnitude of the resultant of the forces 
represented by AB and ACf since it is equal to AE which represents the 
force that would counteract them. 

The converse proposition could be proved in a similar way. 

Ex. 2. Forces P, Q act at a point 0, and their resultant is JR : if any 
transversal cut their directions in the points L, M^ N respectively, shew 
that 

^ _g __^ 

OL"^ OM^ ON' 
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Through N draw Nl parallel to OM, and Nm parallel to 0L» 

The triangle OIN has its sides parallel to the directions of the forces 
P, Q, R respectively, and if B he reversed, these forces are in equilibrium ; 
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m M ^Q 

hence (Art. 16) each side is proportional to the force to whose direction it 
is parallel, i.e. Ol=fiP, lN=fjLQ, ON=fiR. 

•*• OL'^ OM" fi \0L'^ Om) 

l/Ol IL\ 1 R 






ON 

This result is obtained directly by expressing the fact that the sum of 
the resolved parts of P and Q perpendicular to LNM is equal to the 
resolved part of R, 

Ex. 3. Shew that the resultant of three forces acting on a particle 
and represented by AP, PB, PC^ where P is the orthocentre of a triangle 
ABC, is represented in magnitude and direction by the diameter of the 
cirde ABC, which passes through A. 

Draw ^H the diameter of the circle ABC : join BH, CH : then the angle 
ABH is a right angle. By the triangle of forces the resultant of AP, 
PB is represented by AB, since the forces AP, PB, BA acting on a 
particle would maintain equilibrium. 

We have then to prove that AH is the resultant of AB and PC, 

But by the triangle of forces, AH is the resultant of AB and BH; 
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hence the problem reduces to the geometrical one of proving that PC is 

Fls.23 




equal and parallel to BH, Since they are both at right angles to AB 
they are parallel. 

For a similar reason, BP and CH are parallel. 

.'. PBHC is a parallelogram. 
.-. PG=HB. 

Ex. 4. Two forces act along the sides CA, CB of a triangle ABC, 
their magnitudes being proportional to cos Ay cos B, Prove that their 
resultant is proportional to sin C, and that its direction divides the angle 
(7 into two parts, i(C + B-A), HC+A-B). 

Let k cos Af k cos B be the forces, B their resultant, $ the angle its 
direction makes with CA, 
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If R were reversed, the three forces would be in equilibrium (Art. 14), 
and then each force would be proportional to the sine of the angle 
between the other (Art. 18). 

.'. R: k cos A : h oos B = Bm C : sm {C- 6) : sin 6. 

sin(C-g)_ cos A 
Bind "" cos B ' 

solying for $ we obtain cot ^=tan B, 

.\0=ifr -B = ^{A + C-B), 

and C-d=i(C+B-A), 

- _ A; cos B sin C , . ^ 

and jB= ; — T =« sin C 

sin 

Ex. 5. Three forces P, Q, R in one plane, act on a particle, the 
angles between R and Q, P and E, and P and Q being a, /3, and y 
respectively : prove that their resultant 

= {P* + Q^ + i^^ + 2g le cos a + 2i2P cos /3 + 2Pg cos 7} *. 

Let Xii Y^ be the resolved parts of P in two directions at right angles 
to one another, Xg, Yg ^^^ -^s* ^s those of Q and R respectively in the 
same directions. Then (Art. 31) the resultant 

But (Zi + ^2)2 + (71+ Y^)^ = (resultant of P, (?)« 

=p2 + Q2 + 2PQcos7. 

Sunilarly (X^-[-X^)^ + (Y^+Y^)^=Q^ + R^ + 2RQ cos a 
and (Z3+jei)2 + (y3+ri)2=p2 + jR2 + 2PQ cos /3. 

.*. adding 

(Zi + jr2 + -y3)'+(^l+I'2+i'8)' + V+l^l' + ^2*+i'2' + .Y32+F32 

= 2 (PS + Q2 + JR2 + PQ cos 7 + PJ2 cos ^S + QE cos a), 

.-. (jri+X2+Z3)2+(ri+F2+r3)2 

=P2+g2 + j22_,.2Pg COS 7 + 2Qi2 cos a + 2PJ? cos j8, 

•.• P2 = Zi2+ri2^ Q2 = Xo2+F22, i22 = JSr32+F32. 

whence the required result. 

The same result can be obtained by resolving in three directions 
mutually at right angles, when P, Q, R are not in one plane. 

Ex. 6. Forces act through the angular points of a triangle perpen- 
dicular to the opposite sides, and are measured by the cosines of the corre- 
sponding angles ; shew that their resultant is ^(1 - 8 cos ^ cos B cos 0). 
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We obtain the resultant by substituting in the last example 
cos^ for P, cosjB for Q, cos C for 12, 
IT- A for a, ir-B for ^, and ir - C for 7. 
/. the square of the resultant s= cos^^ + cos* B + cos* C 

- 2 cos A cos B cos C7 - 2 cos B cos C cos A -2 cos C7 cos B oos ii 
= 1 - sin^il + cos* B + cos* C - 6 cos -4 cos B cos (7 
= l + cos (^~B)cos(^+B) + cos* C-6cosil cosBcosC 
= l-cos(7 {cos (^-B) + cos(-4+jB)} - 6 cos ^ cos JB oos C 
= 1-8 cos A cos B cos C. 

Ex. 7. Prove that the resultant of forces 7, 1, 1, and 3 acting from 
one angle of a regular pentagon towards the other angles, taken in order, 

is^yTi. 

Let ABODE be the pentagon, AB, AC, AD, AE the lines along which 
the forces 7, 1, 1, and 3 respectively act. Draw AF at right angles to DC. 
The angles BAF, EAF each =64®, the angles CAF, DAF each=180. 




Besolve the forces in directions AF, FC. 
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A', the algebraical sum of resolyed parts in direction AF 

= (7 + 8) cos540 + {l + l) cos 180=10 cos640 + 2 oosl8« 
=ilV(10-2^/5)+^/(10 + 2V5)}. 

F, the algebraical sum of resolyed parts in direction FG 

= (7-3) sin 540 +(1-1) sin 18^=4 sin 64o= ^S + l. 
Whence the resultant, ^(Z^ + F^) = ^71. 

The student has sometimes a difficulty in choosing the lines along 
which he should resolve the forces, since all directions are open to him 
for that purpose: it is very important that he should select them 
judiciously, in order that the work may be simplified. The directions 
selected in the above example were chosen because they were sym- 
metrically placed as regards the forces. 

Ex. 8. Prove that if be the centre of the circumscribing circle, and 
0' the centre of perpendiculars of a triangle ABC^ the resultant of forces 
represented by OA, OB, 00 is represented by 00', 

By Art. 22, we shall prove the required result, by proving that the 
centroid of ^, £, C7 is in 00\ at a distance from 0, \ that of 0' from 0. 

Draw OD, AO'D' perpendicular to BC: join AD, cutting 00' in P. 

FIg.26 ^ 




Now 
OD=E cos Aj and AO'=AE' sec D'AC=AB cosec G cos A=2B cos A, 
where 12 is the radius of the circle ABC, 

,\ A0'=20D and 0'P=20P, and AP=2PJ), 

Hence P is the centroid of ABC, and 0P=100'. 

Ex. 9. A given number of forces acting on a particle are represented 
in magnitude and direction by straight lines drawn from the focus of 
a conic to the cu^e : shew that if the sum of the forces be constant, the 
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locus of the extremity of the line representing the resultant is a straight 
line. 

Let S be the focus ; let SPj SQ be w straight lines drawn from S 

to the conic so -that SP+SQ+...=a. constant. 

Draw PMj QNy &c. perpendicular to the directrix corresponding to S ; 
then since SP=ePN, SQ = eQN, Ac, 

PM+ QN+&C, = a constant. 

Let O be the centroid of P, Q, &c., then (Art. 21) the distance of O 

from the directrix = =a constant. 

n 

Hence lies on a straight line parallel to the directrix, and the end 
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of the line representing the resultant lies on another line parallel to this, 
but n times its distance from the focus. 

Ex. 10. Forces P, Q, Jt act from the angular points of a triangle 
ABC, perpendicular to the opposite sides : prove that if their resultant 
pass through the centre of the circumscribing circle, 

P (c cos -B - 6 cos Cj + Q (a cos C-c cos A) +R{b cos A -a cos B)=0. 

Let be the orthocentre, 0' the centre of the circumscribing circle. 

Let D, Ej F be the feet of the perpendiculars from on the sides of 
the triangle ; D', E', F' the feet of the perpendiculars from 0' on the same. 
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Since the resultant of P, Q, R passes through 0', its moment about 
O' is zero. 
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.'. the algebraical sum of the moments of P, Q» -R about 0' is zero 

(Art. 37). 

.'. P,DD' + Q.EE'-R.FF'=0, 

. .-. P(c cos .B-Ja) + Q(acosC-J6)-E(acosjB-Jc) = 0; 

. . P (c cos .B - 6 cos C) + Q{acoaC-c cos A)+R (b coa A-a cos P) =0. 

In the above figure we see that the forces P and Q tend to move a 
particle situate at in the opposite way round 0' to that in which R 
would move it : their moments therefore are of the opposite sign to that 
of P. 

The student may verify for himself that the same result would be 
obtained were the figure different. He should specially notice in the above 
example that the required result was obtained by expressing that the 
algebraical sum of the moments about 0' was zero, O' being on the line of 
action of the resultant. 

Ex. 11. A particle of weight W is supported on a smooth inclined 
plane by means of two strings of given lengths, which are attached to the 
particle G and to fixed points A^ B ina, horizontal line in the plane and 
at a given distance apart. It is required to find the tensions of the strings. 

The sides of the triangle ABC being known, the angles which ACyBG 
make with the horizontal line AB are known : let 9, 0' be their comple- 
ments. Let a be the inclination of the -plane to the horizon. Draw CD 
perpendicular to AB, 

The particle is in equilibrium under the action of four forces, its weight 
W which acts vertically downwards, the tension T of the string AC^ T\ 
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that of BC, and the pressure of the inclined plane i2, which acts at right 
angles to the plane. 



FIg,29 




We shall apply the conditions of equilibrium obtained in Art. 38. 

Since the algebraical sum of the resolved parts of the forces in any 
direction is zero, those in the directions AB and CD must be zero. 

/. T'Bin^-Tsin^=0 (i), 

Tcos^ + T'cos^'-F'Bina=0 (ii). 

R occurs in neither equation, because its direction is perpendiotilar 
to all lines in the inclined plane, and W does not occur in the first, 
because its direction is perpendicular to AB, The inclination of CD to 

the vertical is the same as that of the plane, and is therefore ^ - a, so 

that the resolved part of W along CD is - TT sin a. 

From (i) and (ii) we obtain 

W sin e' ^. WBine 



T= 



r'= 



Bin (0 + 6')* " sin(^ + ^)' 

R can be obtained by equating to zero* the sum of the resolved parts 
in the direction perpendicular to the plane, we have then 

R-W cos a = 0, 
or R = W cos a. 

The advantages derived from resolving in the particular directions 
. chosen above, are obvious. 



STATICS OF A SINGLE PARTICLE. 49 

Examples on Chapter I. 

1. ABC is a triangle : B, E,F are the middle points of the sides BO, 
CA, AB respectively : shew that forces acting on a particle and represented 
by the straight lines AB^ BE, CF will maintain eqnilibrium. 

2. A, Bi G are three points on the circumference of a oirde : forces 
act along AB and BG inversely proportional to these straight lines in 
magnitude ; shew that their resultant acts along the tangent at B. 

3. Two forces P and Q have a resultant R which makes an angle a 
with P : if P be increased by R while Q remains unchanged, shew that 
the new resultant makes an angle ^a with P. 

4. The resultant of two forces P, Q, acting at an angle is equal to 
(2to+1)/^(P*+Q2): when they act at an angle Jir-^, it is equal to 
(2to-1)V(J?^+OT: shew that tan ^ = (m-l)/(m+l). 

5. Compare in terms of the sides of a triangle ABG the forces which 
acting from 0, the centre of the inscribed circle, along OAj OB, OG will 
balance. 

6. Two forces P and P tj2 act on a particle lying on a smooth hori- 
zontal plane. If P makes an angle of 45^ with the horizon, find the 

direction of P ^^2 in order that the particle may be in equilibrium. 

7. Find within a quadrilateral a point, such that if it be acted on by 
forces represented by the lines joining it to the angular points of the 
quadrilateral, it will be in equilibrium. 

8. ABG is a triangle, P any point in BG. If PQ represent the 
resultant of the forces represented by AP, PBy PG, the locus of Q is a 
straight line parallel to BG. 

9. A heavy particle is attached to one end of a string, the other end 
of which is fixed. Find the force making an angle of 30® with the hori- 
zontal which must be applied to the particle in order that the string may 
deviate by an angle of 45<^ from the vertical, and find also the tensicm of 
the string. 

10. Two forces P, Q act at a point along two straight lines making 
an angle a with each other, and have a resultant R : two other forces 
P', Q' acting along the same two lines have a resultant 12'; shew that the 
directions of R and R' will also include an angle a if 

PP'+QQ'-¥ 2PQ' cos a = 0, or PP' + QQ' + 2P'Q cos a = 0. 
G. 4 
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11. If from 0, the centre of the circle inscribed in the triangle ABG^ 
forces X cos J^l, X cos ^B act along OB, OA, prove that the magnitude of the 
necessary force towards C, in order that the resultant may pass through 
the middle point of AB, is X cot JC. 

12. A small ring slides on a smooth arc of a circle and rests in equi- 
librium under the repulsion of three forces P, Q, B, directed from points 
dividing the circumference into three equal parts : if its position of equili- 
brium lie on the smaller arc between the points from which the forces Q, 
B are directed, shew that the pressure exerted by the circle is 

13. Two particles of weights P and Q respectively, are connected by 
a string which lies on a smooth circle fixed in a vertical plane : shew that 
if \'jc be the angle subtended at the centre by the string, the inclination of 
the chord joining P, Q to the horizontal in the position of equilibrium is 

tan-i(P^g)/(P+Q). 

14. OA^ OB, 00... are any number of fixed straight lines drawn from 
a point 0, and spheres are described on OA, OB, 00... as diameters. Any 
straight line OX is drawn through O and a point P taken on it so that 
OP is equal to the algebraical sum of the lengths intercepted on OX by 
the spheres. Find the locus of P. 

15. Two constant equal forces act at the centre of an ellipse parallel 
to the directions SP and PH, where S and H are the foci and P is. any 
point on the curve. Shew that the extremity of the line which represents 
their resultant lies on a circle. 

16. Forces are represented by the perpendiculars from the angles of 
a triangle ABC on the opposite sides : shew that if their resultant passes 
through the centre of the nine-point circle, the triangle must be 
isosceles. 

17. Three equal forces act at the orthocentre of a triangle ABC, 
each perpendicular to the opposite side : prove that if the magnitude of 
each force be represented by the radius of the circle ABC, the magnitude 
of the resultant will be represented by the distance between the centres of 
the inscribed and circumscribed circles. 

18. The resultant B of any number of forces P^, Pg, Pg, &c. is deter- 
mined in magnitude by the equation 

P«=S(P2)-|-22P^,cos (P^,), 

where (P^ P„) denotes the angle between the directions of P^ P,. 
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19. ABCDEF is a regular hexagon, and at A forces act represented 
in magnitude and direction by AB, 2AC, SADy 4:AE, 5AF} shew that the 
length of the line representing their resultant is ^351 .AB. 

20. Two smsJl smooth rings of weights W and W\ connected by a 
string, slide upon two fixed wires, the former of which is vertical, and the 
other inclined at an angle a to the horizon. A weight P is tied to the 
string, prove that in the position of equilibrium ,- - 

cot : cot 4> : cot a= W:.P+ W:P-hW'+W, 
where d, </> are the angles which the two, portions of the string make with 
the vertical. 

21. ABCD, A'B'C'D' are two parallelograms; prove that forces acting 
at a point proportional to and in the same direction as AA\ B'B, CC, 
D'l), will be in equilibrium. - 

22. A particle is acted upon by a number of centres of force, some of 
which attract and some repel, the force being in all cases proportional to 
the distance, and the intensities for different centres being different : shew 
that the resultant force passes through a fixed point for all positions of 
the particle, and examine the one apparent exception. 

23. From any point within a regular polygon perpendiculars are 
drawn on all the sides : shew that the direction of the resultant of all the 
forces represented by these perpendiculars passes through the centre of 
the polygon, and find its magnitude. 

24. Two heavy rings slide on a wire in the shape of an ellipse 
whose major axis is vertical, and are connected by a string which passes 
over a smooth peg at the upper focus ; shew that if the weights are equal 
and the length of the string is equal to that of the axis major, there are 
an infinite number of positions of equihbrium. 

25. Four particles A^ By C, D are attached to the ends of strings 
whose other ends are tied in a knot at 0. Any two particles repel one 
another with a force which varies directly as the distance and the product 
of their masses. Shew that when the system is in equilibrium, the 
volumes of the tetrahedra OBCDy OCDAy ODAB, OABC are proportional 
to the masses of Ay B, C, D respectively. 

26. In an ellipse a polygon PQRSy &c. is described so that the 
triangles formed with a side as base and the centre of the ellipse as 
vertex are of equal area. If be any point in the plane of the ellipse, 
prove that the line of action of the resultant of the forces represented by 
OPf OQy OR, &c. passes through the centre of the eUipse. 

4—2 
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27. Two small heavy rings slide on a smooth wire, in the shape of a 
parabola, whose axis is horizontal : they are connected by a light string 
which passes over a smooth peg at the focus : shew that in the position 
of equilibrium, their depths below the axis are proportional to their 
weights. 

28. Forces P, Q, R act in the lines D^, 2>B, DC and their resultant 
meets the plane ABC in G, shew that 

PI AD : QIBD : JR/(7D :: ABGC : ACGA : AAGB, 
If their resultant be parallel to the plane ABO, then 

P,DB.DG+Q,DG,DA + R.DA,DB = 0. 

29. O is any point on the circle circumscribing a triangle ABC, and 
OL, OM, ON are the perpendiculars from on the sides. The line 
LMN meets the perpendiculars from A, B, O on the opposite sides in 
P, Q, B respectively. Prove that if forces act at represented by OL, 
OM, ONj OP, OQ, OR their resultant is represented by SOK, where IT is 
the orthocentre. 

30. ABC is a triangle and OiO^O^ are the centres of the three 
escribed circles opposite to A, B^ C respectively. At any point P, 
forces act along POi, PO^t PO^ represented in magnitude by POi . BC, 
POz'CA, PO^,AB, respectively. Shew that if their resultant is of 
constant magnitude, the locus of P is a circle concentric with the circle 
circumscribing the triangle OyOfi^. 

31. A weight attached by a cord to a fixed point 0, rests against a 
frictionless curve in the same vertical plane with : shew that (1) if the 
pressure on the curve is to be independent of the position of the weight on 
it, the curve must be a circle : (2) if the tension in the cord is to be 
independent of the position of the weight, the curve must be a conic 
section with as focus. 

32. Two equal particles are connected by a fine string, the particles 
and string being in a fine smooth elliptic tube, whose semi-circomferenoe 
is equal to the length of the string. The particles are acted on by con- 
stant repulsive forces from one focus : prove that, if these forces are equal, 
the particles will be in equilibrium in any position in which the string is 
tight, and if they are unequal, in only one such position. 
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STATICS OF SYSTEMS OF PARTICLES. 

44. When a body composed of a number of particles 
is in equilibrium, each of these particles is in equilibrium 
also, and the forces which act on it must therefore satisfy 
the conditions of equilibrium. But among the forces 
acting on a particle must be included, not only what are 
called External forces, such as the force of gravity, the 
pressure and tensions due to other bodies, but also In- 
ternal forces, i.e. the forces of attraction and repulsion 
that exist among the different particles composing the 
body. These forces are by no means always the same in 
the same body: for example, it is plain that if we try 
to stretch a rod, the forces that the different particles 
composing the rod, exert one on another, are different 
from what they are when we try to compress it. In the 
former case, the external forces tend to separate particles 
arranged along a line parallel to the rod's length, in the 
latter they tend to move them nearer together. To 
resist these quite opposite tendencies, different internal 
forces must be called into play. Concerning these in- 
ternal forces we know by Newton's Third Law that if 
the particle A exerts on the particle B a force jR, (the 
actiori) in a certain direction, it is itself acted on by a 
force R, (the reaction) in the exactly opposite direction, 
and also in the same straight line, so that the line of 
action of each of these forces must be the line joining A 
and B, 
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Necessary Conditions of Equilibrium for any body, 

45. Without any further assumption about the in- 
ternal forces that are exerted when any body is in equili- 
brium, we can determine conditions which must be satisfied 
by the external forces in such a case. 

Since the algebraical sum of the resolved parts in any 
direction of the forces, which act on each particle of a 
body in equilibrium, is zero, that of the resolved parts 
in any direction of all the forces, external and internal, 
acting on all the particles, is zero also. But as the re- 
solved part of any action is numerically equal, but of 
opposite sign, to that of the corresponding reaction, the 
algebraical sum of the resolved parts in any direction of 
all the internal forces vanishes separately, for the internal 
forces consist entirely of pairs of forces, equal and opposite 
to one another. Hence the algebraical sum of the re- 
solved parts of the remaining forces, the external ones, is 
zero. 

Got, a system of forces keeping a number of particles 
in equilibrium will, if applied to a single particle, keep 
it in equilibrium, since the conditions of Art. 33 are 
satisfied. 

46. In a similar way we can shew that, the alge- 
braical sum of the moments about any line, of the external 
forces acting on a body in equilibrium, is zero. We have 
only to substitute ' moments about any line ' for ' resolved 
parts in any direction ' and the above proof holds. 

We may state then that 

If any body be in equilibrium under the action of 
external and internal forces, the algebraical sums both of th^ 
resolved parts in any direction, and of the movfienU about 
any line, of the external forces, are zero. 

If the lines of action of the external forces be in one 
plane, the algebraical sum of their moments about any 
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point in that plane is zero, being equal to the algebraical 
sum of their moments about a line through the point in 
question, and perpendicular to the plane. 

47. It is to be noticed that what we have called 
internal forces are only so relatively — the force which is ex- 
erted on the particle A by the particle B is an internal 
one, when we are considering a body or system of bodies con- 
taining both particles, whereas if jB is not contained in 
the system, the force is an external one. It is then very 
necessary, in applying the above conditions of equilibrium 
to a system of particles, to know which forces are external 
and which internal. The force which is an internal one 
when we are considering the whole body may become an 
external one, when only a portion of the body is under 
consideration. 

Ex. 1. A picture weighing 10 lbs. is supported by a string which 
passes over a smooth peg, and has its two ends fastened to the picture : 
if the tension of the string be 10 lbs., shew that each string makes an 
angle of 60^ with the vertical. 

Apply Art. 45, choosing the vertical and horizontal as the directions 
along which to resolve. 

Ex. 2. A rod is supported by means of two strings which are 
attached to a fixed point, and one to each end of the rod. Assuming 
that the weight of the rod acts at its middle point, prove that the 
tensions of the strings are proportional to their lengths. 

Apply Art. 46, taking moments about the middle point of the rod. 

Ex. 3. A rod of weight TT, is supported at an angle of 60^ with the 
horizon by means of strings attached to its ends, the one attached to 
the upper end making an angle of 60^^ with the horizon, but in an opposite 
direction to the rod : find the tensions of the two strings and the inclina- 
tion of the second to the horizon, assuming that the weight of the rod 
acts at its middle point. 

Ans. IWiJSf J^21Tr, the latter acting at an angle tan-^ 3 ,Js, to the 
horizon. 

Apply Arts. 45, 46, choosing an end of the rod as the point about 
which to take moments, and the horizontal and vertical as the directions 
in which to resolve. 
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Ex. 4. A square ABGD^ is in equilibrium under the action of four 
forces, one of 3 lbs. acting along AB^ one of 2 lbs. along BC, and one of 
3 lbs. along CD ; find the magnitude and line of action of the remaining 
force. 

Am. A force of 2 lbs., acting in direction CBf at a distance equal to 
^AB from BC. 

Apply Arts. 45, 46, resolving along AB, BC respectively, and taking 
moments about B. 

Ex. 5. AB is a straight weightless rod, 15 feet long ; 4 lbs. is hung at 
^, 1 lb. at a point 3 feet from A^ and a force of 11 lbs. acts vertically 
upwards at a point 8 feet from B ; find what weight must be attached to 
the rod to maintain equilibrium, and where it must be placed. 

Ans, 6 lbs., 2 ft. 8 inches from B, 

Ex. 6. Three forces acting at the comers of a triangle, each per- 
pendicular to the opposite side, keep the triangle in equilibrium : prove 
that each force is proportional to the side to which it is perpendicular. 

Take moments about two of the angular points. 

Ex. 7. If three forces P, Q, R, acting along the bisectors of the 
angles of a triangle, at the angular points A, jB, C7, respectively, keep the 
triangle in equilibrium : prove that 

P : Q : i2=cos iA : cos JB : cos JC 
Take moments about two of the angular points. 

48. We have (Art. 45) found necessary conditions of 
equilibrium for any body or system of bodies whatsoever, 
including liquids, flexible strings, &c. 

We shall hereafter (Arts. 52, 54 and 55) find sufficient 
conditions of equilibrium for rigid bodies. 

Def. When the particles which compose a body, 
always form the same configuration, or in other words, 
when the body always retains the same shape and size, 
whatever forces be applied to it, the body is said to be 
rigid. 

We have no experience of bodies, which answer this 
description perfectly, but we know of many substances 
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which answer it more or less approximately : i.e. we know 
of many substances, which will submit to the action of 
considerable forces without undergoing any appreciable 
change in shape or size. The results which we shall prove 
absolutely true for perfectly rigid bodies, will be so approad- 
mately for bodies that are approximately rigid. 

49. We have already seen that any system of forces 
acting on a particle is equivalent to a single force, i.e. 
there is a single force, such that its efifect on the particle 
could not be distinguished from that of the combined 
forces. The question now presents itself, whether this is 
so or not when the forces do not all act on a single particle, 
but on diiferent particles of a system. If the particles form 
a rigid body, we shall see that under certain circumstances 
there exists a force, which together with the given forces 
would keep the body in equilibrium, so that the effect of 
this force reversed on the body as a whole, is the same as 
that of the original forces. But it must be remembered 
that it is only on the body as a whole that the effects are the 
same necessarily : the internal forces called into play by the 
single force, are not necessarily the same as those called 
into play by the system of forces, in fact are generally very 
different. When we cannot find a single force whose effect 
on the body as a whole is the same as that of the system of 
forces, we can always find a different system of forces whose 
effect will be the same, though they will not generally give 
rise to the same internal forces. It is usual to speak of 
the single force, when such a one exists, as the resultant of 
the original forces, and the second set of forces as equiva- 
lent to the first, though it must always be understood that 
they are so, strictly speaking, only in one sense. Even 
when the body is not rigid, a single force, or set of forces, 
which would, if the body were rigid, be equivalent in the 
above sense is said to be, one the resultant of, the other 
equivalent to, the original system of forces. 

50. Prop. Any rigid body, under the action of a/ny 
system of forces , can he fixed by applying single forces of tlie 
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requisite magnitude at each of any three give^i points of the 
body not in the same straight line, the direction of thef(yrce 
at one point being at right angles to the plane containing the 
three points, and that of the force at a second point at right 
angles to the line joining it to the third. 

Let A, B and G be any three points of the body. 
The body can be fixed by the following constraints: 
imagine a very small spherical socket to be made in the 
body at A, and a ball just smaller than the socket to be 
placed in it, and the ball to be fixed. Now imagine a very 
small hoop with its plane perpendicular to ^5, to be fixed 
round B, and also some obstacle to be placed to prevent 
G from moving at right angles to the plane ABC, The 
first constraint prevents the body fi'om moving in any 
way except by turning about A, and exerts a single force 
through A as the ball and socket touch in only one point : 
the second prevents B from turning about A, and there- 
fore from moving at all, so that the body can now only turn 
about AB'y the second force acts at right angles to AB, 
The third constraint prevents G from m,oving round AB, 
and therefore from moving at all, and exerts a single force 
through G at right angles to the plane ABG, As U cannot 
turn about AB, it is clear that the body is now fixed. 

51. This proposition can be extended to the case in 
which any of the points A, B, and G are not situate in the 
body. For we may imagine them to be made so in effect, 
without introducing any forces external to the whole 
system, by arranging a system of rigid rods, without weight, 
rigidly connecting them with the body. 

Cor. If the lines of action of the external forces all lie 
in one plane, the body can be fixed by the application of 
single forces at any two given points A, Bin that plane, each 
force being in the plane, and the direction of one being at 
right angles to the line AB. 

For by the last proposition, if a third point G be taken 
in the plane but not in AB, the body can be fixed by the 
application of suitable forces P, Q, R at A, B, G respec- 
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tively, the direction of R being perpendicular to the plane, 
and that of Q perpendicular to AB. The body is now in 
equilibrium under the action of the internal forces, the 
original external forces, and the forces of constraint P, Q, 
It. Hence (Art. 46) the algebraical sum of the moments 
about AB of all the external forces, including P, Q, and B, 
is zero : but each of these moments except that of B is 
zero, since each of the corresponding forces either intersects 
AB or is parallel to it. The moment of B, must therefore 
be ^ero, i.e. iJ itself is zero, since' B neither meets AB 
nor is parallel to it. Similarly we may shew that the 
moment of Q about every line through A in the plane is 
zero, i.Oi Q is either zero, or lies in the plane in question. 
Also by taking ijaoments about lines through B in the 
plane, exoept AB,we may shew that either P is zero, or it 
lies in the plane. 

52. Prop. A number of forces acting on a rigid body, 
their lines of action all being in the same plane, will keep 
it in equilibrium, provided any of the following sets of con- 
ditions hold : 

(1) If the algebraical sum. of their moments about each 
of three given points in the plane, but not in the same 
straight line, be zero, 

(2) If the algebraical sxt/m of their moments about 
one given point in the plane, and of their resolved parts in 
any two given directions in the plane, be zero. 

(3) If the algebraical sum of their moments, about two 
given points in the pla/ne, and of their resolved parts in any 
given direction in the plane, not at right angles to the line 
joining the two points, be zero. 

(1) Let A, B, C he the three given points: if the 
body is not in equilibrium, it can be- fixed by applying 
forces of constraint P and Q Sit A and B respectively, 
both in the plane of the forces and Q perpendicular to AB 
(Art. 51). The whole system offerees including P and Q 
must satisfy . the necessary conditions of equilibrium : 
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therefore the ' algebraical sum of their moments about 
A is zero: but the algebraical sum of the moments 
about A of the forces excluding P and Q is zero, and the 
moment of P about A is zero also ; hence the moment of 
the remaining force Q is zero, i.e. Q itself is zero, as. it 
does not pass through A, Similarly we can shew that 
the moments of P about both B and G are zero ; hence 
either P is zero, or it passes through both B and (7. As 
Ay P, and G are not in a straight line, P must be zero. 
Hence the body is in equilibrium without any constraint, 

(2) Let A be the given point, and B any other point 
in the plane of the forces : apply forces of constraint P 
and Q at -4 and B respectively as in (1). Then we shew 
as before that Q is zero. The forces including P must 
satisfy the necessary conditions of equilibrium : therefore 
the algebraical sum of their resolved parts in each of the 
two given directions is zero ; but the algebraical sum of 
the resolved parts of the forces excluding P, in each of 
these two directions is zero, i.e. the resolved part of P in 
each of these directions is zero. But as the resolved part 
of a force is only zero, in a direction perpendicular to the 
force, P itself must be zero. 

Hence the body is in equilibrium without constraint. 

Case (3) can be proved in a similar way. 

53. Prop. Two equal forces acting in opposite direc- 
tions along the same straight line on a rigid body, but not 
necessarily on the same particle, keep it in equilibrium,. 

This is obvious as the two forces clearly satisfy the 
sufficient conditions of equilibrium given in the last 
article. 

This proposition is essentially the same as the prin- 
ciple known as the Transmissibility of Force, which is 
generally assumed as an experimental fact, but which we 
prefer to deduce as above from the Laws of Motion, The 
formal statement of that principle is as follows : when a 
force acts on a rigid body, it is indifferent on what particle 
in the line of action it acts, provided that particle is part 
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of the body, or rigidly cormected with it. This follows 
directly from the proposition just proved. For let -4., 5 
be any two particles, in the line of action of the force P, 
and rigidly connected with the body. We have just proved 
that a force Q equal and opposite to P, will counterbalance 
it, provided Q acts at a point in AB rigidly connected 
with the body : hence the force P counteracts Q, whether 
P acts at A or at jB. As regards its effect on the body as 
a whole, we may say then, that it is indifferent at which 
point we apply the force P. It is however in this sense 
only, that it is indifferent ; if we take into consideration 
the internal forces brought into play in the two cases, 
they will probably be very different. 

Imagine, for instance, a sphere resting on a smooth horizontal plane ; 
a force of a certain magnitude, and in a certain direction will give the 
sphere the same change of velocity, whether the force take the shape of 
a push behind or a pull in front, yet the internal forces in the sphere 
will be different in the two cases, as in the first case the tendency of the 
external force is to compress the sphere, whereas it has the opposite 
tendency in the second case. 

The proof of the converse principle, viz. that if it is 
indifferent at which of two points a force is applied, the 
line of action of the force must be the line joining them, 
is obvious from what has gone before. 

Ex. 1. A square lamina ABCD is acted upon by a force of 3 lbs. 

along AB, 2 lbs. along CB, 1 lb. along CD, 2 lbs. along AD, J2 lbs. 

along CA, and ^J2 lbs. along BD : prove that it is in equilibrium. 

Ex. 2. A weightless rod AB, 10 feet long, has weights of 7 lbs. hung 
at each end, and one of 11 lbs. at its middle point : a string is attached to 
a point 2 feet from A and after passing over a smooth peg vertically 
above the point of the rod to which it is attached, supports a weight of 
10 lbs. : another string attached to a point 3 feet from B supports in a 
similar way a weight of 15 lbs. Prove that the rod is in equilibrium. 

Ex. 3. A rigid rod AB, 20 inches long, is acted upon by the follow- 
ing forces: 3 lbs. at A along BA, fjs lbs. at right angles to AB, at a 
point 5 inches from A, 6 lbs. at a point 5 inches from B, and making an 
angle of QQf* with the part of the rod on the same side as A, and 4/^/3 lbs. 
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at B making an angle of 30^ with AB produced. Prove that there will 
be equilibrium, provided all the forces are in one plane, and the 3rd force 
acts on the opposite side of the rod to the 2nd and 4th. 

Ex. 4. ABGDEF is a regular hexagonal lamina: prove that it is 
kept in equilibrium by the following seven forces : 2 lbs. along AB, CD, 
DE, FA, and AD, 5 lbs. along GB and 3 lbs. along FE, 

54.* Prop. A rigid body under the action of any 
system of forces, is in equilibrium, provided the algebraical 
sum of their moments about each edge of any aiven 
tetrahedron be zero, 

* 

Let A BCD be the given tetrahedron, such that the 
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algebraical sum of the moments of the forces about each 
edge is zero. If the body is not in equilibrium under the 
action of the system of forces in question, it can be fixed 
(Arts. 50, 51) by applying suitable forces of constraint P, 
Q, R at J., B, and G respectively. Al^o Q may be taken 
perpendicular to AB^ and R ;perpendicular to the plane 
ABG. 

Since the body is in equilibrium under the action of 
the original forces together with P, Q and R, these forces 
must satisfy the necessary conditions of equilibrium. There- 
fore the algebraical sum of their moments about AB is 
zero ; but the algebraical sum of the moments about AB 
of the original forces alone is zero, and the moments of 
both P and Q about AB are clearly zero, so that the 
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moment of the remaining force R must be zero. R being 
perpendicular to the plane ABC, can neither intersect AB 
nor be parallel to it, so that its moment about AB can 
only vanish by R itself vanishing (Art. 38). 

Similarly by taking moments about AC and AD, we 
see that the moment of Q about each of these lines is 
zero : hence Q must either be zero, or its line of action 
must lie in each of the planes BAG, BAD, i.e. must be the 
line AB; the latter alternative is out of the question, 
because Q is perpendicular to AB : Q must therefore be 
zero. 

Again, by taking moments about BG, DB, and DG, 
we obtain that the moment of P about each of these 
lines is zero, i.e. that if P is not zero, its line of action 
lies in each of the planes BAG, BAD, DAG, which is 
impossible. P must therefore be zero. All the forces of 
constraint being zero, we see that the body is in equili- 
brium under the action of the original forces only. 

55.* Prop. A rigid body under the action of any 
system of forces is in equilibrium, provided the algebraical 
sum of their moments about each of any three given 
straight lines intersecting in a point, but not in one plane, 
be zero, and the algebraical sum of their resolved parts 
along each of these lines be zero also. 

Let OA, OB, OG be the straight lines, such that the 
algebraical sum of the moments of the forces about each 
of them is zero, and that of their resolved parts along 
each is zero also. 

As in the last proposition, if the body is not in equi- 
librium, it may be fixed by applying suitable forces of 
constraint P, Q, R dX 0, A and B respectively; R may 
be taken perpendicular to the plane GAB, and Q perpen- 
dicular to the line OA, Then as in Art. 54, by taking 
moments about OA, R is found to be zero ; and Q also by 
taking moments about OB and OG, But the algebraical 
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sum of the resolved parts of the original forces together 
with P, along each of the lines OA, OB, 00 must be zero ; 



hence the resolved part of P along each of these lines 
must also be zero, i.e. if P is not zero, it is perpendicular 
to each of the lines OA, OB, 00, which is impossible as 
they do not lie in one plane. P must therefore be zero. 
The body is therefore in equilibrium under the action of 
the original forces alone. 

The sufficient conditions of equilibrium of any system 
of forces acting on a rigid body can be expressed in many 
ways, other than the two given above. 

56. We have seen that if two systems of forces are 
equivalent, either of them reversed will counteract the 
other; hence it is sufficient for equivalence when both 
systems are in the same plane, if any one of the following 
sets of conditions holds. (1) If the algebraical sum of the 
moments about each of three points in the plane but not 
in the same straight line, of one system, be equal respec- 
tively to the corresponding sum of the other. (2) If the 
algebraical sums of the moments about one point in the 
plane, and of the resolved parts in two directions in it, of 
one system be equal respectively to the corresponding 
sums of the other. (3) If the algebraical sums of the 
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moments about eax;h of two points in the plane, and of 
the resolved parts in one direction in the plane, not 
perpendicular to the line joining the two points, of one 
system, be equal respectively to the corresponding sums 
of the other. 

Analogous conditions of equivalence can be obtained 
from Arts. 54, 55, for systems of forces which are not in 
one plane. 

57. To find the resultant action on a body of a weightless string 
stretched round it. 

Let PABCDQ be a string stretched over a body, A and D being the 
points where the string leaves the body. The forces acting on the part 




ABCD of the string are the force due to the part PA, or the tension at ^i 
along AP, the tension at D along DQ, and the innumerable actions of 
the body at every point of ABCD, Since this portion of the string is in 
equilibrium, the two tensions counteract all these actions along ABCD, 
i.e. they just balance the resultant of all these actions. But by Newton's 
Third Law, the resultant action of the string on the body is equal to, 
opposite to, and in the same straight line as, that of the body on the 
string. The two tensions counteract the latter of these resultants, i.e. 
they are equivalent to the former. We may therefore, in considering the 
equilibrium of the body, suppose that it is acted on directly by the ten- 
sions at A and B, instead of supposing, what is really the case, that 
these tensions act on the string ABCD, and so cause it to exert on the 
body the innumerable small forces, to which .the tensions are equivalent.^ 

G. 5 
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We arrive at the same conclusion by regarding the body and the por- 
tion ABCD of the string as one system of particles: in that case the 
tensions at A and B are forces external to the system, while the innu- 
merable actions and reactions between the string and the body are 
internal forces. 

Ex. !• A smooth pulley is supported by a string which passes under- 
neath it : find the weight of the pulley, if the tension of the string is 
10 lbs. and the two parts not in contact with the pulley make angles of 
30« with the vertical. ^^g^ 10^/3 lbs. 

Ex. 2. Three smooth pegs are fastened in a vertical plane, so as to 
form an equilateral triangle whose base is horizontal and vertex down- 
wards. A string with a weight 5 lbs. attached to each end, is passed 
under the lower peg and over the other two. Find the pressure on each 
peg. 

Am. 5 mJs lbs. on lower peg. ^ (,^2 + ^/b) lbs. on upper. 

Ex. 3. A rope is passed several times round a fixed rough post, the 
tensions exerted at the ends of the two parts of the rope not in contact 
with the post, are 3 lbs. and 2^/2 lbs. respectively, and these two parts 
make an angle of 45<* with one another. Find the resultant action of 
the rope on the post. ^^, ^29 lbs. 

Ex. 4. A circular cylinder (W) is placed with its axis horizontal on 
a smooth inclined plane: a weightless string is attached to a point in the 
plane and after passing over the cylinder supports a weight P, the 
straight portions of the string being respectively horizontal and vertical : 
shew that if there is equilibrium, the inclination of the plane to the 
horizon is tan-i {PI{P-h W)}. 

58. We have seen how to obtain the resultant of two 
forces acting on the same particle; if now we have two 
forces acting on a rigid body, but not on the same particle, 
we can find a single force equivalent to them provided 
their lines of action either meet or are parallel, except in 
the case in which the forces are equal and opposite, but 
not in the same straight line. If their lines of action 
meet in a point, we may by the principle of the trans- 
missibility of force, suppose each force to act at this point, 
and then their resultant is just what it would be if the 
forces really acted on a particle, situate there and rigidly 
connected with a body. 
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59. The Resultant of two parallel forces. By Art. 56, 
a force in the same plane, whose resolved part in each of 
two directions in that plane equals the algebraical sum of 
the resolved parts of the two forces in the same direction, 
and whose moment about some point in the plane equals 
the algebraical sum of the moments of the two about that 
point, is the resultant. 

Let Ay BhQ two points where two parallel forces, jP, 
Q respectively act. The first two conditions are satisfied 
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by a force which acts in the same direction as P and Q, 
and is equal to their algebraical sum^ The required force 
must then be parallel to the other two, and at such 
distances from them that their moments about any point 
in it are equal in magnitude but opposite in sign. It will 
therefore be between them if the signs of P and Q are the 
same, but not otherwise : its distances from them must be 
inversely proportional to their magnitudes. Hence if C be 
the point where its line of action meets AB, P , AG 
= Q . BO. When P and Q act in opposite directions, the 
greater force will clearly lie between the less and the 
resultant. 

Cor. The position of (7 is independent of the direction 
of the forces, so long as they remain parallel. 

If the forces P and Q are equal in magnitude and 

5—2 
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opposite in sign, the preceding solution fails, and we can 
find no single force, whose effect is equal to that of the 
two together. Two such forces constitute a couple. 

Ex. 1. Four forces, P, 2P, SP, and 4P act along the sides taken in 
order of a square: find their resultant. 

Ans, 2P/j2j acting parallel to the diagonal through the comer wherd 
2P, and 3P meet, and at a distance from it f ^2 times a side of the 
square. 

Ex. 2. A uniform heam 4 ft. long is supported in a horizontal 
position by two props which are 3 feet apart, so that the beam projects 
one foot beyond one of the props : shew that the pressure on one prop is 
double the pressure on the other. 

Ex. 3. If a bicycle and its rider weigh 60 lbs. and 10 stone respec- 
tively, find how the pressure on the ground is divided between the two 
wheels, whose points of contact with the ground are 3 ft. 6 inches apart, 
while the points through which the weights of the bicycle and rider act, 
are distant horizontally 7 in. and 6 in. respectively from the centre of the 
driving wheel. Ans, 170 lbs. and 30 lbs. 

60. Since a rigid body under the action of any system 
of coplanar forces, can be fixed by two forces of constraint 
acting in that plane at two arbitrarily chosen points in it, 
the system must be equivalent to the forces of constraint 
reversed : but two forces in one plane can be replaced by 
a single one, unless they form a couple. Hence 

Any system of forces in one plane is equivalent to a 
single force or a couple. 

61. Prop. If three forces maintain equilibrium, their 
lines of action must he in one plane, and either all meet in 
one point or be all parallel. 

Let P, Q, R be the three forces, Aa, Bb, Cc, their 
respective lines of action. 

Since the algebraical sum of the moments of a system 
of forces in equilibrium about any line is zero, that of the 
moments of P, Q, R about AB vanishes : but as P and Q 
both intersect this line, each of their moments about it ia 
zero, hence that of R about it must also be zero, i.e. Cc 
meets AB or is parallel to it. 



STATICS OF SYSTEMS OF PARTICLES. 



69 



Similarly we can shew that Gc meets, or is parallel to 
Ab. Therefore Cc either lies in the plane ABb or passes 
through A. In the first case jB and Q are in the same 
plane, in the second B and P. But if two of the forces 
are in one plane, the third must also be in it, as its 
moment about every line in the plane must be zero. 
Hence all three forces are in one plane. 
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If the forces are not all parallel, two of them meet and 
can be replaced by a single force, which is counterbalanced 
by the third force, and is therefore in the same straight 
line with it, i.e. the third force passes through the point 
of intersection of the other two. 

Cor, Two forces, whose lines of action are not in one 
plane, cannot be equivalent to a single force. 



sum 



62. Def. TJie moment of a couple is the algebraical 
of the moments of the twQ forces which form it, 
about any point in their plane. 

This moment can easily be shewn to be independent 
of the position of the point and to be equal to the product 
of either force into the arm, Le. the perpendicular distance 
between the lines of action of the forces. 

For let P acting at A, and P acting in the opposite 
direction at B, form the couple. Then the algebraical 
sum of the moments of the two forces about is 
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in Fig. (35), P (Oa -^Ob) = P. ah, 
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in Fig. (3G), P{0a-0h) = P , ah. 
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in Fig. (37), P (Oh - Oa) = P . a5, 
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Avhere Oa, Ob are the perpendiculars from on the lines 
of action of the forces. 

If the body on which the couple acted were only free 
to turn round 0, the tendency of the couple in all the 
above figures is to turn the body in the direction in 
which the hands of a watch move ; the couples are said 
therefore to have moments of the same sign, or to be like ; 
were the tendency of one of them to turn the body 
in the opposite direction, its moment would be of the 
opposite sign, and it would be unlike the other two. 

63. Prop. Two like couples of equal moment, in the 
same or parallel planes, are equivalent to one another. 

(i) When the couples are in the same plane. 

In this case the two couples form two systems of forces 
in one plane, such that the algebraical sums of their 
moments about any point whatsoever in the plane are 
the same; therefore the systems are equivalent to one 
another (Art. 56). 

(ii) When the couples are in parallel planes. 

Let Pj, Pg be the two equal forces forming one of the 
couples, acting at the points A, B respectively. 
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In the plane in which the other couple acts, draw CD 
equal and parallel to AB. Join AD, BC, intersecting in 
; then bisects both AD and BC. 
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Pj at A may be replaced by 2Pj at and P, at i). 
Pj, at P may be replaced by 2P2 at and P^ at (7: 2P2 and 
2Pj at counteract one another, so that we are left with 
Pj at G and P, at D, as equivalent to the original couple. 
But these two forces constitute a couple like to the original 
one, equal to it and in the given plane parallel to it: there- 
fore as the original couple is equal to one couple in the 
parallel plane, it is by (i) equal to any like couple of the 
same moment in that plane. 

64.* The latter part of the last proposition might have 
been proved in a manner analogous to that adopted for the 
former, as follows. 

Let A and B be the two couples : we shall prove that 
A and B reversed satisfy the sufficient conditions of equi- 
librium of Art. 55. 

Take three straight lines, intersecting in a point, one 
perpendicular to the plane of each couple, and the other 
two in the plane of P. 

It is obvious that the algebraical sum of the resolved 
parts of the four forces in each of these directions is zero : 
also the moments of A and B reversed, about the line 
perpendicular to their planes, are numerically equal but of 
opposite sign. Hence the algebraical sum of the moments 
of the four forces forming them about this line is zero. 
The moment of each of the forces forming B reversed 
about any line in their plane is zero, and the moments of 
the two forces forming -4, about any line in the plane of 
P, are equal numerically but of opposite sign; the alge- 
braical sum of the moments of all four forces about every 
straight line in the plane of B is therefore zero. 

The six sufficient conditions of equilibrium of Art. 55 
are therefore satisfied, and the couples A and B reversed 
balance one another ; in other words A and B are equiva- 
lent. 
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Ex. 1. Like parallel forces, each equal to P, act at three of the 
comers of a rhombus, perpendicular to its plane : at the other comer 
such a force acts that the four forces are equivalent to a couple : find the 
moment of the couple, provided the angle of the rhombus at which the 

last force acts is GO^*. Ans, 2^/3 . Pa, where a is a side of the rhombus. 

Ex. 2. ABGDEF is a regular hexagon : equal forces act along AB, 
BC, DEj EFy and two other forces, each double any one of the former 
forces, act along DC and AF : prove that they maintain equilibrium. 

65.* Let us consider what we require to know to 
determine the effect of a couple on a rigid body. It is 
unnecessary to know the actual position of the plane in 
which the couple acts, but we must know the direction of 
the plane, i.e. the direction of a line to which it is perpen- 
dicular. We do not require to know the magnitude or 
direction of the forces which compose the couple, but we 
must know the magnitude of its moment and its sign^ i.e. 
the direction in which it would tend to turn the body round 
a line perpendicular to its plane, the line being fixed and 
the body rigidly connected with it. 

Now a straight line at right angles to the plane of the 
couple, and of length proportional to the magnitude of its 
moment, will represent the couple in the first two respects : 
also, if it be understood that the line is drawn in that 
direction in which the axis of a right-handed screw moves, 
when it rotates in the same way as the couple tends to 
turn the body, the sign of the couple will also be re- 
presented. 
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In fig. 39, if the arrowhead on the circle indicates the direction in 
which the couple would tend to turn the body about AB, supposing the 
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latter fixed and the body rigidly connected with it, the sign of the couple 
in accordance with the above convention would be represented by JB and 
not by BA, 

The line which thus completely represents the couple 
is termed the axis of the couple. 

66.* We shall now prove that couples follow the 
Parallelogram Law, in other words, that 

If from a point the axes representing two couples be 
drawn, and a parallelogram be constructed on these two 
axes as adjacent sides, live diagonal passing through the 
above-mentioned point is the aods of a couple equivalent to 
the two, i.e, of their resultant couple. 

We may suppose the couples to consist of forces 
acting at the ends of a common arm, in which case the 
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•moments of the couples will be respectively proportional to 
the forces composing them. 

Let Aahe the common arm, and let AB, ab represent 
the two equal and parallel forces forming the first couple, 
AC, ac those forming the second. 

Draw AR perpendicular to Aa and AB, equal to AB, 
and in the direction which by the convention of Art. 65 
represents the sign of the first couple: similarly draw A(7 
perpendicular to ^a and AC, equal to AC and in the 
proper direction. Then AB' and A C are the axes of the 
two couples. 

Complete the three parallelograms, ABCD, abed, 
AB'Ciy , and join AD, ad, AT/, These parallelograms 
are clearly equal in every respect, so that AD = ad = AD\ 
Also AD, ad are parallel, and AD' is perpendicular to AD. 

But the two forces AB, AG are equivalent to AD, and 
the two ab, ac, to ad, so that the two couples are equivalent 
to AD, ad, which form a couple of which AD' is the axis. 
Hence the couples whose axes are AR, AC are equivalent 
to a resultant couple of which AU is the axis. 

Cor, Hence we may deduce propositions relating to 
the composition and resolution of couples, analogous to 
those obtained in Arts. 19 — 26, 30 — 32, relating to the 
composition and resolution of forces. 

67.* Prop. Any system of forces acting on a rigid 
body can be reduced to a single force acting at any 
arbitrarily chosen point and a couple. 

Let A be the arbitrarily chosen point, P any one of 
the forces. 
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We shall not alter the effect of the forces by applying 
at A two forces P^, P, each equal and parallel to P, and in 
opposite directions to one another. P^ which is opposite to 
P, forms with P a couple. Hence P is equivalent to P^ 
at A, and a couple. 

The couple vanishes in the case in which A lies in P's 
line of action. 

Similarly we may replace each of the other forces by a 
force at A, equal to it and in the same direction, and a 
couple. 

The whole system thus reduces to a series of forces at 
Ay respectively equal to and in the same direction as the 
several original forces, and a series of couples. But the 
forces at A are equivalent to a single resultant at A^ and 
the couples to a single resultant couple. 

Cor, The magnitude and direction of the single 
resultant is the same wherever A is, and the resultant 
couple is the same for all positions of J. in a line parallel 
to the single resultant force. 

68.* Prop. Any system of forces acting on a rigid 
body is equivalent to a single force and a couple whose 
axis is parallel to the direction of the single force. 
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By the last proposition, the system is equivalent to 
a single force R acting at any given point A, and a couple 
II, If the axis of H make an angle (f> with the direction 
of i2, it may be resolved into ^cos <f} in the direction of JJ 
and H sin (f) at right angles to that direction. 
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Draw AB perpendicular to both R and the axis of H, 
and make AB equal to {H sin 0)/-B ; then, applying at 
B two forces equal and parallel to iJ, but in opposite 
directions to one another, the system is equivalent to R at 
B in its original direction, the couples H cos </>, H sin <^, 
and the two forces R at A, and R in the opposite direc- 
tion at B. But the last two forces are equivalent to a 
couple whose axis is at right angles to both R and 
ABy i.e. is in the same straight line as the axis of the 
couple H sin (p: its moment is R . AB or H sin <^. If 
^J5 be drawn as in fig. 43, the axes of these two couples 
are in opposite directions by the convention of Art. 65 : 
the two couples therefore counteract one another, and we 
are left with R at B and the couple H cos ^ whose axis is 
along R*a direction. Such a force and couple together 
form what is called a wrench. 

R's line of action through B is termed Poinsofs Central 
Axis for the corresponding system of forces. 

The algebraical sum of the moments of the system of 
forces about the axis of H through A is H, about a line 
through A, making an angle with AH^ the sum of their 
moments is H cos 0, Hence AH is called the aans of 
principal moment at ^, as the sum of the moments of the 
forces about it is greater than that about any other line 
through A, 

69.* Prop. Hie algebraical sum of the moments of 
the forces about Poinsot's Central Axis is less tlian that 
about any other axis of principal moment. 

For (Art. 68) (fig. 42) the sum of the moments 
about the central axis is H cos <^, whereas the sum of the 
moments about the axis of principal moment at A is H. 

For this reason the Central Axis is sometimes termed 
the Axis of Least Principal Moment 

70.* Prop. Any system of forces acting an a rigid 
body can be reduced to two equal forces equally inclined 
to the Central Axis. 
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For let Off be the central axis, R being the single 
resultant force, and H the moment of the resultant couple 
whose axis is OG. 
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Through draw AOB perpendicular to OG, and make 
OA = OB, 

We can replace R by iR at A, and ^R at -B, each 
in the same direction as i2 ; we can replace the couple IT 
by a force P at A, and a force P at B, each perpen- 
dicular to the plane GOA, but in opposite directions, 
provided P = H/AB. 

The resultant of P and ^R at -4, and that of P and AiZ 
at P, will clearly be equal to one another and will make 
equal angles with ^R, i.e. with the Central Axis. 

71. Recapitulation, Kegarding any body at rest what- 
soever, as a collection of particles each of which is at rest, 
we can assert that the algebraical sum of the resolved 
parts in any direction, of all the forces, internal as well as 
external, acting on the body is zero : also that the alge- 
braical sum of their moments about any line is zero. But 
as by Newton's Third Law the internal forces consist 
entirely of pairs, which are equal, opposite and in the 
same straight line as one another, the algebraical sums of 
the resolved parts and of the moments of the internal 
forces are both zero. Any system of external forces which, 
together with internal ones, maintain a body in equili- 
brium, must therefore be such that the algebraical sum of 
their resolved parts in any direction is zero and that of 
their moments about any line is zero also. 
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Next, considenDg rigid bodies only, we shew that a 
body under the action of any system of external forces 
whatsoever can be fixed by the application of suitable 
forces at three arbitrarily chosen points, and that the 
direction of one of these forces may be taken perpendicu- 
lar to the plane containing the three points, and that of 
another perpendicular to the line joining its point of ap- 
plication to the third point. When the forces are coplanar, 
the body can be fixed by applying suitable forces at any 
two points in the plane of the forces, the directions of both 
forces being in the plane and that of one perpendicular to 
the line joining the two points. From this proposition 
follow the sufficient conditions of equilibrium of a system 
of coplanar forces acting on a rigid body. These conditions 
may be given in three different forms, and each form 
is expressed algebraically by three equations. When the 
forces are not in one plane the sufficient conditions of 
equilibrium can be put in many different forms, and each 
form requires for its algebraical expression six equations. 

Defining two forces as equivalent, when either counter- 
acts the other reversed, we deduce the principle known as 
the ' Transmissibility of Force.' 

The resultant of two parallel forces is obtained by 
finding from the sufficient conditions of equilibrium, a 
force which will counteract them, and then reversing it. 

It is then shewn that if three forces maintain equili- 
brium, they must be coplanar and either concurrent or 
parallel. 

Then we shew that two couples are equivalent when 
their moments are equal and their planes coincident 
or parallel; hence that couples can be represented by 
straight lines, and that they can be compounded and 
resolved like forces by the Parallelogram Law. It was 
shewn that any system of forces in one plane is equiva- 
lent to a single force or a couple, it can now be shewn that 
any system of forces whatsoever, acting on a rigid body, is 
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equivalent to a single force and a couple acting in a plane 
perpendicular to the force, or to two equal forces, equally 
inclined to the Central Axis. 



Illustrative Examples. 

Ex. 1. If four forces acting along the sides of a quadrilateral ate in 
equilibrium, prove that the quadrilateral is a plane one, and also, that if 
the quadrilateral can be inscribed in a circle, each force must be propor- 
tional to the length of the opposite side. 

Let ABCD be the quadrilateral. The forces along AB, BC have a 
resultant through B and in the plane ABC; similarly those along AD, DC 
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have a resultant through D and in the plane ADC, But as the four 
forces are in equilibrium, these two resultants must be in the same 
straight line, JBD, i.e. BD is in each of the planes ABC, ADC and the 
quadrilateral is a plane one. 

When A BCD can be inscribed in a circle let P, Q, R, S be the forces 
along AB^ CB, CD, AD, respectively. 

Since the forces are in equilibrium, the algebraical sum of Iheir 
moments about A is zero : 

.-. Q.AB%mB-'R.ADmiD=0\ 

"ad^ab'^'^^^^^cd'^bc' 
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Ex. 2. ABCD is a quadrilateral, and two points P, Q are taken in 
AD, BC such that AP:PD = CQ: QB. From P, g, straight lines PP', 
QQ' are drawn parallel to, equal to, and in the same directions as BC 
and DA respectively. Shew that forces represented by AB, CD, PP\ 
QQ' are in equilibrium. 
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The force PP' can be replaced by two forces parallel to it, at A and D : 
the force at A : PP'=PD : AD=BQ : BC; 

.: force at A=BQ; 

similarly, force at D = QG. 

The two forces ABj BQ^ acting at J, are, by the triangle of forces, 
equivalent to AQ; and the two QC, CD^ at D, to QD. Hence the four 
original forces are equivalent to AQ, QD, and QQ\ all acting through Q, 
and represented by the sides of the triangle AQD, taken in order. They 
are therefore in equilibriimi. 

Ex. 3. A system of forces represented by the sides of a plane polygon, 
taken in order, is equivalent to a couple, whose moment is represented 
by twice the area of the polygon. 

Let the forces be represented by the sides AB, BC, CD, DE, EF, FA, 
of the polygon ABCDEF. 

We know that if the forces are not in equilibrium, they are equivalent 
to a single resultant or a couple (Art. 60). 

G. 6 
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But as the algebraical sum of their resolved parts in any direction is 
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zero, their resultant is zero, i.e. they are in equilibrium, if they are not 
equivalent to a couple. 

Take any point 0, and join OA, OB^ OC, &c.: then the moment 
of JB about is measured numerically by twice the area of the 
triangle OAB, since the area of OAB is equal to \AB into the perpen- 
dicular from on ABi and similarly for the other moments. Hence the 
algebraical sum of the moments of AB^ BC, &c. about is measured by 
twice the area of the polygon, i.e. is not zero. The system then must be 
equivalent to a couple, and the moment of this couple is represented by 
twice the area of the polygon. 

Ex. 4. A uniform rod hangs by two strings of lengths I, V, fastened 
to its ends and to two points in the same horizontal line, distant a 




apart, the strings crossing one another. Find the position of equilibrinmy 
and shew that if a, d' be the angles that /, V make with the horizontoi • 

sin (a + a') (V cos ci' - 1 cos o) = a sin (a - a'). 



• J 



COS a 
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Let be the angle which the rod AB makes with the vertical : let be 
the point where the strings cross Qne another. Since the rod is in equi- 
librinm nnder the action of three forces, two of which, the tensions of 
the strings, meet in 0, the third, the weight of the rod, passes through 0. 
But the weight acts vertically through the middle |)oint of the rod, which 
point G, must therefore be in a vertical line with : hence the perpendi- 
culars AM, BN on OG must be equal. 

.-. {I - OC) cos a = {V- OD) cos o'. 

^ ^ OG OD a 

X>Ut — . , = — ; = — ; 7 >- , 

Sin a sm a sin (a + a ) 
(, a sin a' ) ( ,, a sin a ) 

•'• {^ -• 7 A> cos a= ]l'-- ; 7T> 

( sin(a + a)j ( sm (a + a')J 
or sin (a + a') {I cos a-V cos a')=a sin (a'-a) (1). 

If h be the length of AB, since the algebraical sums of the vertical and 
horizontal projections of ABj BD, J)G, CA are both zero, 

I sin a-b sin 6-V sin a' = 0, 

I cos a-6 cos + V cos a'-a=0. 

These equations with (1) enable us to obtain o, a', and 0, which de- 
termine the position of equilibrium. 

The above is an example of a geometrico-statical problem, in which 
the position of equilibrium, which must clearly exist, is required, and 
is obtained from geometrical considerations. 

If the weight of the rod be given, the other unknown quantities, the 
tensions of the strings, can be obtained by using two more conditions of 
equilibrium, since there are three, and one only has been used. As there 
are five unknown quantities, and only three sufficient conditions of equi- 
librium, we must have two geometrical conditions in order to completely 
solve the problem. 

Ex. 5. A uniform heavy rod of length 2a is placed across a smooth 
horizontal rail and rests with one end. against a smooth vertical wall, tha 
distance of which from the rail is h : shew that the angle the rod makes 
with the horizon is cos~^ (ft/a)». 

Let be the inclination of the rod to the 1 ia the p tti 

equilibrium. The forces acting on the rod Ab aze* i 
downwards through G, its middle point, the ; t^ < 

zontally through A, and that of the rail C* «t zi i 
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forces must therefore meet in a point D. Since ADG, ACD are right 
angles, AD'=AC , AG, 

.•. a^ cos* ^= aft sec $, 

.'. cos^ d=^hja. 

Or, we might have proceeded thus : let R be the reaction of the wall, 
S that of the peg, and W the weight of the rod. Besolving vertically, 
we have W-S Qo^e=Q (1). 




Taking moments about A, 

S . AC=W . AD, 
.-. Sh sec d = Wa cos 6. 
From (1) and (2) cos^ 0=h/a. 

Besolving horizontally, 



(2). 



(3). 



R-S Bin ^=0 

Hence R and S can be obtained. 

The advantage of resolving vertically and taking moments about A is 
that in neither case does the force R come into the corresponding equation. 

Ex. 6. Shew that the greatest inclination to the horizon at which a 
uniform rod can rest, partly within and partly without a fixed smooth 

hemispherical bowl, is sin~^ (J\/3)- 

Let AD EC be the circular section of the complete sphere, made by 
the vertical plane containing the rod AB, which rests against the edge of 
the bowl at C, COD is the horizontal diameter of the sphere through C 

The rod is kept in equilibrium by its weight through G, its middle 
point, the reaction of the bowl at A, along the normal AO, and that at 
C perpendicular to AB, and therefore meeting AO on the sphere at E. 
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Since these three forces pass through one point, GE must be a 
vertical line. 



'LetACO=0y r= radius of the bowl. 

Then AC=AE cos EAC=2r cos 6 

sm EGA cos 

since AEG = hv-E0F=iir-2e. 



(2), 




FiK.49. 



Since AG ia half the rod, (2) determines the position of equilibrium. 

AG 



Let 



m= 



m — 



AC* 

cos 2^ 2cos2^-l 



.-. cos^ 0= 



cos'-' 

1 
2-m' 



cos-* '0 * 



6 clearly has its greatest value when m has its least value, i.e. when 
m~^t since AG cannot be less than half AC, 
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Hence the greatest value of is given by 

1 2 



cos* e= 



2-4 3' 



or 



sin 6 = —.- . 



Ex. 7. Four equal spheres rest in contact at the bottom of a smooth 
spherical bowl, their centres being in a horizontal plane. Shew that, if 
another equal sphere be placed upon them, the lower spheres will separate 

if the radius of the bowl be greater than (2^13 + 1) times the radius of 
a sphere. 

Let Aj By C, D be the centres of the four spheres respectively, O that 
of the upper sphere, 0' that of the spherical bowl. Then AB, BC, CD, 
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DA, OA, OB, OC, OB are each equal to the diameter (2r) of any one of 
the spheres. and 0' are clearly in the vertical line through H^ the 
intersection of the diagonals of the square ABCD, 

1 



Then 



cos OAII= --— = 



_AH_ s/2^^ _ 1 
OA OA J2 ' 

.\lOAH=45\ 



When the lower spheres are just on the point of separating, there is 
no pressure between any two of them, so that each of them is in equi- 
librium under the action of its weight, the pressure of the upper sphere, 
and that of the hollow sphere. Let W be the weight of each sphere, B 
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the reaction between the upper and any of the lower spheres. From the 
equilibrium of the upper sphere, resolving vertically, 



R = 



W 

2^2' 



W 



The resultant of W acting vertically, and — ^ along OA, on the sphere 

W 1 

2 J2' J2 
whose centre is A, makes with the vertical the angle tan- ^ ^ . , 

i.e. tan-i |, 

But this resultant is equal and opposite to the pressure of the bow 
which acts along AO'. 

Therefore tan AO'U=\, 

AH . .„,_. \ 1 

O'A V(l + iiS) ^26 

/. 0'^ = ^26 . AH=2rJX3. 

But the radius of the hollow sphere is equal to O'A together with r, 

therefore radius of the bowl = (2 ^I'd + 1) r. 

If the bowl is any larger, 0' will be further from H, and for the 
pressure of the bowl to counteract the resultant of the other forces on 
the sphere (centre A), we shall have to suppose that the actions of the 
two adjacent lower spheres on it are towards their respective centres 
instead of away from them. But as the spheres are incapable of exerting 
such forces, equilibrium is not possible, i.e. the spheres will separate. 

Ex. 8. A heavy bar, AB, is suspended by two equal strings of length 
7, which are originally parallel : find the couple which must be applied to 
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the bar to keep it at rest after it has been twisted through an angle $ in 
a horizontal plane. 

Let C, D be the fixed ends of the strings ; CA', DB' the original 
vertical positions of the strings. 

Draw Aa, Bb at right angles to CA', DB* respectively. Join ah cut- 
ting ^B in its middle point G, Let 2a be the length of AB, and ^= angle 
aCA or bDB. 

Then CA sin aCA = aA = 2AG sin iaGA, 

.'. I sin <p = 2a sin ^6 (1). 

Let T be the tension of either string : they will from symmetry be 
the same. 

Let P be the magnitude of the force which applied horizontally in 
opposite directions at A and B, at right angles to AB, will keep the xod 
in equilibrium. 

E^solving vertically, we have 

Tr-2rcos^=0. 

Taking moments about the line of action of IT, we have 

2P . 0-2T sin^ . a cos 18=0, 

TT rtT. a IF sin cos i^ ,„. 

Hence 2Pa= —^ — (2). 

cos 

(1) and (2) enable us to determine 2Pa in terms of a, ly W and d. 

In this example we have assumed as obvious that a couple only is 
required to maintain equilibrium: it can be shewn however that the 
values we have obtained for P and T will satisfy the six conditions of 
equilibrium of Art. 55. 

EXAMPLES. 

1. Four points ^j P, C, D lie on a circle and forces act along the 
chords ABf BG, CBy DAj each force being inversely proportional to 
the corresponding chord: prove that the resultant passes through the 
common points of (1) AD, BC; (2) AB, DC ; (3) tangents at B, D, and 
(4) tangents at A and C, 

2. If six forces acting on a body be completely represented, three by 
the sides of a triangle taken in order, and three by the sides of the 
triangle formed by joining the middle points of the sides of the original 
triangle, prove that they will be in equilibrium if the parallel forces act 
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in the same direction, and the scale on which the first three forces 
are represented be four times as large as that on which the last three are 
represented. 

3. Forces P, Q, R act along the sides of a triangle ABC, and their 
resultant passes through the centres of the inscribed and circumscribed 
circles : prove that 

P _ Q ^ Jg 

cos B - cos C cos C - cos A cos A - cos B * 

4. Prove that a uniform rod cannot rest entirely within a smooth 
hemispherical bowl, except in a horizontal position. 

5. If a uniform heavy rod be supported by a string fastened at its 
ends, and passing over a smooth peg; prove that it can only rest in 
a horizontal or vertical position. 

6. A heavy equilateral triangle hung upon a smooth peg by a string, 
the ends of which are attached to two of its angular points, rests with one 
of its sides vertical ; shew that the length of the string is double the 
altitude of the triangle. 

7. A fine string ACBD tied to the end i4 of a uniform rod AB of 
weight W, passes through a fixed ring at C, and also through a ring 
at the end B of the rod, the free end of the string supporting a weight P ; 
if the system be in equilibrium prove that AC : BC ::2P-hW : W, 

8. A horizontal rod, the ends of which are on two inclined planes, is 
in equilibrium: if a, p be the inclinations of the planes, prove that 
the centre of gravity of the rod divides it into two parts in the ratio 
of tan a to tan p. 

9. A uniform heavy rod AB has the end A in contact with a smooth 
vertical wall, and one end of a string is fastened to the rod at a point C 
such that AC=iABj and the other end of the string is fastened to the 
wall; firid the length of the string if the ];od is in equilibrium in a 
position inclined to the vertical. 

10. A cylindrical ruler whose radius is a, and length 2h rests on a 
horizontal rail with one end pressing against a smooth vertical wall, 
to which the rail is parallel. Shew that the angle the axis of the ruler 
makes with the vertical is given by {h sin 6 + a cos 0) sin' $ + 2a cos d = b, 
where b is the distance of the rail from the wall. 

11. Two equal heavy spheres of one inch radius are in equilibrium 
within a smooth spherical c\ip of three inches 'radius. Shew that the 
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pressure between the cnp and one of the spheres is double the preesard 
between the two spheres. 

12. Along each side taken in order of a polygon inscribed in a circle, 
acts a force whose magnitude is proportional to the sum of the lengths of 
the two adjacent sides : prove that the system of forces is equivalent 
to a system of forces acting along the tangents at the comers of the poly- 
gon, each such force being proportional to the length of the chord joining 
the two adjacent points. 

13. ABCD is a quadrilateral : forces act along the sides AB, BC, CDy 
DA measured by a, j3, 7, d times those sides respectively. Shew that if 
there is equilibrium ay=pd. 

Shew also that AABDIaABC= a (7 - /3)/5 (p - a). 

14. Into the top of a fixed smooth sphere of radius a is fitted firmly a 
fine smooth vertical rod. A bar of length 2b has at one end a ring which 
slides on the rod ; and the bar rests on the sphere. Shew that in equili- 
brium the angle (a) the bar makes with the horizontal is given by 

a sin a = b cos' a. 

15. Forces P, Q, R act along the sides BC^ CA, AB of a triangle; 
shew that their resultant will act along the line joining the centre of the 
circumscribing circle with the orthocentre if 

^ ^ « cos B cos C cos C COS A cos A cos B 
' ^ " *' cos G cos B ' cos A cos C * cos B cos A ' 

16. A kite (weight P) having a tail (weight Q) is stationary, with a 
normal to its face, the direction of the wind, which is horizontal, and the 
string in the same vertical plane. The tail is attached at a distance a 
below the kite's centre of gravity, the string at a distance b above. Shew 
that, neglecting the action of the wind on the tail, the inclination of the 
kite to the horizon is given by the equation 

lib sin2 e= {Pb + Q (a + b)} cos 0, 

where II is the pressure on the kite, when placed perpendicular to the 
wind's direction. 

17. Forces act at the middle points of the sides of a rigid polygon in 
the plane of the polygon ; the forces act at right angles to the sides, and 
are respectively proportional to the sides in magnitude : shew that the 
forces will be in equilibrium if they all act inwards or all act oatwards. 
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18. Show that it is impossible to arrange six forces along the edges of 
a tetrahedron so as to form a system in equilibrium. 

19. On the sides of a right-angled triangle ABC squares are de- 
scribed, the square BCDE on the hypotenuse on the same side ot BG 
OS A J and the squares CAFO, ABHK on CA^ AB on the opposite side of 
each to the triangle: prove that the forces represented by the straight 
lines AB, BC, CA, BH, HK, KA, CD, DE, EB, AF, FQ, QC will form 
a system in equilibrium. 

20. If four parallel forces balance each other, let their lines of action 
be intersected by a plane, and let the four points of intersection bo joined 
by six straight lines so as to form four triangles ; then prove that each 
force is proportional to the area of the triangle whose angles are in 
the lines of action of the other three. 

21. Two rings of weight P and Q respectively, slide on a string, 
whose ends are fastened to the extremities of a straight rod inclined 
at an angle to the horizon: on the rod slides a light ring through 
which the string passes so that the heavy rings are on different sides of 
the light ring. Prove that in the position of equilibrium the inclination 
of those parts of the string next the weightless ring, to the rod, is 
given by the equation tan </>/tan 6={P+ Q)/(P'^ Q). 

22. An elastic string passes round three equal right-circular cylinders 
so that when each cylinder touches the other two along a generating 
line, the string is just not stretched : shew that if the system be placed 
on a smooth horizontal plane, the inclination {$) of the plane con- 
taining the axis of the upper cylinder, and that of either of the lower 
ones to the horizontal, in the position of equilibrium, is given by the 
equation (tt + S) W=2\ (2 cos 0-1) tan $. {W is the weight of tho upper 
cylinder, and X is the modulus of elasticity.) 

23. Two equal circular discs, of radius r, with smooth edges are 
placed on their flat sides in the comer between two smooth vertical 
2)lanes inclined at an angle 2a and touch each other in the line bisecting 
the angle ; the radius of the least disc which may be pressed between 
them without causing them to separate =r ( 1 - cos a)/cos a. 

24. A rectangular lamina A BCD is supported with its plane vertical 
and one edge AB in contact with a smooth vertical wall, by an endless 
string which passes through smooth rings, one fixed to the wall at A, 
and two others P, Q fixed in the sides AB, CD of the lamina respectively 
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80 that PQ is parallel to AD, Prove that the string has the least tension 
consistent with equilibrium when the position of Q is such that 

BCl2AB=t&niAQD. 

25. Forces act through the angular points of a tetrahedron per- 
pendicular to the opposite faces and proportional to them. Prove that 
they are in equilibrium if they all act either inwards or outwards. 

26. ACf BD are two non-intersecting straight lines of constant 
length ; prove that the effect of forces represented in every respect by 
ABf BC, CD J DA is the same, so long as AC, BD remain parallel to the 
same plane, and their projections on that plane are inclined at a con- 
stant angle to one another. 

27. A flat semi-circular board with its plane vertical and curved edge 
upwards rests on a smooth horizontal plane, and is pressed at two given 
points of its circumference by two beams which slide in smooth vertical 
tubes : find the ratio of the weights of the beams to one another when 
the board is in equilibrium. 

28. An endless string is placed round two equal cylinders and the 
system is suspended from a peg so that the line joining the centres of the 
cylinders is horizontal. If the pressure between the cylinders be eqoal 
to twice the weight of either of them ; prove that the length of the 
string : the radius of either cylinder :: 4 (2 + tan-^ 2) : 1. 

29. A homogeneous circular cylinder rests on two smooth planes 
inclined to the horizon at angles a and ^ in opposite directions, so that 
its axis is at right angles to the line of intersection of the planes. 
Prove that the inclination 6 of the base to the vertical in the position 
of equilibrium is given by 



tan = 



a sin (a - $) 



r sin (a + /3) + 2a sin a sin )3 * 
where r is the radius of the base and 2a the length of the cylinder. 

30. In a triangular lamina ABCj AD, BE, CF are the perpendiculars 
on the sides, and forces represented by the lines BD, CD, CE, AE, AF, 
BF are applied to the lamina; prove that their resultant will pass 
through the centre of the circle described about the triangle. 

31. An elliptic lamina rests against an inclined plane (a) being sup- 
ported by a string attached to the extremity of its minor axis, so that 
its major axis is vertical and the plane of the ellipse is perpendicnlar to 
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the inclined plane. Shew that the inclination of the string to the 
vertical is tan-i6V(«' +^ ^^^ «)/(«* " ^% 

32. A uniform bar of length a rests suspended by two strings of 
lengths I and I' fastened to the ends of the bar and to two fixed points in 
the same horizontal line< at a distance c apart. If the directions of the 
strings, being produced, meet at right angles, prove that the ratio of 
their tensions is al+cV : aV+cl, 

33. Two weights P, P are attached to the ends of two strings which 
pass over the same smooth peg and have their other extremities attached 
to the ends of a beam ABj the weight of which is W; shew that if 6 be 
the inclination of the beam to the horizon (a+2>) tand=(a-5) tana; 
a, b being the distances of the centre of gravity of the beam from its ends, 
andsina=Tr/2P. 

34. A string 9 feet long has one end attached to the extremity of a 
smooth uniform heavy rod two feet in length, and at the other end carries 
a ring which slides upon the rod. The rod is suspended by means of 
the string from a smooth peg ; prove that if 6 be the angle which the 

rod makes with the horizon, thei^ tan ^=3~8 - 3~^. 

35. A triangle formed of three smooth rods is fixed horizontally, and 
a homogeneous sphere rests on it. Prove that the pressure on each rod 
is proportional to its length. 

36. A sphere rests on three smooth pegs, which lie in a horizontal 
plane, and are at distances a, &, c from one another, prove that the 
pressures on the pegs are in the ratios 

37. ABCi A'B'C are two triangles inscribed in the same circle ; and 
forces proportional to the sides of the triangle act along them, but in 
opposite directions round the two triangles. Prove that, if a, /3, 7 be the 
angles subtended at the centre of the circle by the sides of the one 
triangle, and a', /3', 7' those subtended by the sides of the other, the forces 
will be in equilibrium if sin Ja sin Jj8 sin 47= sin Ja' sin J^' sin 47'. 

38. ui, B, C, D are four points in space: four forces represented by 
ABj AD, CB, and CD act along these lines : prove that they have a 
single resultant, the line of action of which is perpendicular to the 
shortest distance between the lines AB, DC, and also to that between 
AD, BC. 
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89. Three equal spheres are placed m contact on a smooth liorr- 
zontal table, and a fourth equal sphere is placed upon them, and then a 
cone of semi-vertical angle a is placed over the pile of spheres. Prove 

that the cone will be lifted if its weight is less than —7^ tan a of the 
weight of a sphere. 

40. A cylindrical shell, without a bottom, stands on a horizontal 
plane, and two smooth spheres are placed within it, whose diameters are 
each less whilst their sum is greater than that of the interior surface of 
the shell : shew that the cylinder will not upset if the ratio of its weigiht 
to the weight of the upper sphere be greater than 2c-a-b : e, where 
a, &, c are the radii of the spheres and cylinder. 

41. Three spheres of radius c are placed on a smooth horizontal 
table so that their points of contact with it are at the angular points 
of an equilateral triangle. A fourth sphere of radius a and weight W 
touches the table and each of the other spheres. An elastic string of 
natural length 27rc and modulus of elasticity /t is placed symmetrically 
round the first three spheres. If the fourth sphere is just on the point of 
ascending, shew that ^ircW =27 fi (a-c), 

42. A uniform rod, length c and weight W is suspended from a fixed 
point by two equal elastic strings, the natural length of each being c and 
the modulus w, A particle of weight W is placed on the rod at a distance 
X from its middle point, and when the system is in equilibrium the rod 
makes an angle a with the vertical. If d, <f> are the angles the strings 
make with the vertical, prove that 

X _ sin (^ ~ 0) - 2 cot afiin 6 8m</> _ sin ~ sin </> 
c~ sin (^ + 0) "" sin a * 

and obtain another equation connecting Q and 0. 

43. A lamina in the form of an isosceles triangle of vertical angle a 
rests with its plane vertical and its two equal sides each in contftct with a 
smooth peg, the pegs being in a horizontal line distant c apart: prov^ 
that the axis of the triangle is vertical or makes with it the angle 
cos~^ (^ sin a/3c). h is the length of the axis of the triangle. 

. 44. Two strings of the same length have each of their ends fixed at 
each of two. points in the same horizontal plane. A smooth sphere 
of radius r and weight W is supported upon them at the same ^distv^ios 
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from each of the given points. If the plane in which either strin-g lies 
makes an angle a with the horizon, prove that the tension of each 
= WajSr sin a ; a being the distance between the points. 

45. A smooth semi-circular tube is just filled with 2n equal smooth 
beads that just fit the tube, and the whole is at rest in a vertical plane 
with the bounding diameter highest. If JR^ be the pressure between the 
mth and {m + l)th beads from the top, then 

where W is the weight of a bead. 

Hence deduce that when the beads are diminished indefinitely in 
size, the pressure between any two is proportional to their depth below, 
the top one. 

46. A smooth rod passes through a smooth ring at the focus of an 
ellipse whose major axis is horizontal and rests with its lower end on tbo 
quadrant of the curve which is furthest removed from the focus. Shew 
that its length must be at least |a + Ja/^(l + 8e2), where a is the semi- 
major axis and e the eccentricity. 

47. A rigid bar without weight is suspended in a horizontal posi- 
tion by means of three equal, vertical, and slightly elastic rods to the 
lower ends of which are attached small rings -i, B, and C through 
which the bar passes. A weight is then attached to the bar at any 
point G, Shew that, assuming that the extension or compression of an- 
elastic rod is proportional to the force applied to stretch or compress it, 
and provided the rods remain vertical, the rod at B will be compressed, if 
G lie in the longer of the two arms AB, BC, and be at a distance from B 
greater than {AB^ + B(P)/{ABr^BC). 

48. A number n of equal smooth spheres of weight W and radius 
r is placed within a hollow vertical cylinder of radius a, less than 2r, 
open at both ends and resting on a horizontal plane. Prove that the 
least value of the weight W of the cylinder in order that it may not 
be upset by the balls is given by 

aW'=(n-l)(a-r)W or aTT^/i (a-r) jr, 

according as n is odd or even. 

49. Four equal smooth spherical balls of radius a are piled up 
within a hollow sphere which is the largest which can retain them in 

mutual contact, shew that its radius is a (1 + 2^11). 
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50. A set of equal frictionleBS cylinders, tied together by a fine string 

in a bundle whose cross section is an equilateral triangle, lies on a 

horizontal plane. Prove that if TT be the total weight of the bundle and 

7( the number of cylinders in a side of the triangle, the tension of the 

W f 1\-^ W f 1\ 
string cannot be less than j-r^ f iH — 1 or j-r- ( 1 -- J, according ad 

n is an even or an odd number, and that these values will occur when 
there are no pressures between the cylinders in any horizontal row above 
the lowest. 

51. A quadrilateral ABCD has the sides DJ, AB, EC equal and the 
angles DAB, ABC right angles, but AB and CD are not in the same plane. 
If forces acting along the four sides can be reduced to a couple, its axis 
will make with AB an angle 



cos" 



-1 / ^^^- ^^ 
\ CD^ + ZAB^' 



52. Forces act along the edges B(7, CA, AB, OA, OB, OC of a finite 
tetrahedron, represented in magnitude by \BC, fiCA, vAB, \'0A, jutfOB, 
v'OC respectively. Prove that they will be equivalent to a couple, if 

53. Prove that the axis of the resultant of two given wrenches {RiH-^ 
and (RJS^, the axes of which are inclined to each other at an angle 9^ 
intersects the shortest distance (2c) between their axes at a point 
the distance of which from the middle point is 

(JRi^ -B^)c + {ffiR^ - H^) sin 
Jij^ + Bo- + 2RiRo cos 6 
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STATICS OF CONSTRAINED BODIES, ETC. 

72. The conditions of equilibrium which we have 
proved in the last Chapter apply to any rigid bodies what- 
soever. " If however the body considered be a constrained 
one, i. e. one that is not free to move in every way, as for 
instance one that can only turn about a fixed axis, we 
can obtain conditions of equilibrium which do not involve 
the forces of constraint. 

73. Prop. If a rigid body under the action of a system 
of coplanar forces, have one point in the plane of the forces 
fixed, it is a necessary and sufficient condition of equili- 
brium that the algebraical sum of the moments about the 
fi^xed point of the forces, excluding the force of constraint, 
be zero. 

For the force of constraint acts through the fixed point 
Ay and therefore when there is equilibrium, the resultant 
of the remaining forces must act through A, But the 
algebraical sum of the moments of these remaining forces 
about any point is equal to the moment of their resultant, 
and therefore that about A vanishes. The condition is 
therefore a necessary one. 

It is also sufficient For if it hold, it can be shewn as 
in Art. 52 that A being a fixed point, the body is in equi- 
librium. 

G. 7 
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£z. 1. A uniform rod which is 12 feet long and which weighs 17 lbs. 
can tarn freely about a point in it, and the rod is in equilibrium when a 
weight of 7 lbs. is hung at one end. How far from that end is the point 
about which it can turn ? Aru. 4 ft. 3 in. 

Ex. 2. A BCD is a square : a force of 1 lb. acts from A to B, one of 
4 lbs. from £ to C, and one of 15 lbs. from D to C : if the centre of the 
square is fixed, find the force which, acting along DA, will maintain 
equilibrium. Ans, 10 lbs, 

Ex. 3. A BCD is a square, of which the point A is fixed: a force 
of 2 lbs. acts along AB, one of 6 lbs. along ADy one of 10 lbs. along BD, 
and one of 3 lbs. along BCi find the force along DC which will maintain 

equilibrium. Ans, (5«y2+3)lbs, 

Ex. 4. A lever ABC, with a fulcrum Bj one-third of its length from 
A, is divided into equal parts in D, £, and F, At C, D, and F, foroes of 
12 lbs., 8 lbs., and 6 lbs. respectively act vertically downwards, and at E 
a force of 16 lbs. acts vertically upwards. What force applied to A will 
cause equiUbrium? Ans. 21^ lbs. 

Ex. 5. A weightless lamina in the shape of a regular hexagon 
ABCDEF, is suspended from the middle point ot AB : shew that it will 
bo in equilibrium with the side AB horizontal, if weights of 3 lbs., 7 lbs.,. 
3 lbs. and 6 lbs. are hung at C, D, E, and F respectively. 

74. Prop. If two points of a rigid body he fixed, so 
that it can only turn about the line joining them, it is a 
necessary and sufficient condition of equilibrium that the 
algebraical sum of the moments of the forces, excluding 
those of constraint, about tlie fixed line, be zero. 

If there is equilibrium, the algebraical sum of the 
moments of all the forces about any line is zero, and 
the moment of the force of constraint at each of the fixed 
points about the line joining them is zero : therefore the 
sum of the moments of the remaining forces, excluding 
those of constraint, about this line, is zero. It is therefore 
a necessary condition. 

It can be proved as in Art. 54 that when the alge- 
braical sum of the moments about any line is zero, there 
is equilibrium provided two points in the line be fixed. 
The condition is therefore sufficient 
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75*. Prop. If one point of a rigid body be fixed, the 
necessary and sufficient conditions of equilibrium are, that 
the algebraical sum of the moments of the forces about each 
of three lines through the fi^ed point, but not in the same 
plane, be zero. 

It can be shewn, as in the last proposition, that the 
conditions are necessary. 

It can be shewn, as in Art. 55, that they are sufficient, 

76. To obtain the forces of constraint at the fixed 
points in any of the cases considered in the last three 
propositions, we have only to apply the remaining con- 
ditions of equilibrium found in Chapter II. 

77. As we shall often have to consider the case of bodies, such as 
rods, which are connected by means of hinges or joints, it will be well to 
consider what a hinge is. We shall consider smooth hinges only. 

The connection may be supposed to be made in several ways. A point 
of one body may be connected with one of the other body by a very short 
string. Or one body may end in a very small hall or pivot, which works 
in a corresponding small socket or ring in the other body^ so that there is 
contact at only one point. Or we may suppose -each body to end in a 
small ball, which works in a corresponding socket of a small separate 
body. In each of these cases there is no restriction on either body, except 
that the two ends must be in contact; the action on each at the common 
point must pass through this point, but will adapt itself in magnitude and 
direction so as to maintain equilibrium, if possible. 

If three or more bodies are connected by one joint, we may suppose 
the connection to be made by each having a very short string attached to 
it, and the strings to be knotted together. Or we may suppose each to 
end in a small smooth ball, which works in a corresponding socket in a 
small separate body. 

78. In the construction of materials . it is often 
desirable to ascertain the internal forces between one 
portion of a body and the adjacent portion. When all 
these are known, we are able to adapt the strength of 
each part to the force it has to sustain. For instance, 
if we know that the tension at one point of a chain is 

7—2 
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always half that at another, the thickness of the chain 
at the former point need only be half that at the latter ; 
a saving in material and in weight is thus eflfected. 

We have learnt that when a body is in equilibrium, 
the forces exerted on any portion of it by the adjacent 
portions counteract the remaining forces acting on the 
portion in question. As, however, there is an infinite 
number of systems of forces, each of which counteracts 
a given system, we cannot as a rule determine which 
system is the one actually exerted, without going beyond 
the limits of Elementary Statics. If, for instance, a 
rope composed of several fibres be taut, though we may 
know the tension of the rope itself, i.e. the sum of the 
tensions of the different fibres, we cannot say how it is 
distributed among them. This can only be ascertained 
when the elasticity of each fibre is known. 

When a beam is merely stretched, i.e. when the ex- 
ternal forces all act along it, the only internal forces called 
into play will be between particles arranged in lines along 
the beam. If then the beam be supposed to consist of 
two parts A and B, the action oi B on A will be the sum 
of the forces exerted by particles of B on the adjacent 
particles of A, all such forces being in the same direction 
along the beam. This action is equal to the resultant of 
the forces acting on the portion A, and which are also 
external to the beam. It is clear that the greater this 
action becomes, the more likely is the beam to be pulled 
asunder at the point of junction of A and B ; the action 
therefore measures the tendency of the beam to break at 
that point. 

79. When the external forces on the beam are not all 
along it, the action of one portion on another is not so 
simple as in the above case. Take the following case. 
Let ABGD be a rectangular beam which is firmly fixed at 
the end AB in a vice ; along DC let a force S be applied: 
it will of course be perpendicular to the beam. Consider 
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the equilibrium of the portion GDPQ, where PQ is an 
imaginary section perpendicular to the beam's length. 

The forces in action are S and the innumerable forces 
due to ABQP, acting at ^very point of the section PQ, 



B\ 



H, 



Q 

Flg.52. 



Let the latter be resolved along PQ and at right angles to 
it : the sum of the former components must be equal and 
opposite to 8, and will with it form a couple. The com- 
ponents perpendicular to PQ must therefore be equivalent 
to a couple, equal and opposite in sign to the former. 
This shews that the forces near P must be in the direction 
PA, and those near Q in the opposite direction: and 
therefore that the tendency of S is to stretch the fibres 
near P and crush those near Q, It must follow too, that 
the magnitudes of the components perpendicular to QP 
depend on the moment of S about Q, and not on the 
magnitude of 8 simply. Hence the greater the moment 
of /S about Q the more likely are the fibres along PQ to 
give way and the rod to bend at PQ. 

Since PQ is supposed small compared with QG, the 
numerical sum of the forces along PQ must be very much 
greater than 8, i.e. a force is far more likely to bend a 
rod, when applied at right angles to it, than to pull it 
asunder when applied along it. 

Similar reasoning will apply to a beam under the action 
of any system of forces. We can shew that the tendency 
to bend at any point is measured by the algebraical sum 
of the moments about that point, of the forces external to 
the rod and acting on one of the parts into which the 
beam is divided by the point. This tendency to bend is 
also termed the bending moment 
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Ex. 1. A light beam is supported in a horizontal position at its ends, 
and a weight w is hung from its middle point. Find the bending moment 
at a point distant x from one end. Aru, ^wx. 

Ex. 2. If a heavy uniform rod be supported at its middle point, shew 
that the bending moment at any point varies as the square of its distance 
from the nearer end. 

Ex. 8. A uniform rod AB of weight w and length a is supported in a 
horizontal position at ^4 and £ ; from a point distant x from A a weight 
w' hangs : find the bending moment at a point distant y from A . 



A ns. w . 



2a 



+ w', i- 



a 



, if yis<j:, 



%c 



2a a 



y is>x. 



Ex. 4. A uniform rod of weight w and length a, can turn freely about 
a hinge at one end, and rests with its other end against a smooth vertical 
wall, distant h from the hinge. Prove that the bending moment at a 
point whose distances from the two ends are x, y, respectively, is \wxyha~^. 

Ex. 5. A uniform rod of length a rests horizontally on two pegs, one 
at one end of the rod, find where the other peg must be placed so that 
the bending moment at a point distant x from the first peg may be zero. 

Ana, a^l{2a - x) from the first peg. 

80. When each of the bodies forming a system in 
equilibrium is acted on by forces that reduce to three, 
the problem of finding the position of each of the bodies 



Fifrsa 
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or of ascertaining the different forces, can often be easily 
solved by constructing a series of triangles each of which 
is the triangle of forces corresponding to one of the bodies. 
For instance, let us consider the case of a number of par- 
ticles of equal weight fastened at intervals along a weight- 
less string, the ends of which are attached to fixed points. 
Let A, B, C, D &c. be the positions of the particles, when 
in equilibrium. Any particle, B for instance, is kept in 
equilibrium by three forces, its weight vertically down- 
wards, and the tensions of the strings BA, BG, Draw a 
triangle Obc, having its sides ba, aO^ Ob respectively 
parallel to the lines of action of these forces : then by the 




Fig. 64. 



triangle of forces these lines are proportional to the 
forces, to whose directions they are parallel: i.e. weight 
of A : tension of AB : tension of BC = ab : aO : Ob, Pro- 
duce ab downwards, and mark off 6c, cd, de &c., each equal 
to ab ; join Oc, Od, Oe &c. Then 06, be represent in every 
way the tension of BG, on (7, and the weight of G respect- 
ively, so that cO must represent the tension of GD. 
Similarly dO represents the tension of BE, eO that of EF, 
and so on. 

Draw OM perpendicular to abc : then the tangents of 
the angles that aO, bO, cO &c. make with the horizon are 

aM bM cM Me 
oil' OM' OM' '^OM' 
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hence the tangents of the angles which the strings make 
with the horizon form an arithmetic series. Also the 
horizontal resolved part of the tension of each string is 
represented by OM, and is therefore the same for all. 

Such a figure which is drawn to enable us to solve 
the problem is called a Force-Diagram. 

The above results can be obtained very easily by equat- 
ing to zero the algebraical sums of the resolved parts in a 
horizontal and vertical direction of the forces that act on 
each particle separately. 

81. This ' Graphic * method can be applied to prove 
the following important proposition. 

Prop. If a weightless string he stretched across a smooth 
surface, the tension is everywhere the same. 

Let A BCD &c. be the string : then any small portion 




Fig. 66. 



of it AB is kept in equilibrium by the tensions at its ends, 
and the resultant of the pressures of the surface on it : 
as the pressures along AB all act along the noimals to 
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the surface at the corresponding points, their resultant's 
direction must lie somewhere between the normals at A 
and B, 

Draw Oa^ Ob, Oc, Od, Oe &c. parallel to the tensions at 




A, B^ C,D &c. respectively : and also ab, be, cd, &c. parallel 
to the resultants of the pressures on AB, BG, CD &c. 
Then by the triangle of forces, each line represents the 
magnitude of the force to whose direction it is parallel. 
Since the resultant pressure on AB has a direction be- 
tween the normals at A and B, and these ultimately, when 
J.jB is taken indefinitely small, make indefinitely small 
angles with one another, ab makes with the normals at A 
and B very small angles, i.e. makes with Oa, Ob, which 
are parallel to the tangents at A, B, angles ultimately 
equal to right angles. Hence the diflference between Oa, 
Ob must be of the second order of small quantities, 
similarly those between Ob and Ocy Oc and Od &c. are 
of the second order, i.e. Oa, Ob, Oc &c. and the tensions 
they represent are all equal. 

ILLUSTRATIVE EXAMPLES. 

Ex. 1. OAjAB are two uniform beams loosely jointed at A , the former 
being moveable about a binge at 0. A string attached to B passes over a 
fixed smooth pully and supports a weight P. If in the position of equili- 
brium the beams are equally inclined to the vertical, the string will make 

an angle cos~^ ( — ^p — j with the vertical, where Wt }\^ are the weights 

of the beams. 
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Let a be the inclination of either of the beams to the vertical, and $ 
that of the string. 




'^ Ffg.57. 



Hesolve the tension of the string (P) at B into two forces P cos 9 
vertically, and P sin 6 horizontally. 

Let 2a, 26 be the respective lengths of OA^ AB. 

From the equilibrium of both rods together by taking moments 
about 0, we have 

Wa sin a + W (2a sin a + & sin a) - P cos (2a sin a + 26 sin a) 

+ P sin ^ (26 cos a - 2a cos a) = 0...(1). 

Taking moments, about A for the equilibrium of AB 

Tr6Bina + Psin^. 26 cosa-Pcos ^ . 26 sino = (2). 

Subtracting 

Wa sin a + 2 Wa sin a - 2Pa sin (^ + a) = 0, 

or (TV+2Tr)sina=2Psm(d + a) (3), 

from (2) Tf^sina = 2Psin(a-^) (4). 

Adding equations (3) and (4) we have 

(W-\- ZW) sin a=4Psin a cos 6, 

:. cos^=(Tr+3Pr)/4P 

If the stresses at O and A be resolved horizontally and vertically, 
shewn in the figure, we can determine them as follows : 
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Resolving horizontally and vertically for the equilibrium of OA 

X' + X=0 (5), 

r+Y-W=0 (6). 

Besolving horizontally and vertically for AB^ 

X + PEine=0 (7), 

Y+W-Pco3e==0 (8). 

Equations (5), (6), (7) and (8) completely determine X, Y, X' and Y'. 

Ex. 2. An equilateral pentagon consisting of five freely-jointed rods 
is hung up with one side horizontal ; shew that the inclination {$) of 
either of the upper rods to the vertical is given by the equation 

sin ^ + 6 sin2^ + 8 sin'^ - 8 sin*^ = J. 




Fig. 68. 



Let AB be the fixed rod. Let <f> be the inclination of CD and DE to 
the vertical. 

(The rods are drawn separate to make the figure clearer.) 
Let W be the weight of each rod, 2a its length. 

Let the stresses on the different rods at the joints be resolved horizon- 
tally and vertically : the magnitude of these stresses are indicated in the 
figure. The stress at D is entirely horizontal, as the rods CD^ DE are 
symmetrical with respect to the vertical. 
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From the equilibrium of AE, resolving horizontally we have 

^i=^s (1). 

Taking moments about A 

Wa Bind + Ya .2a sin - X2.2aooae = (2). 

From the equilibrium of £D, resolving horizontally 

X.=X^ (3). 

Besolving vertically 

Y.= W. (4). 

Taking moments about E 

Wa siiup- X^, 2a COB 4> = (6). 

Substituting from (1), (3) and (4) in (2) and (5), 

2XiCOS^=3>rsin^ (6), 

WBmif>-2XiCoa4> (7), 

.*. cottf=3cot0 (8). 

Since the sum of the horizontal projections of AE^ ED, DC, CB is 

equal to AB, 

4a sin ^ + 4a sin = 2a, 

.-. sin^ + sin0 = J (9). 

By eliminating (0) between (8) and (9) we obtained the required result. 

By substituting the value of just obtained in (6), we determine X^ 

and by resolving vertically for the equilibrium of AE, we obtain another 
equation which determines y^* 

The stresses at the angular points are thus completely determined. 

Ex. 3. Six equal heavy rods freely jointed at the ends form a regular 
hexagon ABCDEF, which when hung up by the point A is kept firom 
altering its shape by two light rods BF, CE. Prove that the thrusts of 
the rods BF, CE are as 5 to 1, and find their magnitudes. 

We shall suppose that there is a light pivot at B, to which the three 
rods AB, BF, and BC are attached ; and that a similar arrangement is 
made at C, 

Let W be the weight of each rod, 2a its length. 

Since the rods BFj CE are only acted on by the stresses at their ends, 
these stresses must be along the rods, i.e. horizontal, let them be S and T 
respectively. 

Since the rod BC is acted on by its weight along its length and the 
stresses at B and C, these latter forces must also act along BC (Art. 61), 
i.e. vertically. 



■■■.■< 
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From symmetry the stress at D on CD is horizontal. 




'3 2 



W 




Fig. 69- 



Let the stresses resolved horizontally and vertically at A, B, C and D 
be those shewn by the figure. 

From the equilibrium of AB^ by taking moments about A, 

W.a.i/ya + ra.2a.jj3-X,.2a.i = (1). 

From the equilibrium of the pivot B, resolving horizontally and 
vertically, 

S=X, (2) 

and " Yi'*Yi (3). 
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From the equilibrium of BC, 

Y^-W-Y^=0 {4). 

From the equilibrium of the pivot C, 

T=X, (6), 

Y,= y, (6). 

From the equilibrium of CD, 

X,=X, (7). 

Y,= W (8). 

By taking moments about C, 

W.a.ij3-X^.2a.ji = (9). 

By substituting from the other equations in (1) and (9), we have 

W.y/S-2T=0, 

Ex. 4. A gipsy's tripod consists of three uniform straight sticks 
freely hinged together at one end. From this common end hangs the 
kettle. The other ends of the sticks rest on a smooth horizontal plane, 
and are prevented from slipping by a smooth circular hoop which encloses 
them and is fixed to the plane. Shew that there cannot be equilibriani 
unless the sticks be of equal length ; and if the weights of the sticks be 
given (equal or unequal) the bending moment of each will be greatest at 
its middle point, will be independent of its length, and will not be increased 
on increasing the weight of the kettle. 

Let OA, OBf 00 he the three rods, P, Q, R their respective weights 
acting at their middle points. Let A', Y, Z be the vertical stresses at A, 
B and C, and X\ Y' ^ Z' the horizontal stresses. 

Draw OH vertically downwards. 

The three forces acting on OA^ viz. P and the resultant stresses at 
and Af must be in one plane (Art. 61) the vertical plane containing OA^ 
i.e. OAH. 

X' tbi^ horizontal stress at A must therefore act along AH ; similarly 
Y' and Z' act along BH and CH respectively. 



STATICS OF CONSTRAINED BODIES, ETC. 



Ill 



But these horizontal stresses act along the normals to the cirole ABCj 
BO that H must be the centre of that circle. The lines HA^ HB, IIC 




must therefore be equal to one another, and also OJ, OB, OG to one 
another. 

Let 21 be the length of each rod, 6 its inclination to the horizon. 

Taking moments about O for the equilibrium of OA, we have 

A'.2Zcos^-PZcos^-A".2isin<? = 

.-. 2X-P-2X'tan^ = 0. 

The bending moment at a point on OA distant x from A 

= Xx cos d - Xx sm 6 — :;rr . - cos 0= — — — (2Za; - x), 



n 2 
Pcos^ 



4Z 



U 



{l?-{l-xY\. 



This is clearly a maximum, when x = l, i.e. the bending moment is 
greatest at the middle point, where it is equal to \Pl cos d, or \ Pr^ where 
r is the radius of the hoop, i.e. is independent of I and W, 
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Ex. 5. An elastic band binds together any number of smooth right 
cylinders so that each cylinder touches only two others. Proye that 
if lines be drawn from a point parallel and proportional to the pressures 
between the cylinders, their extremities will lie on a circle. 




Fig. 61. 



Let Aa, Bh, Cc, &c, be the portions of the band in contact with the 
cylinders A\ B', C\ &c. 




Fig. 62. 



From any point draw a number of equal straight lines Oa, 0/3, Oy, 
OSf &o. respectively parallel to the portions of the band zA, aB^ bC, 
cDt &c. These lines will therefore represent the tensions along the 
corresponding portions of the band. 
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Join aft /87, yd, &e. 

By the triangle of forces, ap represents the resultant action of Aa on 
the cylinder A\ Similarly ^7, yS, &o. represent the resultant actions of 
the band on the cylinders J5', C, &c. respectively. 

Through p draw pO' parallel to the normal common to A' and B': 
through 7 draw yO' parallel to the normal common to B' and C. Join 
S0\ cO', &c. By the triangle of forces O'p and yO' represent the pressures 
of the cylinders A' and C on B\ 

Therefore O'yy yd represent two of the forces on the cylinder C\ so 
that dO* must represent the third, which is the pressure due to D\ 
Similarly it can be shewn that O'a, &c. represent the pressures between 
the other pairs of cylinders. 

Hence from 0' straight lines O'a, O'pj O'y, &c. have been drawn 
representing in magnitude and direction the pressures between the 
cylinders, and their extremities a, /3, 7 lie on a circle whose centre is 0, 
since Oa, Op^ O7, &c. are all equal. 

(The cylindera are not necessarily circular. ) 

EXAMPLES. 

1. Two uniform heavy rods, each of length a and jointed together by a 
smooth hinge, are placed symmetrically over two pegs at a given distance 
h apart in a horizontal line; prove that in the position of equilibrium 

each rod is inclined to the horizon at an angle cos~^ ipl<^r» 

2. Three equal uniform rods, AB^ BC, CD, of the same material and 
thickness, are jointed at B and C. If they are supported in a horizontal 
plane by smooth pegs placed under AB and CD, shew that the distance 
between either peg and the nearest joint is one-third the length of a 
rod. 

3. A uniform heavy rod of length 26 and weight W can turn freely 
about one end. To this end is attached a string of length I ( < 25), which 
supports a sphere of radius a and weight W, When the system is in 
equilibrium with the rod resting against the sphere, the rod makes an 
angle 6 with the horizontal; shew that tan ^-tan a^Wb/Wa, whore 
Z = a(seca-1), and l^ + 2al ia <462. 

4. A uniform heavy rod hangs by light inextensible strings, attached 
to its ends, and also to the ends of another uniform rod, which can turn 
about a pivot at its middle point. Prove that, when there is equilibrium, 
either the rods or the strings are parallel. 

G. 8 
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5. Prove that the angular points of a funicular polygon, in which 
the weights are equal and also the horizontal distances between them, 
lie on a parabola. 

C. Two rods AC^ BC, of equal uniform thickness are jointed at C, 
and the ends A and B are fixed at two points in the same yertical line. 
Prove that the direction of the action at the joint G bisects the angle 
ACB: and if AB^=^C ,BC, shew that its magnitude is equal to a 
quarter of the difference of the weights of the rods. 

7. A chain formed of rods of equal weight jointed together is hung up 
by its two ends and rests under the action of gravity. Shew that, if lines 
be drawn from a point representing the actions at the hinges, their ends 
lie on a straight line. 

8. A rhombus is formed of four similar uniform rods connected by 
smooth hinges at their extremities, and two of these rods rest upon two 
smooth pegs in the same horizontal line: determine the position in. 
which the rhombus will rest with one of its diagonals vertlcaL 

9. Two uniform rods AB^ AG, of lengths a, b respectively, are of the 
same material and thickness and smoothly jointed at ^. A rigid weight- 
less rod of length I is jointed at B to AB and its other end D is fastened 
to a smooth ring sliding on AC. The system is hung over a smooth peg 
at A : shew that AG makes with the vertical an angle 

al 



tan-i 



b'+a J(a^-P)' 



10. A regular tetrahedron consists of six rigid bars without weight. 
It is suspended from one angular point, and from the other three equal 
weights W are hung : find the strain on each of the horizontal edges. 

11. A beam AB of length a and weight w rests horizontally on two 
smooth pegs, whose distances from A and B respectively are ^a and ^a : 
if from A a weight 5w is hung, and from B, ^ tr, shew that the bending 
moment is greatest at the peg next A, and find its magnitude. 

12. Two heavy uniform rods AB, BC, weights P and Q, are connected 
by a smooth joint at B, The ends A and G slide by means of small 
smooth rings on two fixed rods each inclined at an angle a to the horizon. 
If 6 and </> be inclinations of the rods AB, BG respectively to the horizon, 
shew that 

(P+Q)tano = Qcot^=Pcot </>. 
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13. At what distance from the foot of an upright post must a rope of 
given length he attached, in order that a given force applied to the other 
end may produce the greatest bending moment at the foot of the post ? 

14. Four uniform rods AB, BC^ CD, DA freely jointed at their ends 
so as to form a quadrilateral rest on a smooth horizontal table. They 
are connected together by an endless elastic string passing through small 
smooth rings at their middle points. Prove that in the position of 
equilibrium, the harmonic means of the segments into which each 
diagonal is divided by the other are equal. 

15. A heavy uniform rod of weight W and length 2a can turn freely 
about a hinge at one end ; a ring of weight ir, which slides along the rod, 
is connected with a point in the same horizontal plane as the hinge, by 
means of a string whose length c is equal to the distance between the point 
and the hinge. Shew that in the position of equilibrium the angle 
w^hich the rod makes with the horizon is given by the equation 

2icc cos 26 + Wa cos (? = 0. 

IG. Two equal uniform ladders of length Z, freely jointed at A, are 
connected by a rope PQ and rest equally inclined to it on a smooth hori- 
zontal plane; a man of weight W goes a distance h up one of the ladders: 

"Wb -f wl c 

prove that the tension of the rope is — -^ • -r—i — sr , if w = weight of 

2a ,^' (a** -c-) 

each ladder, 2c = length of the rope, and AF=AQ = a, 

17. AB^ BCy CD are three equal rods freely jointed at B and C 
The rods A By CD rest on two pegs in the same horizontal line so that BG 
is horizontal. If a be the inclination of A Z?, and j3 that of the reaction at 
B to the horizon, prove that 3 tan a tan j3 = 1. 

18. Two equal rods can move in a vertical plane about an axis 
through their middle points. The lower ends of the rods are connected 
by a weightless elastic string, and a circle of weight W rests between the 
rods above the joint. The radius of the circle and the unstretched 
length of the string are each equal to half the length of either rod, and 
the rods are at right angles when the system is in equilibrium ; prove 
that Young's modulus for the string is (^2 - 1). 

19- Four equal uniform rods, each of weight W, are jointed so as to 
form a rhombus ABCD : the system rests on a horizontal plane, with /(C 
vertical, B, D are connected by a light string : shew that its tension is 
2W tan \BADi and find the actions on the rods at A and (7. 

8—2 



/ 
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20. A triangular lamina ABC is moveable in its own plane about a 
point in itself: forces act on it along and proportional to BCy CA^ BA, 
Prove that if these do not move the lamina the point must lie in the 
straight line which bisects BC and CA, 

21. Five rods are jointed so as to form a regular pentagon ABODE 
and are suspended from A. Two strings connect C with the middle point 
of AE, and D with the middle point of AB, Determine their tensions. 

22. Seven equal and similar uniform rods AB^ BC, CD, DE, EF, FG, 
GA are freely jointed at their extremities and rest in a yertical plane 
supported by rings at A and (7, which are capable of sliding on a smooth 
horizontal rod: prove that, 0, 0, yp being the angles which BA, AG, GF 
make with the vertical, tan ^ =s 4 tan <p = 2 tan yp. 

23. Four rods jointed at their extremities form a quadrilateral, which 
may be inscribed in a circle: if they be kept in equilibrium by two strings 
joining the opposite angular points, shew that the tension of each string 
is inversely proportional to its length, the weights of the rods being 
neglected. 

24. A series of particles are knotted on an endless string, forming a 
closed polygon, and are in equilibrium under the action of given forces 
applied to the particles. Shew that the tensions of the string may be 
represented in direction and magnitude by means of straight lines drawn 
from a point to the angular points of the polygon of forces. 

25. Three uniform rods A B, BC, CD, lengths 2c, 2&, 2c, rest symme- 
trically on a smooth parabolic arc, lat. rec.=4a, whose axis is vertieal 
and vertex upwards. Thefe are hinges at B and C, and all the rods tou6h 
the parabola. If W be the weight of either slant rod, shew that its pres- 
sure against the parabola is W a^cl{b (a^ + &*)}. 

2G. Four equal uniform rods are freely jointed at their extremities so 
as to form a square, and the middle point of one side i3 joined by three 
strings to the middle points of the other three sides. 

(1) If the square be laid on a smooth table, prove that the tensions 
of two of the strings will be equal : and, given the magnitudes of the 
three tensions, find the actions at the joints. 

(2) If the square be hung up by one comer, prove that the di£ference 
between two of the tensions will be four times the weight of a rod. 
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27. Two equal rods AB, BC, of length 2a, are connected by a free 
hinge at B : the ends A and C are connected by an inextensible string of 
length I : the system is suspended from A : prove that, in order that the 
angle AB makes with the vertical may be the greatest possible, I must be 
equal to ^ v 3. 

28. Six equal and uniform heavy rods are hinged together so as to 
form a hexagon : it is placed with one side on a horizontal plane and is 
kept in the shape of a regular hexagon by means of a string fastened to 
the middle points of the two sides adjacent to the base : find the tension 
of the string and the stresses at the hinges. 

29. A parallelogram formed of four rods of uniform material and 
thickness, jointed at their ends, is suspended from one point, which is 
connected with the opposite point by a string of such a length that the 
figure is rectangular: prove that the tension of the string is half the 
weight of the four rods, and that the direction of the stress between the 
rods at either of the joints not connected by the string bisects the angle 
between them. 

30. A heavy uniform rod of length 2a turns freely on a pivot at a 
point in it, and suspended by a string of length I fastened to the ends of 
the rod hangs a bead of equal weight which slides on the string. Prove 
that the rod cannot rest in an inclined position unless the distance of 
the pivot from the middle point of the rod be less than a^jL 

31. A number of equal weightless rods are freely jointed and assume 
the form of a regular polygon when subjected to a system of stresses at 
each joint, all emanating from a point on the circumscribing circle. Shew 
that, if from a point radii be drawn to represent in magnitude and direc- 
tion the stresses in the rods, and a polygon be constructed so that its sides 
taken in order represent the system of applied stresses, then the polygon 
will be equiangular and described about a parabola, and further the 
angular points of the polygon will all lie on a hyperbola. 

32. Two equal beams AB, AC, connected by a hinge at Ay are placed 
in a vertical plane with their extremities 2?, C resting on a horizontal 
plane ; they are kept from falling by strings connecting B and C with 
the middle points of the opposite sides ; shew that the ratio of the tension 
of each string to the weight of each beam is |^^(8cot-^ + cosec*0), where 
$ is the inclination of either beam to the horizon. 



118 STATICS. 

33. A trapezium J BCD is formed of four rods joined by hinges at 
their extremities: BC, AD are equal, and the framework is suspended by 
a string attached to the middle point of AB. Determine completely the 
stresses at A and D. 

UAB=AD = BC=hCD, prove that 

the stress at A : the stress at D=,Jl^ : ,Jlm 

34. A number of light rigid rods are loosely jointed together at their 
extremities so as to form a closed polygon, and a force applied to each 
side perpendicular and proportional to it^ their lines of action meeting 
in a point ; prove that, if equilibrium be maintained, the polygon will be 
inscribable in a circle, and if S be the point through which the forces 
act, O the centre of the circumscribed circle, and 6'0 be produced to 5* 
so that SS' is bisected in 0, the stress at any angular point of the 
polygon will be perpendicular and proportional to the distance of the 
point from S\ 

35. n equal uniform rods, each of weight W and length Z, are jointed 
so as to form symmetrical generators of a cone whose semi-vertical angle 
is a, the joint being at the vertex of the cone. The rods are placed with 
their other ends in contact with the interior of a sphere whose radius is r, 
so that the axis of the cone is vertical, and a weight W is hung on it at 
the joint. Shew that 

and find the action at the joint on each rod. 

36. A fire-screen holder with any number of unequal weightless arms 
projects horizontally from a chimney-piece. Shew that, if the ends of 
the arms all lie on a circle, the axes of the couples at the hinges all pass 
through one point. 

37. A regular octahedron is formed of 12 uniform rods jointed to- 
gether at the ends. Along the three diagonals are stretched strings whose 
tensions are T^, Tg, T^. Shew that the thrusts along the rods, joining the 
ends of the diagonals the tensions along which are T^, Tj, are 

Prove also that, if the four diagonals of a cube be treated in a similar 
way, equilibrium is not possible unless the tensions are all equal. ■ ■ 
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38. Three uniform heavy rods of the same material (lengths 2a, 2b, 
2c, respectively) hinged together at B and C rest on a vertical circle of 
radius r, the whole system being in one vertical plane, and such that BC 
is horizontal. Find the stresses at the hinges, and prove that 

(a2 cos* e~c^ cos« 4> + b^ + 2bc) cot i 

= {c-co8^4>-a^coB^0 + b^ + 2ab)coti<f> 

= (a + b + c)r, 

"where 6 and are the acute angles made with the horizon hy AB and 
CD respectively. 

39. Three equal heavy rods, in the position of the three edges of an 
inverted triangular pyramid, are in equilibrium with their lower ends 
attached to a joint about which each rod can turn freely, and their upper 
ends connected by strings each of length equal to half that of a rod. 
Prove that the tension of a string is to the weight of a rod as 1 : tjTl, 

40. A rhombus is formed of four rods of length a, hinged together. 
Two opposite rods are supported in a vertical plane by two smooth pegs 
which are separated by a horizontal distance h and vertical distance k. 
Shew that the product of the horizontal distances of either peg from the 
ends of the nearer unsupported rod is J(fe'-2a/» + /i'), and that there 
is no bending moment round a point in either supported rod, whose 
distance from its supporting peg is three times the shorter of the distances 
of that peg from an unsupported rod. 

41. Four equal uniform rods are jointed freely together so as to 
form a rhombus : this is suspended by one of the angular points, and a 
sphere of weight equal to twice that of the rhombus is balanced inside 
it so as to prevent it from collapsing ; shew that, if the radius of the 

sphere be to the length of a rod in the ratio 5 : 8 /^a, the rods will, in 
equilibrium, make each an angle Jtt with the vertical. 

42. ABCD is a quadrilateral formed by four uniform rods of equal 
weight loosely jointed together. If the system be in equilibrium in a 
vertical plane with the rod AB supported in a horizontal position, prove 
that 2 tan ^=tan a~tan^, where o, /3 are the angles at A and B, and 
is the inclination of CD to the horizon : also find the stresses at C and 
D, and prove that their directions are inclined to the horizon at the 
angles tan-^ h (tan /3 - tan 0) and tan"! § (tan a + tan 0) respectively. 
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43. Four equal rods are joined together so as to form a rhombus 
ABCDt lying upon a smooth horizontal plane, and elastic strings AC^ 
BD of the same substance are stretched along the diagonals: if a be 
the length of a side of the rhombus, and if the natural lengths of the 

strings be Ja and J a (J2 - 1), find the angles of the rhombus when there 
is etiuilibrium. 

44. Seven rods are freely jointed together to form a regular 
heptagon ABODE FG, A weightless rigid rod connects BG, and two 
equal strings connect G with D and B with J5J, and the whole system is 
suspended by the point A, Find the tension of the strings. 

45. A frame ABCD is formed of four rods each of length a freely 
jointed together : it rests with A G vertical and the rods J3C, CD in contact 
with fixed frictionless supports E, 2^, in the same horizontal line at a 
distance c apart, the joints P, D being kept apart by a rod of length b. 
Shew that, when a weight W is placed on the highest point A^ it produces 
in BD a thrust of magnitude 

W{2a^c - b^) 

62(4a2 - b^)h ' 
Examine the case when b={2aPc)i, 

46. A door is moveable about its line of hinges which is inclined at 
an angle a to the vertical ; shew that the couple necessary to keep it in a 
position inclined at an angle /3 to its position of equilibrium is propor- 
tional to sin a sin ^. 

47. Three equal heavy rods AB^BC, CD are jointed to each other at B 
and C and to fixed points at A and D, where AD is horizontal and equal 
to the length of a rod. Shew that tlie horizontal couple required to 
turn the rod BC through an angle d is BC.Wsm^ff, where W is the 
weight of each rod. 

48. The lid ABCD of a cubical box, moveable about hinges at A 
and Bf is held at a given angle to the horizon by a horizontal string 
connecting C with a point vertically over A : find the pressure on each 
hinge. 
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82. We have seen (Art. 59) that the resultant of 
two parallel forces, P, Q, acting at fixed points A, B 
respectively, is equal to their algebraical sum, and acts 
along a line parallel to the line of action of either: 
also that its line of action cuts ^5 at a fixed point, 
whose position depends solely on the relative magnitude 
of P and Q and not on their direction. So too, if we have 
a number of parallel forces acting at fixed points, their 
resultant is equal to their algebraical sum, and its line of 
action is parallel to that of any of them, and passes 
through a point whose position depends solely on the 
positions of the fixed points and the relative magnitude 
of the forces. For two of the forces are equivalent to 
their sum acting parallel to them and through a fixed 
point : this resultant and a third force of the system are 
also equivalent to the algebraical sum of the three acting 
parallel to them through a fixed point ; in this way we 
can go on reducing the number of the forces until we 
arrive at the final resultant acting through a fixed point. 
We shall necessarily arrive at the same fixed point, what- 
ever be the order in which we compound the forces: 
for if by compounding them in different orders we obtain 
two points, at either of which the resultant may act, its 
line of action must be tho line joining the two points 
(Art. 53), which is inconsistent with its being always 
parallel to the directions of the 
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It is assumed above that the algebraical sum of 
the forces is not zero, otherwise, if they are not in equi- 
librium, they will not reduce to a single force, but to a 
couple. 

83. Def, The Centre of a number of 'parallel forces 
acting at fixed points, is the point at which their resultant 
always acts, however their direction alters, so long as 
their relative magnitudes remain the same. 

If the points at which the parallel forces act lie in (me 
plane, we can find an expression for the distance of the 
centre of the forces from any straight line in the plane. 

Let ^j, A^y J.g, i&c. be the points of application of the 
parallel forces, P^, P^, Pg, &c., and let C be their centre. 



jr:. 



M, 



^(P) 



L 5 -2 



■^^ 



Pig. 63. 



Pj 



Let X^X be any straight line in the plane containing the 
points of application. Draw A^M^, A^M^, &c., CM perpen- 
dicular to X'X. Let oc^, x^ X be the lengths of these 

perpendiculars, which are reckoned positive or negative 
according to the side of the line on which the corresponding 
point of application lies. 

As the position of G is independent of the direction of 
the forces, it will not be affected by supposing P^, P^, &a to 
act parallel to X'X, Since the algebraical sum of P^, Pj, 
&c. acting at C, is the resultant of these parallel forces, 
the algebraical sum of the moments of P^, P,, &c. about 
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any point in X'X is equal to the moment of their alge-» 
braical sum at (7, about the same point in X'X, 

. P,^,+P,^, + ... _ 2(Pa:) 

•• ^~ P, + P,+ ... 2(P) • 

As we can find in this way the distance of the centre 
of a number of parallel forces acting at fixed points in one 
plane, from two intersecting straight lines in that plane, 
its position is completely determined. 

• 

84}*. When the points of application of the parallel 
forces are not in one plane, we can find an expression for 
the distance of the centre from any given 'plane. 

Let J.J, A^, &c. be the points at which the forces Pj, P^, 
&c. respectively act : let G be the centre. Draw AJ>il^, A^M^, 
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Fig. 64, 

&c., CM perpendicular to the given plane; let x^,a;^,,,x 
be these respective distances, which are reckoned positive 
or negative according to which side of the plane the corre- 
sponding points lie. Let XX be any straight line in the 
plane. 

Since the position of C is independent of the direc- 
tion of the forces, it will not be affected by supposing this 
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direction to be parallel to the plane and at right angles 
to X'X, 

As the resultant of P^, P^, &c. is their algebraical sum 
acting at (7, the algebraical sum of the moments of Pj, P,, 
&c. about X'X is equal to the moment of their algebraical 
sum acting at G about X'X, 

.-. P^x^ + P^._-\- &c. = (P^-^- P^-h ...) x; 

. P,x, + P,w,+ ., ._^{Px) 

••^~ p^ + p^+... - 2(P) • 

When we have found the distance of G from three 
planes which have only one point in common, its position 
is completely determined. 

Ex. 1. O is the intersection of the diagonals of a square A BCDy whose 
side is 1 foot long : find the position of the centre of like parallel forces 
acting at J , 5, (7, 2) and 0, respectively proportional to 4, 3, 4, 6 and 9. 

Ans. In DBj distant 5^^ inches from AD. 

Ex. 2. At the angular points A^ B, C of an equilateral triangle, like 
parallel forces of 1, 2, and 3 lbs. respectively act : find the distance of their 

centre from C. Ans, | ^7 . AB. 

Ex. 3. At four of the angles of a regular hexagon taken in order, 
parallel forces proportional to 3, - 2, 7 and - 5 act: find the magnitude of 
the forces that must act at the remaining angles, in order that the centre 
of the six parallel forces may be the centre of the hexagon. Ans. 6, - 1. 

85. Def. Let A^, A^, A^, &c. be a number of particles 
of masses m^, m^, m^, &c. respectively ; then if a point C^ 
be taken in A^A^^ so that 

m^ . G^A^ = m^ . G^A^, 

this point is called the Gentre of Mass or the ' Gentre of 
Inertia of the particles A^ and A^. The centre of mass of 
j4g and a particle of mass (m^ + mj) situate at G^ is the 
centre of mass of A^, A^ and A^. That of A^ and a particle 
of mass [nij^ + ii\ -f m^ situate at the centre of mass of 
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A^, A^ and A^ is the centre of mass of A^y A^^ A^ and A^. 
Continuing this process we obtain the centre of mass of 
any number of particles. 

From this definition of the centre of mass of a number 
of particles it is clear that its position is the same as that 
of the centre of a number of like parallel forces acting one 
on each of the particles, each force being proportional to 
the mass of the particle on which it acts. Hence if the 
particles of masses m^, m,... be* at distances x^, x^... re- 
spectively from a given plane, the distance of their centre 
of mass from that plane is 2 (mir)/2 (m); or, in other words, 
the distance from a given plane of the centre of mass of a 
number of particles is obtained by multiplying the mass of 
each by its distance from the plane, and dividing the alge- 
braical sum of the products by that of the masses. 

If the particles are not fixed in position, but move 
so that the configuration formed by them is unaltered in 
shape, their centre of mass will be a point moving With 
the configuration, but occupying a position fixed relatively 
to it. 

Def, The product of a mass into the distance of its 
centre of mass from any plane or line is termed its Moment 
about that plane or line. 

We see from the above, that the algebraical sum of the 
moments of a number of masses about any plane, and if 
they are coplanar, about any line, is equal to the moment of 
the whole mass collected at the centre of mass about the same 
2)lane or line, 

8G. Let us suppose that the above system is acted on 
by a number of like parallel forces, one on each particle, their 
magnitudes being proportional to the masses of the par- 
ticles on which they respectively act : now, no matter how 
much the direction of the forces varies, or to what extent 
the particles move, so long as the configuration formed by 
them remains the same, the resultant of these forces will 
always pass through the centre of mass, which is fixed 
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relatively to the configuration. Since the magnitude of sl 
particle's weight is proportional to its mass and it? direc- 
tion is towards the earth's centre, the weights of a system 
of particles which are not far from one another in com- 
parison with their distance from the earth's centre, are 
forces approximately parallel, and also proportional to the 
masses of the particles on which they act. The line of 
action of their resultant then will approximately always 
pass through a point fixed relatively to the configuration 
formed by the particles, if that configuration does not alter, 
though it move as a whole. This point, which we have 
called the centre of mass of the system, is on this account 
often called its Centre of Gravity. 

We may define the Centre of Gravity thus: 27ie 
Centre of Gravity of a body is the point, fixed relatively to ' 
the body and through which the resultant of the weights of 
the particles composing it always acts, however the body 
move, provided it always moves as if it were rigid. 

Strictly speaking, there is not of necessity any such point 
for every body, because the weights of the particles com- 
posing the body are not accurately parallel, but if they are 
very nearly so their resultant will pass very close to the 
centre of mass, if it does not pass through it. 

It is not assumed in the definition of the centre of 
gravity that the body is a rigid one: any body whatsoever, 
a flexible string for instance, or a mass of liquid, will have 
a centre of gravity corresponding to every definite shape of 
the body, though its position in the body will generally 
alter with an alteration of the body's shape. 

If a body be such that the action of gravity on it can 
always be reduced to a single force passing through a point 
fixed relatively to the body, whatever be its position re- 
latively to the earth, the body is termed a Centrobaric 
Body, and the point its Centre of Gravity, in a stricter sense 
than is usually attached to the term. 

87. Def When a substance is such that the mass 
of any volume of it is proportional to that volume, it. 
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is said to be homogeneous, or of uniform density: when 
this is not the case, it is said to be heterogeneous, or of 
variable density. 

When a substance is homogeneous its density is mea- 
sured by the numerical measure of the mass in a unit of 
volume. 

When the density of a substance varies, the average 
density of any volume is measured by the ratio of the 
numerical measure of its mass to that of its volume. The 
density at any point is measured by the limit of the 
average density of an indefinitely small volume containing 
the point in question. 

88. Prop. Having given the centres of mass of a body 
and of one part of it, to find that of the remaining part 

Let 77ij, m^ be the masses of the two parts forming the 
body, Cj, G^ their respective centres of mass. Join Cfi^, 

c] d Op 

Fig. 65 

and take between (7, and G^, such that m^ . GG^ = v\ . GG^ : 
then G is the centre of mass of the whole. 

Since C,, G, G^ are connected in this way, it is perfectly 
clear that if G^ and G are given, G^ is the point obtained 
by producing GJJ to a distance = (mjm^) . GG^. 

Gor. In a similar way we can obtain the centre of 
one part of a system of parallel forces when the centres of 
the whole system and of the remaining part are known. 

89. Prop. If the mass of each of a series of particles 
be multiplied by the square of its distance from any given 
point, the sum of the products so obtained is equal to the 
sum of the products obtained by multiplying the mass 
of each particle by the square of its distance from the 
centre of mass of all the particles, together with the 
product of the whole mass into the square of the distance 
of the given point from the centre of mass. 
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Let -4j, -4,, &c., -4„ be ?i particles of mass m^, m^,..m^ ; 
let G be their centre of mass, and any point what- 
soever. 

Join GO J and draw A^M^, A^M^, &c. perpendicular 
to GO. 

Then AO' = AG' + OG' - 20G.GM, 

A 






.J-... 



e M 

FFg. 66 

The — sign in this equation refers to the above figure 
where M and are on the same side of G, but if we 
agree that GM shall be reckoned positive when M is on 
the same side of G as 0, and negative when on the other, 
the equation holds for all figures. 

Hence 

'^{m.AO') = % (m ,AG') + ^(m.0G')-21{m.0G. GM) 

= tim,AG') + 0G\l(m)--20G.X{m.GM). 

But since G is the centre of mass of the n particles, 
S (vyi. GM) is zero (Art. 85), and we have 

2 (m . J.0') = 2 (m . ^G^) + 0(?^ S (m). 

(In the above proof, it is not assumed that A^, A^, Sec, 
are in one plane.) 

Co7\ If the mass of each of a series of particles be 
multiplied by the square of its distance from any given 
point, the product so obtained is least when the given 
point is the centre of mass of the system of particles. 

90. We shall now investigate the positions of the 
centres of mass of some of the simpler geometric figures. 
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Prop. If a hody consists entirely of pairs of particles, 
such that those forming each pair are of equal mass and 
at equal distances from, but on opposite sides of, a certain 
point, that point is the centre of mass of the body. 

For this point is clearly the centre of mass of each pair, 
and therefore of all the pairs, i.e. of the whole body. 

Hence the centre of mass of a thin rod, uniform in 
density and sectional area, is its middle point : that of a 
lamina, uniform in thickness and density, and in shape, 
a circle, ellipse, or parallelogram, is its centre of figure. 
Also the centre of figure of a homogeneous sphere, ellip- 
soid, or parallelepiped is its centre of mass. The centres 
of mass of many other figures can be thus determined. 

91. Prop. If a body consists entirely of pairs of par- 
ticles, those forming each pair being of equal mass and such 
that the middle point of the line joining them is on a 
certain straight line or plane, the centre of muss of the 
body lies in that straight line or plane. 

For this straight line or plane contains the centre of 
mass of every pair of particles and therefore that of the 
whole body. 

Hence any straight line or plane which divides a 
homogeneous body symmetrically, contains its centre of 
mass. For instance the centre of mass of the volume of 
surface of a right circular cone, with its base at right 
angles to its axis, lies in the axis: that of a segment of 
an ellipse or parabola lies in the diameter conjugate to the 
chord cutting ofi" the segment. 

When we spe^k of the centre of mass of a surface or plane figure, 
we suppose the figure to be of very smaU uniform thickness. Similarly 
a line or curve is supposed to be of very small uniform sectional area. 

92. To find the centre of mass of a plane triangle. 

Let ABC be the triangle. Bisect BG in D, and join 
AD. Draw bdc parallel to BG, meeting AD in d. 

G. 9 
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Then IdiBD^Ad: AD = dc : DC; 

/. hd = dc. 

Similarly it may be shewn that AD bisects any other 
line parallel to BC. Hence the triangle consists entirely of 




pairs of particles, those forming each pair being of equal 
mass, and such that AD bisects the line joining them : the 
centre of mass of the triangle is therefore in AD. (Art. 91.) 

Bisect AG in E, and join BE meeting AD in O. 

Then we can prove as before that the centre of mass 
of the triangle lies in BE, as well as in AD: it must 
therefore be (r, their point of intersection. 

Join DE: since D, E are the middle points of BC, AC 
respectively, DE is parallel to AB, and 

DE^^AB; 

.'. AG: GD^AB:DE=2:1; 

.-. AG = ^AD. 

Hence the centre of mass of a triangle is obtained by 
joining the vertex with the middle point of the base and 
taking the point two-thirds the way down this line firom 
the vertex. 
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The centre of mass of the triangle ABG coincides with 
that of three equal particles placed at J., 5, and (7. For 
the centre of mass of those at B and G is at D, half-way 
between them : and that of all three will be in AD at a 
point g, such that 

Dg : gA = l : 2, or Lg = lDA. 

Hence G and g are the same point. 

Gor. By drawing an indefinitely large number of 
lines parallel to , BG and at equal distances from one an- 
other, the triangle ABG may be divided into an infinitely 
large number of indefinitely narrow strips, of equal 
breadth, and having their centres of mass in AD, Now 
the mass of each strip is proportional to its area, i.e. to 
its length, and therefore to its distance from A measured 
along AD : also for the purpose of finding the centre of 
mass of the whole we may suppose the mass of each 
portion collected at its centre of mass. The problem 
therefore of finding the centre of mass of all these strips, 
i.e. of the triangle, is the same as that of finding the 
centre of mass of an infinite number of masses arranged 
along AD at equal, but indefinitely small distances, each 
mass being proportional to its distance from A. The 
centre of mass in the latter case, then, is at a distance 
from A equal to two-thirds of AD. Hence the centre of 
mass of a thin rod, of uniform sectional area, but such 
that the density at any point varies as its distance from 
one end, is distant from that end two-thirds the length of 
the rod. 

Also the centre of mass of the portion of a paraboloid 
of revolution, cut off by a plane perpendicular to the axis, 
is at a distance from the vertex equal to two-thirds the 
length of the axis cut off. 

For let the paraboloid be divided into an indefinitely 
large number of thin slices of equal thickness by planes 
perpendicular to the axis. Then the volume of any slice 
is proportional ultimately to the square of its radius, i.e. to 

9—2 
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its distance from the vertex, whence the result given above 
follows at once by the preceding corollary. 

Ex. 1. Weights of 1, 4, 2, 3 lbs. are placed at the comers taken in 
order of a parallelogram ABGD ; a weight of 10 lbs. is also placed at 0, 
the intersection of diagonals ; find the position of their centre of mass. 

Atu. If E be the middle point of BG^ the point required is in OE^ at 
a distance from O equal to one-tenth of OE, 

Ex. 2. A line AB is bisected in C^, C^B in Cg, C^B in Cg, and so on 

P P 
ad infinitum, and weights equal to P, -^ , --, &c. are placed at the points 

Cj, Cg, C3, &c. Prove that the distance of the centre of mass of the 
whole system from B is equal to one-third of AB, 

Ex. 3. Find the centre of mass of seven equal particles placed at 
the angular points of a regular octagon. 

Am, If A be the unoccupied angular point and O the centre of the 
octagon, the required point is in ^ 6 produced, at a distance from equal 
\o\AO. 

Ex. 4. A square ABCB is divided into four equal triangles, by its 
diagonals, which intersect in : if the triangle OAB be removed, find G, 
the centre of mass of the remaining three. Prove that if JB be the 
middle point of CD, G is in OE, and OG=^\AB. 

Ex. 5. The sides of a square ABGD are bisected, and the points of 
bisection of the opposite sides joined. If the small square, having the 
angle A, be removed, find G the centre of mass of the remaining three. 

Ans, G is in AG and CG=z^^AG, 

Ex. C. Out of a circular lamina of radius r is cut a circle, whose 
diameter coincides with a radius of the lamina : find the position of the 
centre of mass of the remainder. 

Ans. The c. m. is at a distance from the centre of the lamina equal 
to Jr. 

Ex. 7. A figure consists of a square and an isosceles triangle, whose 
base is one of the sides of the square : if the side of the square be 6 inches, 
and the height of the triangle be 6 inches, find the centre of mass of the 
figure. 

Ans, Within the square, | of an inch from the base of the triangle. 



CENTRES OF MASS. 133 

Ex. 8. A uniform rod, 18 inches long, is bent so that the two parts, 
8 and 10 inches long respectively, are at right angles to one another. 
Find the distance between the centres of mass of the new shape and the 

original. Am. ^^ ^ inches. 

Ex. 9. Eqnal weights are placed at n - 2 of the comers of a regular 
n-sided polygon : find their centre of mass. 

Ans. Ji Ay Bhe the unoccupied comers, € the middle point of AB, 
and O the centre of the polygon, the centre of mass is in CO produced at 

2 

a distance from O equal to ^ 0(7. 

n-2 

Ex. 10. Having given the position of the centre of mass of two par- 
ticles A and B, and also that of A and C, find that of B and C, 

Ans. Join B with JEJ, the cm. of A and C, and C with D, the cm. of 
A and B; let these two lines meet in G. The point where AG meets BC 
is the CM. of B and (7. 

Ex. 11. Assuming that the pressure on an indefinitely small area 
below the surface of a liquid is perpendicular to the area and varies as 
the area and its depth below the surface conjointly : find where the re- 
sultant pressure on a parallelogram, one of whose sides is in the surface 
of the liquid, acts. 

Ans. At a point whose depth below the surface is two-thirds that of 
the lowest side. 

Ex. 12. With the same assumption as in the last example, shew that 
the resultant pressure on any plane area below the surface of a liquid is 
proportional to the area and the depth of its centre of mass below the 
surface conjointly. 

Ex. 13. Find the centre of mass of a quadrilateral, two of whose sides 
are parallel to one another, and respectively 6 inches and 14 inches long, 
while the other sides are each 8 inches long. 

Ans. In the line joining the middle points of the two parallel sides, 

at a distance of f f ^ inches from the longer side. 

Ex. 14. Find also the centre of mass of the perimeter of the above 
quadrilateral. 

Ans. In the line joining the middle points of the parallel sides, at a 
distance from the greater equal to V iJ^ inches. 
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9 3. To find the centre of mass of a triangular pyramid. 

Let ABGD be the pyramid. Bisect BG in E, join 
AEy and take Hin it, so that 

AH^IAE. 



Fife 68 ^f 

Let dbc be a section of the pyramid, made by a plane 
parallel to ABCy and let ae be its intersection with the 
plane ADE, 

Since the planes ABC, dbc are parallel, 6c, BC are also 
parallel ; 

/. he:ec--BE:EG\ 

.'. he = ec, 

and e is the middle point of he. 

Similarly ae, AE are parallel, and 

ah\ ae = AH :AE=^2 : 3, 

i.e. h is the centre of mass of the triangle aha. 

Hence, if we suppose the pjrramid divided into an in- 
finitely large number of indefinitely thin triangular slices 
made by planes parallel to ABC, the centre of mass of 
each slice will lie in the line DH, which must therefore 
contain the centre of mass of the pyramid. Join DE, 
and take K in it so that DK = ^DE; join AK intersecting 
BH in G. Then, as before, we can shew that the centre of 
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mass of the pyramid lies in AK, as well as in DH ; the 
point of intersection G of these two lines must therefore 
be the required centre of mass. Join HK. 

AH = ^AE, and DK=^^DE; 

.'. HK is parallel to -42), 

and BG : GH = AD iHK^AE : HE=S : 1, 

/. DG=-iDH. 

Hence the centre of mass of the pyramid is in the line 
drawn from any vertex to the centre of mass of the op- 
posite face, and is such that its distance from the former 
point is three times its distance from the latter. 

Cor. The centre of mass of a triangular pyramid 
coincides with that of four particles of equal mass placed 
at its angular points. 

For the centre of mass of the particles B,t A, B and 
C is H, and therefore that of the four is in HD, and at a 
distance from D equal to three times its distance from H ; 
it is therefore G, the centre of mass of the pyramid. 

94. If the above pyramid be divided into an indefi- 
nitely large number of indefinitely thin slices, such as 
abCy of the same thickness, we may suppose the mass of 
each slice to be collected at its centre of mass A, which 
lies in DH : also the mass of any slice abc is proportional 
to its area, since they are of equal thickness, and there- 
fore to the square on Dh. Hence finding the centre of 
mass of a triangular pyramid is the same problem as 
finding that of an indefinitely large number of masses 
arranged at equal but indefinitely small intervals along a 
straight line, each mass being proportional to the square 
of its distance from one end of the line. We infer then 
that the centre of mass in the latter case is at a distance 
from this end equal to three-quarters the length of the 
line. For instance, the centre of mass of a thin rod of 
uniform thickness, but whose density varies as the square 
of the distance from one end, is the point whose distance 
from this end is three-quarters the length of the rod. 
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95*. To find the centre of mass of a pyramid having 
any given rectilinear plane figure for its base. 

Let V be the vertex of the pyramid, ABODE the 
perimeter of its base. 

Let abode be a section of the pyramid made hy 
a plane parallel to the base. Let FQIt be any straight 



line in the plane of the base; join VP, VQ, VB, cutting 
the plane abed in p, q, r respectively ; p,q,r may be sa^ 
to be the corresponding points to P, Q, R respectively. 
Since pqr, PQR are the sections of parallel planes made 
by the plane P VQ, they are parallel ; 

.-. PQ:pq=VQ:rq = QR:qr. 
:. pq:qr = Pq:QR. 
Hence, if Q be the centre of mass of two given particles 
at P and R, q will be that of particles at p and r, provided 
the masses of the latter particles have the same ratio to one 
another as those of the former have. Similarly, if we 
have any number of particles at dififerent points of the 
base and also another set of particles at the corresponding 
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points of the parallel section, the mass of each particle of 
one set bearing a constant ratio to that of the correspond- 
ing particle of the other set, we could shew in the same way 
as we have done for two, that the centres of mass of the 
two sets are corresponding points, i.e. that they both lie in 
a straight line passing through the vertex. But we may 
suppose the two sections ABCD, abed to be made up each 
of a number of equal particles, the positions of the particles 
forming one set corresponding to the positions of those 
forming the other set. Hence, if H be the centre of mass 
of the base, the point h, where VH cuts the section abed, 
is the centre of mass of the latter. Dividing then the 
pyramid up into an infinitely large number of indefinitely 
thin slices cut oflF by planes parallel to the base, we see 
that the centre of mass of each slice and therefore that 
of the whole pyramid lies in VH, But the pyramid may 
be divided into a number of triangular pyramids VHAB, 
VHBGy &c. and the centre of mass of each of these will lie 
in a plane parallel to the base and at a distance from it 
one quarter the distance of the vertex from it. The 
centre of mass of the pyramid must therefore be at (?, 
the point where this plane cuts VH) i.e. the centre of 
mass is found by joining the vertex with the centre of 
mass of the base, and taking a point in the joining line 
at a distance from the former point three times its distance 
from the latter. 

Cor, Since a cone or pyramid with a curvilinear base 
may be regarded as the limiting case of a pyramid with 
a rectilinear base, when the number of sides is indefi- 
nitely large, we can find the centre of mass of a cone in 
exactly the same way as we find that of a pyramid with 
a rectilinear base. 

96*. The eentre of mass of the surfaee of a pyramid 
with a reetilinear base. 

If the pyramid be the one in fig. 69, its surface may 
be divided into a number of triangles having the common 
vertex V: the centre of mass of each triangle and there- 
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fore that of the whole surface will lie in a plane parallel 
to the base and at a distance from the vertex two-thirds 
that of the base. 

C<yr, As a cone is the limiting case of a pyramid, when 
the number of sides of the base is indefinitely increased, 
the centre of mass of the surface of a cone will also lie in 
a plane parallel to the base and at a distance from the 
vertex two-thirds that of the base. 

97. To find the centre of mass of an arc of a circle. 

Let ABG be the arc, subtending an angle 2 a at the 
centre 0. 

Draw OB bisecting the angle AOG: it is clear from 
the principle of symmetry of Art. 91 that the centre 




Fig 70 



of mass is in OB. Construct a regular polygon circum- 
scribing the arc; let PQ be one side of it, touching 
the circle at R, Draw Aa, Pp, Qq, Gc perpendicular to 
the tangent aBc at B, RM perpendicular to OB, and QS 
to Pp. 

The right-angled triangles PSQ, OiZilf are similar, since 
QS, PQ are respectively perpendicular to OM, OR. 
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.-. PQ:QS=OR: OM; 

:. PQ. OM = OR. QS=OB ,pq; 

.'. S (PQ . 0M)=% (OB .pqj^OB.X (pq); 

.'. OG . perimeter of polygon = OB . ac = OB . chord AG 

(Art. 85) ; 

where G is the centre of mass of the polygon. 

Also, when the sides of the polygon are taken in- 
definitely small, the limit of the perimeter of the polygon 
is that of the arc, and their centres of mass are also 
coincident. Hence the distance of the centre of mass of 
the arc ABC from is 

radius OB . chord AC r sin a 



arc ABC 



a 



The centre of mass of a uniform circular arc may also be found as 
follows : 




Let AC he any arc (2a), the centre. Draw OP dividing the arc AC 
into any two unequal parts AP (2$) and PC {2<p), 
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Draw OB, OD, OE bisecting the arcs AC, AP, PC respectively. 

ADOB=AAOB-/.AOD = a-e=<p. 

Similarly LEOB=e. 

G, the CM. of the arc AC, is (Art. 91) in OB, G^ that of AP in OD, and 
Ga that of PC in OE. 

Draw Gjilfi, GgMo perpendicular to OB. 

Then GG^ . arc PA = GGg.arc PC, 

.'. e.GiMi=<f>.GM.2, 
.-. 0.OGj^BmDOB = <f>,OG^BmEOB, 

Sin ^ sin 

i.e. . is independent of 0, and is therefore equal to its value when 

vanishes. But when vanishes 0/am 0=1, and OGj is clearly r. 

_. ^^ rsin^ , ^^ rsina 
Hence 00^= — - — and 0G= . 

a 

98*. To find the centre of mass of the sector of a 
circle. 

Let ABC be the sector: from 0, the centre of the 

A 



c 



Pie 72 
circle, draw OB bisecting the angle AOC. Then (Art 91) 
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the centre of mass of the sector is clearly in OB. In 
the arc ABG inscribe a regular polygon ; let PQ be one 
of its sides, R the middle point of PQ : join OR, and 
take r in OR such that Or is equal to §OjB. Then 
the centre of mass of the triangle OPQ is r, and the 
centres of mass of all such triangles are arranged at equal 
angular intervals along the arc of a circle of radius Or, and 
whose angle is AOG. But when the number of the sides 
of the polygon is increased indefinitely, Or becomes equal 
to ^OB ultimately, the sum of the triangles of which 
OPQ is a type becomes the sector AOC, and the centre of 
mass of the latter is that of an infinite number of equal 
masses arranged at equal angular intervals along an arc 
of a circle of radius ^OB, and whose angle is equal to 
A 00. But the centre of mass of the masses arranged along 
this arc is that of the arc itself. Therefore the distance 
of the centre of mass of the sector from 

^2 OB X chord AG 
~3" arc AG ' 

Cor. As the segment of a circle is the difference be- 
tween a sector and a triangle, its centre of mass can be 
found by the method of Art. 88. 

The centre of mass of the portion of a circle cut off 
by two parallel lines can also be obtained, since the figure 
consists of the difierence of two sesinents. 

99*. To find the centre of mass of the belt of a sphere 
cut off by two parallel planes. 

Let ABhe the arc of a circle, which by revolving about 
OE generates the belt ABGD of a sphere in question. 
Then (Art. 91) the centre of mass of the belt lies in OE. 

Let PQ be the side of a regular polygon, circum- 
scribing the arc -4J5; let ^ be the middle point of PQ, 
where it touches the circle. Produce PQ to meet OE in 
if, and draw PM, RK, QN perpendicular to OE, and QL 
perpendicular to PM, 
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The area of the frustum of the cone, generated by the 
revolution of PQ about OE 

= PT,7rPM-QT.7rQN 

^7r(PR + RT) PM- IT {RT -RQ) , QK 

= 7rRT.PL + 27rPR.RK 

= 2irPQ,RK, by similar triangles PQL, RKT 

^ SttOE . MN by similar triangles PQL, ORK 

= the area of the belt cut off by the planes PM, 
QN from the cylinder circumscribing the sphere and 
having its axis along OE. 




Fig 73 



Hence the sum of the areas of any number of frusta 
of cones, of which the one considered is a type, is equal to 
the sum of the areas of the corresponding belts of the 
circumscribing cylinder. But ultimately, when the number 
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of the sides of the circumscribing polygon is taken in- 
definitely large, the sum of the areas of the frusta of 
the cones becomes the area of the belt of the sphere. 
Hence the area of the belt of a sphere, cut off by parallel 
planes, is equal to that of the coaxial circumscribing cylinder 
cut off by the same planes. 

Let (? be the centre of mass of the belt of ABCD 
of the sphere, G' of the corresponding belt of the cylinder. 
Then 

OG.area of J. 5(7Z> = moment of ABCD about the plane 
through perpendicular to OE 

= S (27r OA.MF. OK) (Art. 85) 

= moment about the same plane of the belt cor- 
responding to ABCD of the cylinder 

= OG' . area of the belt of the cylinder; 

.-. 0G = 0O\ 

Therefore G, G^ are coincident, i.e. G is in 0-ff, half- 
way between the planes which cut off the belt. (Art. 90.) 

100*. The centre of mass of the volume of a sector of 
a sphere. 

Let OAC be the spherical sector generated by the 
revolution of the circular sector AOB about OB, The 
centre of mass is in OB. (Art. 91.) 

Imagine the sector to be divided into an infinite 
number of indefinitely small pyramids having the common 
vertex 0. The centre of mass of each of these pyramids 
will lie on a spherical cap abc, generated by the revolution 
of ab, the arc of a circle, of radius three-quarters that of 
ABC, and the same vertical angle AOB. Supposing the 
mass of each pyramid to be collected at its centre of mass, 
the centre of mass of the sector AOC is clearly the same as 
that of the spherical cap abc : its distance from there- 
fore is equal to i(Om+ Ob) or |(Oif + OB). 
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If the sector be a hemisphere, OM vanishes, and the 
distance from the centre of the centre of mass of the 
volume of the hemisphere is | of the radius. 




Fig 74 



Cor. As a spherical segment, the solid figure cut oflF a 
sphere by a plane, is the difference between a spherical 
sector and a right circular cone, its centre of mass can be 
found by the method of Art. 88. 

The centre of mass of the solid cut off a sphere by 
two parallel planes can also be obtained, since the figure 
is the difference of two spherical segments. 

Ex. 1. "With Ihe same assumption as in Ex. 11, p. 133, find where 
the resultant pressure acts on a triangle whose vertex is in the surfaee of 
a liquid and whose base is parallel to the surface, but below it. 

Ans. At a point whose depth below the surface is three-quarters thai 
of the base. 

Ex. 2. Find the centre of mass of a segment of a circle. 

Ans, It is in the diameter bisecting the segment, at a distance from 
the centre ^r sin^a / (2a - sin 2a), where r is the radius, and 2a the 
angle the segment subtends at the centre. 

Ex. 3. If a figure consist of a cone and a hemisphere on the same 
base, find the height of the cone in order that the centre of mass of the 
whole may be the centre of the hemisphere. 

Ans, a/H times the radius of the hemisphere* 
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Ex. 4. Find the position of the centre of mass of a frustum of a 
cone, when the radii of the faces are 4 inches and 8 inches respectively, 
and the distance hotwesn them 7 inches. 

Am, In the line joining the centres of the faces at a distance of 
4^ inches from that of the smaller face. 

Ex. 5. Find also the position of the centre of mass of the surface of 
the ahove figure. 

Ans, At a distance of S^ inches from the centre of the smaller face. 

Ex. 6. From a cube is cut a tetrahedron, three of whose edges are 
the edges of the cube which meet in one of the comers. Find the centre 
of mass of the remainder. 

Ans. In the diagonal of the cube through the corner from which the 
tetrahedron is cut off, and at a distance from that corner equal to \^ of 
the diagonal. 

Ex. 7. Find the centre of mass of a segment of a sphere. 

Ans. In the diameter of the sphere at right angles to the base of the 
segment and at a distance from the centre equal to f (r + /i)2/(2r + /i). 
where r is the radius of the sphere and h the distance of the base from 
the centre. 

Ex. 8. A semicircular wire of uniform thickness consists of two 
parts AP, PB whose densities are proportional to BNt AN respectively, 
where PN is the perpendicular from P on AB: prove that the centre of 
mass of the whole is in the radius throuf;h P. 
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101 *. The centre of mass of a segment of a parabola. 

Let BAB' be the segment, AG being the diameter conjugate to tho 
base BB\ 
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Divide AC into an infinite number n of indefinitely small equal parts 
of which MN is a typical one, the rth. Draw PMP'f QNQ' chords paral- 
lel to BB', 

Let S be the focus ; then 

P^P=AAS , AM. 

The centre of mass of the strip PP'Q'Q is in MN. (Art. 91.) 

The area PP'Q'Q lies between 

PP'.MNBinBCA, and QQ'.MNBmBCA, 
and the distance of its cm. from A lies between AM and AN; there- 
fore the sum of the moments of all the strips about a line through A 
perpendicular to AC lies between 

^ {PP" . MN . AM Bin BCA), and i: (QQ' . MN . AM em BCA), 
i.e. between iAS^ sin BCA . S [AM^ . MN), 

and 4^S^ sin BCA . S (AN^ . MN). 

r r-4- 1 Ad 

But AM=-AC, AN=-^AC, and MN=—; therefore the 
u n n 

moment of the mass of the parabola lies between 

4ASi . AC'i sin BCA . 1^+2^+ ...(n-1)-^ 

and 4Asi . ACi sin BCA . 1^+2-/+ . ..n^ 

ip 4J.si. AC^ Bin BCA ,. ... 

*'*^*» = -r . (Appendix.) 

Similarly it can be shewn that the area of the segment 

_ 4Asi .A C^ sin BCA 

Hence the distance of the cm. of the parabola from A 
_SASi .AC ^ Bin BCA QASi . AC^BmBCA _ , 

Also the CM. is in AC. (Art. 91.) 

102 *. The centre of mass of a rod of uniform thickness^ and who$€ 
density varies as tJie mth power of the distance from one end. 

Let AB be the rod, such that the density at any point P vazies 
(AP)^. 
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Divide the rod into an infinite number n of indefinitely small equal 
parts, of which PQ is a typical one, the rth. 

A p B 



Fig 76 



The mass of PQ lies between 

K.PQ . AP^ and k . PQ . AQ"^, 

where k is a constant ; therefore the moment of the whole rod about A 
lies between 

S (kPQ . AP^ . AP) and 2 {kPQ . AQ"^ . AQ), 
i.e. between 

lm+l + 2m+l+...(n-l)"H-l 



K (AB)^+^ . 



^wi+a 



and ,^B-«.!:!!L+2"« + -»»*' 



I.e. = 



kAB^^ 



m+2 
Similarly it can be shewn that the mass of the rod= 



kAB^+^ 



m+1 ' 
Hence the distance from A of the cm. 

m+2 m+1 m+2 

The centres of mass of a triangle, pyramid and paraboloid of revolu- 
tion might have been obtained by methods similar to those employed in 
the last two articles. 

Ex. 1. Find the cm. of a tetrahedron ABCD, which is such that the 
density at all points in a plane parallel to BCD is the same and propor- 
tional to the distance of the plane from A, 

Arts, If G is the cm. of BCD^ the required point is in ^G, at a 
distance from A=\AG, 

Ex. 2. Find the cm. of a triangular lamina ABC^ when the density 
at any point varies as its distance from BC, 

Ans^ The middle point of ADf where D bisects BC, 

Ex. 3. Find the cm. of a tetrahedron ABCDy when the density at 
any point is proportional to its distance from the face BCD, 

Ans, In ^G, at a distance from A equal to iAGt when G is the cm. 
of the face ABC. 

10—2 
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Ex. 4. The density of a conical shell standing on a plane horizontal 
hase varies as the depth below the yertex : find the depth of the centre 
of mass. Ana* | the height of the cone. 

103. Prop. When a body or system of bodies is in 
equilibrium under the action of gravity^ mutual actions, 
and the action of one external supporting point, the centre 
of mass of the whole system, and the supporting point lie 
in a vertical line. 

For considering the equilibrium of the whole system, 
the only external forces acting on it are, its weight acting 
vertically at its centre of mass and the action of the 
supporting point : but these two forces cannot maintain 
equilibrium, unless their lines of action are the same, 
which will not be the case, unless the centre of mass and 
the supporting point are in a vertical line. 

104. Prop. If a rigid body be placed in contact with 
a smooth horizontal plane, it will be in equilibrium or not, 
according as the vertical line drawn through its centre 
of mass meets the horizontal plane within the base or not. 

By the base is meant the polygon, without re-entering angles, formed 
by joining the extreme points of the body in contact with the plane. 

Let ABODE be the base, the point where the 
vertical through G, the centre of mass, meets the plane. 

(i) When lies within the base. ^ 

It is obvious that the direction, in which the weight of 
the body acting along GO tends to turn it about the 
side AB of the base, is such that the points 0, D, E, &c. 
would move downwards if the plane were not there to 
resist such motion. As the plane is there such motion is 
prevented. 

The same remark applies to motion about every other 
side of the base. Hence the weight will not produce 
any motion : and the resistances of the plane on the base 
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are passive forces which can only resist motion and not 
produce it. The body is therefore in equilibrium. 




(ii) When lies outside the base. 

In this case, the base and the point must lie on 
opposite sides of one or more sides of the base. 

Let AB be such a side of the base. 
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Now the reaction exerted by the plane on any point 
of the body touching it can only be vertically upwards, 
and its moment about AB is therefore of the same sign as 
that of the weight. The algebraical sum of the moments 
of all the forces about AB cannot therefore be zero, and 
equilibrium is therefore impossible. 

If a curvilinear base be regarded as the limit of a 
polygonal one, with an infinite number of sides, the above 
reasoning applies to it. 

In a similar way it can be shewn that a body placed 
on an inclined plane, sufficiently rough to prevent sliding, 
will be in equilibrium, provided the vertical through the 
centre of mass passes through the base, and that if it 
does not, the body will topple over. 

It will be seen hereafter that these propositions are 
merely particular cases of more general propositions. 
(Art. 123.) 

Ex. 1. A right-angled triangle ABC, whose sides AB, BC are respect- 
ively 5 and 6 feet long, is hung from the point A. Find the inclination 
of BC to the horizon. Am. tan-^ (f). 

Ex. 2. A plane triangle is hung with its plane horizontal by three 
vertical chains from the middle points of its edges. How heavy most it 
be that a 12-stone man may walk anywhere over it without tilting it ? 

Ans. 96 8t. 

Ex. 3. A circular table of weight 20 lbs. rests on three legs, which 
are on the circumference, and at the comers of an equilateral triangle. 
Find the greatest weight that can be placed on any part of the table 
without upsetting it. Aru, 20 lbs. 

Ex. 4. A metal lamina, composed of a semicircle and an isosceles 
triangle (vertical angle 2a) on the same base, is placed in a vertioal 
plane with its curved rim resting on a horizontal plane ; prove that the 

lamina will rest in any position provided tan a= ^^^2. 
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ILLUSTRATIVE EXAMPLES. 

Ex. 1. If the three diagonals of an octahedron intersect in a point 0, 
the centre of inertia of the octahedron coincides with that of seven 
particles, one at and one at each of the angular points : the mass of 
the particle at O being unity, and of that at each angular point the ratio 
of its distance from to the diagonal through the point. 

Let ABGD be the plane containing two diagonals AOG^ BOB: let EOF 
be the other diagonal. Let us find the distance of the centre of inertia of 
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the octahedron from the plane ABCD, Let hi be the height of the 
pjrramid, having base ABCD and vertex F, and let /ig be the height of 
the pyramid having the same base and vertex E, 

.'. the volume of first pyramid : volume of second = 7i| : 71^= OF : OE, 

The distance of the c. i. of the octahedron from the plane ABCD 






(Here, distances from the plane ABCD have been estimated positive 
when towards 2^, and negative when in the opposite direction.) 

The distance from ABCD of the c.i. of the seven particles 
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Hence the distances of the centres of inertia of both octahedron and 
the seven particles from the plane ABCD are the same: and it could 
be shewn in a similar manner that their distances from tho planes 
BEDF^ ECFA are also the same. The two points are therefore coin- 
cident. 

Ex. 2. Find the centre of mass of a segment cut off an ellipse by a 
straight line. 

Let DPE be the segment cutting the ellipse, whose semiaxes are CA, 
CB. Let hpA be the auxiliary circle. Draw the ordinates DB\ EE\ and 




Fig 80 

let them be produced to meet the circle in d, e, respectively. Join de, 
and produce it to meet BE in T. T is in CA produced. Draw two 
ordinates PP\ QQ' of the ellipse indefinitely near to one another^ and 
let them meet DE in 3/, N respectively. Produce them to meet de in 
7/1, 71, and the circle mp, q respectively. 

PP' \])P' = CB : CA = MFi mF \ 

:. MP : mp = CB : CA; 

.: the area PQN2I : SLrea,pqnm = CB : CA. 

Both elliptic and circular segments may be divided up into the some 
infinite number of strips, of which PQNM, pqnm are types. Let G be 
the CM. of DPEf and g that of dpe. 

The distance of from CB 

_ moment of DPE about CB 
" mass of i)PE 
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CB 



3 {PQN5I . CP') GA 



- S (pqnm . CP') 



2 (PQNM) 



CB 
CA 



{'pqnm) 



_ S {pqnm . CP') _ moment of <ip« about CB 
~~ S (2>g7im) ~ mass of dpe 

= distance of G from GB, 
The distance of G from (74 



2 (-PQNM . 



PP'-hMF\ GB 



) ^^0 



pqnm 



pP' + mP 
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= -^ X distance of </ from GA. 



But the position of g is known (Art. 98), And therefore its distances 
from CA and GB : hence the position of G is determined. 

Ex. 3. A bowl of uniform thin material in the form of a segment of 
a sphere is closed by a circular lid of the same material and thickness 
which is hinged across a diameter. If it be placed on a smooth horizontal 
plane with one half of the lid turned back over the other half, shew that 
the plane of the lid will make with, the horizontal plane an angle 

tan-^ ( — tan ^ ) 5 " being the angle any radius of the lid subtends at 

the centre of the sphere of which the bowl is part. 

Let EOC he the diameter about which the lid turns : BO the radius 




Fig sr 

at right angles to it. Let 0' be the centre of the sphere, and let O'O 
meet the surface of the bowl in II, The centre of mass of the bowl 
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is at G' in OR, such that 00'=G'H; that of the doubled Ud is at G in 

OB J such that 0G=~- — . Draw O^A vertically downwards, let $ be the 

angle HO' A, which is the inclination of the lid to the horizontal. A is 
the point where the bowl touches the horizontal plane. Let r =the radius 
of the bowL The centre of mass of the whole body must be vertically 
above A. (Art. 103.) 

The distance of G' from O'A = O'G' sin 6 = [O'H - G'H) sin 

= {r-l{r-r cos a)} sin d = ^r(l + cos a) sin 6. 

The distance of G from 0'^ = - 00' sin ^ + OG cos 

4ir sin a 
= - r cos a sm H cos 0. 

/. 2irr^ (1 - cos a) . - (1 + cos o) sin 



o • 9 f . - 4rsina A 
= Ti^ sin* al-r cos a sm + — « cos J ; 



• /, • /, 4sma 
/. 8m^=-cosasm^ + — 5 cos^; 

OTT 

4 sin a 4 . a 

.'. tan = x- » -z = TT *a° n • 

St 1 + cosa dir 2 

Ex. 4. A right circular cone rests with its elliptic base on a smooth 
horizontal table. A string fastened to the vertex and the other extremity of 
the longest generator passes round a smooth pulley above the cone, so 
that all parts of the string except those in contact with the pulley are 
vertical. If the string become gradually contracted by dampness and tend 
to lift the cone, shew that the end of the shortest generator will remain 
on the table provided the diameter of the pulley be less than three times 
the semi-axis major of the elliptic base. 

Let ^OB be the major axis of the base, the centre : let VA be the 
longest generator, VB the shortest. Join VO, and take VG=iVO, G ia 
the CM. of the cone. Let C be the middle point of VA, Draw CK, 
GNj VM perpendicular to the plane. The forces acting on the cone are 
its weight W vertically downward^ ^^Biuions T, T of the string 

vertically upwards at F <' ^^k^if the plane on the baao. 

We may replace the Tfc 

Now the motif moe of the piano 
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being a passive force only resists motion. It is obvious then that the 



T 




Fig 82 

cone will tend to turn about A or B according as C is right or left of G, 
i.e. according as AK is > or < AN, 
i.e. „ iAM ia :> OT <: AO + iOMt 

i.e. „ iAMia> 01 < AO + i{AM-AO), 

i.e. „ AMia > or < 3 AO. 



j> 



EXAMPLES. 

1. ABC is a triangle, D, E, F are the middle points of its sides, 
shew that the centre of gravity of the perimeter of ABC coincides with 
the centre of the circle inscribed in DBF. 

2. ABCD is any plane quadrilateral figure, and a,h, c, d are respect- 
ively the centres of gravity of the triangles BCD, CD A, DAB, ABC; 
shew that the quadrilateral abed is similar to ABCD, 
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3. Prove that the centre of gravity of a wedge, bounded by two simi- 
lar, equalj and parallel triangular faces and three rectangular faces, coin- 
cides with that of six equal particles placed at its angular points. 

4. A thin uniform wire is bent into the form of a triangle ABC^ and 
heavy particles of weight F, Q^ R are placed at the angular points : prove 
that if the centre of mass of the particles coincides with that of the wire 

P : Q : R=h + c :c + a',a+h. 

5. The perpendiculars from the angles A, B, C meet the sides of a 
triangle in P, Qj Jl : prove that the centre of gravity of six particles pro- 
portional respectively to sin^^l, sin^P, sin'C, cos'-4, cos^P, cos^C, placed 
at -4, P, C, P, Q, P, coincides with that of the triangle PQR. 

G. A plane quadrilateral ABCD is bisected by the diagonal AC^ and 
the other diagonal divides AC into two parts in the ratio p : q; shew 
that the centre of gravity of the quadrilateral lies in ^C and divides it 
into two parts in the ratio 2p + q : p + 2q, 

7. A heavy elliptical ring, whose eccentricity is ^, is suspended with 
its plane horizontal by three vertical strings, one of which is attached to 
the end of the minor axis, one to the end of the major axis, and one to 
the end of a latus rectum. Prove that the tensions respectively are J, 
^, and ^ of the weight of the ring. 

8. A triangular table is supported by three legs at the middle points 
of its sides. A given weight is placed upon it in any position. If weights 
P, Q, P placed in succession at its angular points will just upset it, prove 
that P+ Q + P is constant. 

9. A uniform wire is bent into the form of a circular arc and its 
two bounding radii, the arc being greater than a semicircle. Shew that 
if the acute angle between these bounding radii be tan~^ |-, the centre of 
gravity of the whole wire is at the centre. 

10. A triangular lamina is supported at its three angular points and 
a weight equal to that of the triangle is placed upon it ; find the position 
of the weight if the pressures on the points of support are proportional 
to Aa + b + c, a-\-^b + Cf a + h + ^Ct where a, &, c are the lengths of the sides 
of the triangle. 

11. Particles are placed at the corners of a tetrahedron respectively 
proportional to the opposite faces: prove that their centre of grayity' 
is at the centre of the sphere inscribed in the tetrahedron. 
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12. A BCD is a quadrilateral whose diagonals intersect in 0. Parallel 
forces act at the middle points of ABy BCy CDy DA respectively propor- 
tional to the areas AOBy BOCj COD^ DO A. Prove that the centre of 
parallel forces is at the fourth angular point of the parallelogram de- 
Fcribed on OE, OF as adjacent sides, where Ej F are the middle pointJ 
of the diagonals of the quadrilateral. 

13. A solid, consisting of a hemisphere and a right circular cone on 
opposite sides of the same circular base, is in equilibrium, when placed 
with any point of the hemisphere on a horizontal plane. If the whole 
solid can just be included in the sphere of which the hemisphere in 
question is half , prove that the density of the cone is three times that 
of the hemisphere. 

14. If three uniform rods of the same material but of different thick- 
nesses be formed into a triangle ABd and if their centre of gravity be 
at the orthocentre of this triangle, prove that their thicknesses must be 
proportional to 

cos(B-C)-3cos J, cos(C-^)-3cosB, cos (J — B) - 3 cos (7. 

15. The comers of a pyramid are cut off by planes parallel to the 
opposite sides : if the pieces cut off be of equal weight, prove that the 
centre of gravity of the remainder will coincide with that of the pyramid. 

16. Two uniform heavy rods, AB, BC, rigidly united at B, are hung 
up by the end A ; shew that BO will be horizontal if 

sin C= J^ . sin 45. 

17. A uniform triangular lamina of weight W is suspended from a 
fixed point by means of strings attached to its angular points: shew 
that, unless its plane be vertical, the tensions of the strings are 

TT. ?! 

and similar expressions ; l^^ 2^, Z3 being the lengths of the strings, and 
a, 6, c the sides of the triangle. 

18. Find the centre of gravity of a solid sector of a sphere, in which 
the density at any point varies as the cube of its distance from the centre. 

19. A heavy body with a cavity in which lies a small loose heavy 
sphere, is suspended from a fixed point : shew that, if it hang in- 
differently in all positions, the form of the cavity must be spherical. 
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20. Find the centre of mass of the segment of a spheroid cut off by 
a plane perpendicular to the axis. 

21. Shew how to determine the position of the centre of gravity of 
the area contained between two concentric, similar, and similarly situated 
ellipses and two straight lines drawn from the common centre. 

22. If from a triangle ABC three equal triangles ARQ, BPR, CQP 
be cut off, the centres of inertia of the triangles ABC, PQB will be 
coincident. 

23. Out of a uniform circular disc, radius a, are cut two circular 
holes, radii b and c, and centres at distances j3, y from that of the disc, 
and distance 5 from one another. Find where to cut the hole of radios 

iJbCf SO that the centre of mass of the remainder may be the centre of 
the disc : if the distance of the centre of this hole from that of the diso 
be r, shew that 

r2 + 52 = (Z>2 + c2) {^/c2 + 72/2,2). 

24. A rectangular sheet of stifl paper, whose length is to its breadth 

as ij2 is to 1, lies on a horizontal table with its longer sides perpendicular 
to the edge and projecting over it. The comers on the table are then 
doubled over symmetrically so that the creases pass through the middle 
point of the side joining the corners and make angles of 45^ with it. 
The paper is then on the point of falling over; shew that it had originally 
If of its length on the table. 

25. ABC is a triangle ; APD, BPE, CPF the perpendiculars from it 
on opposite sides. Prove that the resultant of six equal parallel forces, 
acting at the middle points of the sides of the triangle and of lines PJ, 
PBj PC, passes through the centre of the circle which goes through all 
of these middle points. 

26. The inscribed circle of a triangle ABC touches the sides in D, E, 
F. Prove that the centre of gravity of weights proportional to BC, CA, 
AB, placed at Aj B, C respectively, coincides with the centre of gamty 
of the same weights placed at D, E, F respectively, 

27. Find the centre of gravity of that part of the circmnscribing circle 
of a triangle which lies outside the nine-points circle ; and shew that its 
distance from the centre of the circumscribing circle is half that of the 
centre of gravity of the triangle. 
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28. Af Bt Cj D, Ef F are six equal particles at the angles of any 
plane hexagon, and a, 6, c, d, «, / are the centres of gravity respectively 
of ABC, BCD, CDEf DEF, EFA, and FAB, Shew that the opposite 
sides and angles of the hexagon abcdef are equal, and that the lines 
joining opposite angles pass through one point which is the centre of 
gravity of the particles A, B, C, Dj E, F. 

29. Find the centre of mass of a solid hemisphere whose density 
varies inversely as the distance from the centre. 

30. A circle whose diameter is equal to the latus rectum of a parabola 
has double contact with it. Find the position of the centre of mass of 
the area bounded by the two curves. 

r 

31. A triangular lamina ABC hangs at rest from the point A: if 
AB=Cy AC=b, and S represent the area of the lamina, prove that the 
tangent of the inclination of PC to the vertical is equal to 45/(6' ~ c'). 

32. A smooth solid hemisphere rests with its flat base against a 
vertical wall and is supported by a string, one end of which is fastened 
to the vertex of the hemisphere and the other to a point in the wall. 
Prove that the inclination of the string to the vertical exceeds 

tan-Mfl). 

33. Find the centre of gravity of the surface of the octant of a 
sphere. 

34. In the side BC of a triangle ABC a point E is taken such that 
CE = 4:CB sin2 IS^; AE is produced to D so that ED = iAE cosec IS^, 
and DC is joined. Prove that E is the centre of mass of the figure 
ABEDCA. 

35. If the opposite edges of a tetrahedron are equal, prove that the 
centre of gravity of its six edges and the centre of gravity of its four 
faces both coincide with the centre of gravity of its volume. 

36. If Ay Bf C be three fixed points, and P any point on a circle 
whose centre is 0, shew that 

AP^.aBOC+BF^. a C0/( + CP2. a ^ OB = constant. 

37. From an external point an enveloping cone is drawn to a sphere: 
prove that the centre of gravity of a uniform solid bounded by the sphere 
and cone is at a distance AN'^j^CN from the centre of the sphere, where 
CA is the radius of the sphere from the centre C drawn towards the 
outer point and cutting the plane of contact in N, 
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38. The centre of gravity of a solid hexahedron whose faces kre 
triangles is the same as that of five equal weights placed at the comers, ' 
and of an equal negative weight placed at the point where the line 
forming the two trihedral angles cuts the plane of the other three 
angles. 

39. A pack of cards is laid on a table and each projects in direction 
of the length of the pack beyond the one below it : if each is on the point 
of tumbling independently of those below it, prove that the distance 
between the extremities of successive cards will form a harmonical pro- 
gression. 

40. Prove that the sum of the squares of the sides of the triangle, 
formed by joining the feet of the perpendiculars let fall from a point 
inside a given triangle on the sides, has its least possible value, when 
the point is the centre of mass of three particles, at the angles of the 
given triangle, whose masses are proportional to the squares of the 
opposite sides. 

41. A uniform circular disc of weight nW has a heavy particle of 
weight W attached to a point on its rim. If the disc be suspended from 
a point A on its rim, B is the lowest point : and if suspended from £, 
A is the lowest point. Shew that the angle subtended by AB at the 

centre is 2 sec~^ 2{n + 1). 

42. A thin shell is bounded by two similar surfaces; any closed 
curve being drawn on the surface, prove that the centre of inertia of the 
included portion of the shell, and the centre of inertia of the solid 
formed by drawing lines to the boundary from the centre of similitude, 
are in a line with the centre of similitude and at distances from it which 
are in the ratio 4:3. 

43. A frustum is cut from a right cone by a plane bisecting the axis 
and parallel to the base. Shew that it will rest with its slant side on a 
horizontal table if the height of the cone bear to the diameter of the 
base a greater ratio than ^7 : ^/IT. 

44. Four weights are placed at four fixed points in space, the smn 
of two of the weights being given and also the sum of the other two; 
prove that their centre of mass lies on a fixed plane, and within a 
certain parallelogram in that plane. 



CENTRES OF MASS. 161 

45. A sphere, radius r, rests on three points at equal distances a 
apart on a horizontal plane. If one of these points be depressed so that 
the plane containing the three is inclined at an angle 6 to the horizon, the 

sphere will roll off if 6 exceed sin~^(a/r<y3), but if the point be raised the 

sphere will roll off if 6 exceed sin~i{a/(^3 {ir^ - a^) }. 

46. A hemispherical bowl of radius r rests on a smooth horizontal 
table, and partly inside it rests a rod of length 2Z, of weight equal that 
of the bowl. Shew that the position of equilibrium is given by 

Z sin (a+^=r sin a= -2rcos(a + 2j8), 

where a is the inclination of the base of the hemisphere to the horizon^ 
and 2/3 is the angle subtended at the centre by the part of the rod within 
the bowl. 

47. Two equal segments are cut from a hollow sphere, and are hung 
up from a point by two equal strings attached to their rims, so that 
their convexities are outwards. Prove that, if the lengths of the strings 
be equal to the diameter of either rim, they are inclined to each other 
at an angle =2 tan~^ (^ tan ^a), where 2a is the angle subtended by either 
segment at the centre of the sphere. 

48. A cone of vertical angle 2a is supported by a string passing over 
two smooth puUies in the same horizontal line, the string being attached 
to the vertex and to a point in the circumference of the base. Prove 
that in the position of equilibrium sin(a + ^ + 0) = §cosasin^cos0, 
where 6 is the inclination of either portion of the string to the horizon, 
and (/> is the angle the base of the cone makes with the vertical. 

49. The top of a right cone, semi-vertical angle o, cut off by a plane 
making an angle )3 with the axis, is placed on a perfectly rough inclined 
plane with the major axis of the base along a line of greatest slope of 
the plane; in this position the cone is on the point of toppling over: 
prove that the tangent of the inclination of the plane to the horizon 
has one of the values 

4 sin 2a =t sin 2/3 
cos 2a -cos 2/3 

50. A ring is made up of three arcs, BC^CA, AB, of uniform section, 
but of different metals: uniform rods OA, OB, OC, made of the same 
metals as BC, CA , AB respectively, but with sectional area double that of 
the arcs, connect the points A, B, C with the centre 0. Find the angles 

G. 11 
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a, /3, 7 which BCy CA, AB subtend at 0, in order that the centre of 
gravity of the whole may be at O, and shew that, if w^, ta^ <a^ be the 
weights per unit length of BC, CA, and AB respectively, 

(wi - Wg) tan Ja tan J]8 + (ca^ - W3) tan Jj8 tan Jy + (wj - Wg) tan J 7 tan Ja = 0. 

51. Find the centre of mass of a spherical surface, over which the 
density at any point varies as the nth power of the distance from a fixed 
point on the surface. 

52. A solid of uniform density formed by the revolution of a quadrant 
of a circle about a tangent at one extremity is placed with its vertex and 
one point in the rim of the base resting on a horizontal plane. Prove that 
the pressure on the table at the last of these two points is one-eighth of 
the weight of the right circular cone of the same height, base and density. 



CHAPTER V. 



Friction. 



105. We have hitherto supposed, that the action 
exerted by one surfece in contact with another is neces- 
sarily along the common normal at the point of contact, in 
other words that the surfaces are perfectly smooth. We 
have however no experience of bodies except such as do, 
in certain cases, exert on other bodies forces inclined to 
the common normal at the point of contact, in other words 
all bodies we are acquainted with are more or less rough. 

Suppose the following experiment to be made. Take a 
mass of some material having a plane surface, and fix it so 
that this surface is horizontal : on it place a portion of 
some solid material. Now it will be found that, whatever 
be the materials used, and however highly their surfaces 
in contact may be polished and lubricated, it is always 
possible to turn the horizontal surface through a finite 
angle without the upper body slipping, though it may 
topple over. 

Let W be the weight of the upper body, a the inclina- 
tion to the horizon of the plane on which it rests: then 
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resolving Trinto TTcosa perpendicular to the plane and 
Wsln a along the plane, we infer that as Wis counteracted 
by the action of the plane on the body, this action must 
consist of two components R (= TTcosa) along the common 
normal, and ^ ( = W sin a) along the plane. The latter 
force is called the friction. We see also that F/R = tan a. 
When the body is just about to slide the friction exerted 
is said to be the limiting friction. 

106. The laws relating to statical friction are : 

(i) Friction always acts in the direction opposite to that, 
in which the point of the surface acted upon, would move, 
relatively to the other surface, if there were no friction. 

(ii) Tlie magnitude is always the least possible required 
for preserving equilibrium, provided this amount does not 
exceed the limiting friction. 

These laws are axiomatic and are particular cases of 
the general axiom that a Passive force, being entirely 
due to the tendency to motion caused by Active forceSy oftdy 
resists such tendency : its direction therefore is always 
directly opposite to the motion resisted and its magnitude 
never exceeds the minimum required for preserving equi* 
librium, and is if possible equal to this minimum. 

107. Let us now make another experiment. A» before 
take a plane surface of some material or other, and on it 
place blocks of diflferent weights, shapes and sizes, but all 
made of the same material. If now the plane be gradually 
inclined in any direction more and more to the horizon, it 
will be found that each and every block, no matter what 
face it has in contact with the plane, begins to slide as 
soon as a certain inclination of the plane to the horizon is 
exceeded, but not before ; also, that when it does slide, the 
increase per second in its velocity is constant. This angle 
though constant for the same pair of materials varies con- 
siderably for different pairs. Any block may topple ever 
before the others slide. 
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Let us see what inferences can be drawn from this 
experiment. 

Let a be the inclination of the plane to the horizon, 
when all the blocks are just about to slide : the friction 
exerted is in each case limiting, and since FJR = tan a, 
(Art. 105), the ratio of the limiting friction to the normal 
pressure is the same for all the blocks. Also since the 
weights and therefore the normal pressures differ, this 
ratio is independent of the normal pressure. Since a is 
the same whatever face of a block rests on the plane, the 
ratio F:R is independent of the area of the surfaces in 
contact. Since the increase per second in the velocity of 
a block is constant, the force on it is constant, i.e. the 
friction is independent of the velocity. 

The above experiment confirms the so-called Laws of 
limiting and dynamical friction. 

These laws are 

(i) So long a^ the substances in contact are unaltered, 
the ratio of the limiting or dynamical friction to the normal 
pressure is independent of the magnitude of the latter. 

(ii) So long as the substances in contact are unaltered, 
the fnction is independent of the area of the surfaces in 
contact 

(iii) When motion takes place, the dynamical friction 
is independent of the relative velocity of the points in contact, 

108. These laws must not be regarded as rigorously true in all cir- 
cumstances, but only as more or less approximate expressions of the 
results obtained from the experiments of Coulomb and Morin, who enun- 
ciated them. More recent investigations would seem to shew, that in 
certain circumstances they are very far indeed from expressing the 
amount of friction exerted. 

According to a report, read before the Institution of Mechanical En- 
gineers by Captain Douglas Galton, on experiments made by him on the 
application of brakes to locomotive- wheels, the friction diminishes as the 
velocity increases beyond a certain limit, and is also less after it has been 
exerted for some time than when first applied. In the experiments of 
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Morin and Galton tlie surfaces in contact were not lubricated in any 
-way. Before the same Institution in 1883, Mr Beauchamp Tower read a 
report on some experiments made by himself on a thoroughly lubricated 
journal revolving in bearings. These experiments shewed that in certain 
circumstances the friction per square inch was nearly independent of the 
normal pressure and that it increased with the velocity of reyolution. 
A rise in temperature was accompanied by a reduction in the friction, 
though this might be caused by the lubricant becoming more efficient. 
Professor Thurston states that from his own experiments, he inferred 
that the friction at first diminished as the velocity increased and then 
increased again. 

As however we are only concerned with statical friction we may taike 
laws (i) and (ii) as giving fairly accurately the friction in the cases which 
we shall have to consider. 

109. Bef. The ratio of the limiting friction to the 
normal pressure, which ratio we see by laws (i) and (ii) is 
constant, is called the coefficient of friction for the pair of 
materials in contact. The angle the total action makes 
with the common normal at the point of contact is termed 
the angle of friction, provided the limiting friction is 
exerted. 

Hence (Art. 105) the coefficient of friction is equal to 
the tangent of the angle of friction. 

The coefficient of dynamical friction is the ratio of the 
friction to the normal pressure when motion is actually 
taking place. It is found by experiment to be less than 
the corresponding coefficient of statical friction, in other 
words, there is more resistance when motion is just about 
to take place than when it is actually taking place. 

Ex. 1. If the smallest force which will move a given hlock weig^liing 
3 lbs. along a given horizontal plane be ^3 lbs. ; find the greatest angle 
at which the plane may be inclined to the horizon without the blodk 
sliding. An$, 80*. 

Ex. 2. If a weight of 14 lbs., when placed on a rough plane inclined 
at an angle of GO^ to the horizon, slides down, unless a force of at least 
7 lbs. acts on it up the plane, what is the coefficient of friction? Ans, *78» 
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Ex. 3. If a weight of 4 lbs. is just on the point of slipping down a 
rough plane, inclined at an angle of 45^ to the horizon, when a force of 
2 lbs. acts up the plane, find the least force which will move the weight 
up the plane, when the inclination is 30^ to the horizon. ^ns. 3*01 lbs. 

Ex. 4. Weights of 4 and 6 lbs. respectively, connected by a light rigid 
rod, are placed on a rough inclined plane, with the rod parallel to a line 
of greatest slope. If the coefficient of friction between the 4 lb. weight 
and the plane be '6 and that between the other weight and the plane *42, 
find the greatest inclination of the plane to the horizon, consistent with 
equilibrium. Ans, tan~^ '5. 

Ex. 5. Find the greatest angle at which a plane may be inclined to 
the horizon so that three equal weights whose coefficients of friction are 
•5, '6, '7, respectively, may when connected by strings rest on it without 
sliding. The weights are supposed placed along a line of greatest slope 
so that each is rougher than the one next below it. Am» tan-^ "6. 

Ex. 6. A uniform ladder rests in limiting equilibrium, with its lower 
end in contact with a rough horizontal plane and its upper end with a 
smooth vertical wall. If X be the angle of friction and a the angle the 
ladder makes with the vertical, prove that tan a=2tanX. 

Ex. 7. If everything is as in Ex. 6, except that the wall is as rough 
as the ground, prove that a = 2X. 

Ex. 8. Two equal heavy rings, P and Q, slide on two rough rods 
inclined at the same angle a to the horizon : a string connecting P and Q 
passes through an equal ring. Shew that if P and Q are each on the 
point of slipping down, the inclination (6) of either part of the string to 
the vertical is given by the equation 

tan ^ = 3 tan (a -X), 

where X is the angle of friction. 

Ex. 9. A body is resting on a rough inclined plane of inclination a, 
the angle of friction being <f> which is greater than a. Shew that the 
ratio of the least force which will drag the body up the plane to the least 
force which will drag it down is sin (0 + a) : sin (0 - a). 

Ex. 10. One end of a uniform rod is on a rough inclined plane to 
which the rod is perpendicular : at the other end is applied a force parallel 
to the plane : if the rod be in equilibrium, prove that the coefficient of 
friction cannot be less than half the tangent of the plane's inclination. 
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Ex. 11. Two equal rough balls lie in contact on a rough horizontal 
table : another equal ball is placed on them so that the centres are in a 
vertical plane : find the least angle of friction (1) between the upper and 
lower balls and (2) between the lower balls and the table, in order that 
they may be in equilibrium. ^ns. (1) 15\ (2) tanri 1(2 - ^3). 

Ex. 12. A rectangular block of cast iron whose base is 2 feet square 
and weight 10 tons, rests on a floor of cast iron (coefficient of friction '16). 
A rope is attached to it at such a height above the floor, and pulled with 
such a force in a direction making an angle measured upwards of 80*^ 
with the floor, that the block is on the point of sliding and tumbling : 
And (1) the height of the point to which the rope is attached and (2) the 
tension of the rope. 

Ana, (1) 6-83 ft., (2) 1-68 tons. 

Ex. 13. Two weights resting on a rough inclined plane, whose 
inclination a is greater than the angle of friction X, are connected by 
a string which passes over a smooth peg on the plane : shew that the 
least possible ratio of the less to the greater is sin (a~X)/sin (a+X). 

Ex. 14. Two equal heavy rings hang on a rough horizontal rod, 
and are connected by a string of length c which supports an equal ring : 
And the greatest possible distance between the first two rings. 

An8.3ficl{l + 0pfl)i, 

110. Def, Let a cone be described, having its ver- 
tex at the point of contact of two surfaces, the common 
normal for axis, and the angle of friction as semi-vertical 
angle. This cone is called the Cone of Friction, 

The Laws of statical friction, given in Arts. lOG, 107, 
are all included in the following statement. If all the 
other forces, external and internal, acting on the point of 
contact be compounded into a single resultant R, the action 
of the surface in contact will be equal and opposite to R, 
whatever be the latter s magnitude or direction, provided 
its line of action does not lie without the cone of friction. 

Hence a body in contact with rough surfaces will be 
in equilibrium, provided that to ensure its being so, it is 
not necessary to assume that the total action at any point 
of contact lies outside the corresponding cone of friction. 
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It should be noticed that the cone of friction is always 
drawn so that its concavity is towards the body, the action 
on which we are considering. 

111.* To find the relation between the tensions at the 
ends of a light string stretched over a rough surface^ and 
on the point of slipping. 

Let APQRZhe the string, which is on the point of 
slipping from Z to A, Let the points A, B,,.,P, Q, 




It,,..Y, Z be taken so that the ultimately indefinitely 
small angles between the tangents at consecutive points 
are each equal to 6. Let X be the angle of friction, /jl the 
coefficient of friction. 

Let us consider a small portion, PQ, of the string. 
It is kept in equilibrium by the tensions at P and Q 
and the resultant action of the surface. 

As in Art. 81, construct a force-diagram Oah.,.pqr,,,yz, 
such that Oa, Ob,... Op, Oq, Or,...Oy, Oz represent the 
tensions at A, B,...P, Q, R,...Yy Z respectively. Join 
abf bc,...pqy qr,,..yz. These last will represent the re- 
sultant actions of the surface on AB, BC,...PQy QR,..,ZT 
respectively. 
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As the portion PQ is on the point of slipping from 
Q to P, the resultant action on it makes with the normal 
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at either P or Q an angle dififering from X by an in- 
definitely small quantity, and on that side of the normal 
by which it will most assist the tension at Q. Hence in 
each of the triangles Oab, Opq^ &c. the angles at are 
equal, and the angles Oat, Opq, &c. are each equal to 
Jtt — \ ultimately ; the triangles therefore are all similar 
to one another. 

Let n be the infinitely large number of portions ABy 
BC, &c. of the string : then nO = o, finite angle, a say. 

Then Oa = Ob S^^O^ , 

cosX 



^ ^ COS \ 



•^ cos\ 



.-. Oa=0^f^^^^^^-^y=0^(cos^ + sin^tanX)-: 
V cos\ / ^ ^ * 



n 



'. log Oa = log Oz+- log (1 — sin' 0) + n log {l+fi tan 0) 
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= log 0-^ - i (w sin' (9 + |sin*^ + &c.) 

^ u^n tan'* 6 « 
+ ^n tan — ^- — ^ h <kc. 

But ?i sin' ^ = a . — ^ — = ultimately, 

. ^^ sin*^ 

71 sin* d = a, — TT— =0 

u 

^ tan ^ 

71 tan 6 = 0. . — -T— = a 

u 

n tan' ^ = a tan ^ = 

and each series is convergent, 

/. log Oa = log 0^ + /Lta ultimately; 

/. Oa = Oz. €'*'* ; 

/. tension at J. = e"** . tension at Z, 

If the string be in one plane, the curve abcd,,,z will 
be a plane one, and as the tangent at every point makes 
a constant angle with the line joining the point with 0, 
the curve is an equiangular spiral. The ratio of Oa to 
Oz might therefore be obtained from the known properties 
of that curve. 

If the string be not in one plane, the curve abc... 
will not be a plane one; it can however be made 8o, 
without altering the distance of any point from 0, by 
turning each of the triangles Oab, Obc, &c. about a 
side terminating in 0, until they are all in one plane, 
when the curve becomes an equiangular spiral, and the 
ratio of Oa to Oz can be obtained as suggested above. 

Ex. A string, attached to a weight of 10 lbs. which rests on a rough 
horizontal plane, passes over a rough peg, and just supports a weight of 
5 lbs. at the other end : whereas if the string be coiled once round the 
peg, a weight of 80 lbs. can be supported by it without the other weight 
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slipping. Find the coefBcicnt of friction of the plane, assuming that the 
X)osition of the string between the 10 lb. weight and the peg is hori- 
zontal. Ans, *25. 

112.* We shall sometimes be required to solve problems 
of the following kind. A system of bodies is in equilibrium 
imder certain conditions ; a gradual change occurs in one 
or more of these conditions — e.g. the coefficient of friction 
at one or more points of contact of the bodies is gradually 
diminished, some external force is gradually altered in 
magnitude or direction, or the position of one of the bodies 
is gradually altered. When this gradual change reaches 
a certain stage equilibrium is no longer possible, and it 
is required to ascertain the way in which equilibrium is 
broken, in other words, the nature of the initial motion of 
the different bodies. The actual way in which equilibrium 
is broken must satisfy the following conditions. The 
various forces acting on the different bodies, when such 
a motion is about to take place, must be able to adapt 
themselves so as to satisfy the necessary conditions of 
equilibrium, without in any way violating the laws re- 
lating to passive forces: they must also be incapable of 
satisfying the necessary conditions of equilibrium, if the 
change in the initial conditions increase still further. 

We shall generally proceed by considering the different 
ways in which it is conceivable equilibrium might be 
broken, without violating the geometrical conditions. If 
only one of these satisfies the above conditions, it is the 
way required; if more than one satisfy it, it is beyond the 
limits of this treatise to obtain a solution of the problem. 

The following rule will often enable us to solve such 
problems. If it is inconceivable that equilibrium can be 
broken, except by one of the bodies either turning about or 
sliding past a point of contact with another body, the 
former motion will actually take place, provided it does not 
involve the assumption that the total action at the point in 
question lies outside the cone of friction. 
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This rule is a deduction from the axiomatic law re- 
lating to passive forces (Art. 106). For if we suppose the 
body connected with the other body at the point of con- 
tact by a smooth joint, it can only turn about that point. 
If now motion be on the point of taking place, the first 
body will be about to turn about the joint, which will 
exert some action on it. If this action does not necessarily 
lie outside the cone of friction, it could be exerted at the 
point of contact if no joint existed, i.e. the motion is the 
same without the joint as with. On the other hand^ if 
the action at the joint be outside the cone of friction, 
it could not be exerted unless the joint existed, i.e. equili- 
brium is about to be broken by the body sliding past the 
point of contact in question. When it is necessary to 
assume that the action at the joint is exerted aloiig a 
generator of the friction-cone, the question cannot be 
solved by the above rule, as it shews that slipping is about 
to occur at the point at the same instant as rolling. 

Exs. 5, 6, 7, 9, 10 are illustrative of this principle and should be 
studied attentively. 



ILLUSTBATIVE EXAMPLES. 

Ex. 1. A uniform rod MN rests with its ends in two fixed straight 
grooves OA, OByin. the same vertical plane, and making angles a, ^ with 

H 




the horizon : prove that, when the end M is on the point of slipping 
down AOy the tangent of the inclination of MN to the horizon is 

sin (a - /3 - 2t) 
2sm03 + e) sin (a-e)' 
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Let & be the inclination of MN to the horizon, when. M is on the 
point of slipping down A 0. 

• Draw Mm J Nn, normals to 0-4, OB, respectively. Since the point M 
is on the point of moving down AO^ the limiting friction is exerted at M 
in the direction MA, and the direction of the total action of OA on the 
rod makes the angle e with Mm, on the side towards A, 

Similarly, because N is on the point of slipping up OB^ the total 
action of OB on the rod makes the angle e with Nn on the side to- 
wards 0. 

Let the lines of action of the forces on MN at M and N meet in H; 
then, (Art. 61), H is vertically above G, the middle point of the rod. 

Join HG, 

MG : GH=8m MHG : sin HMG = Bm (a - e) : sin (4ir + ^ - a + c) ; 

also NG : GH-smNHG : sin GNH^sin i^ + e) : sin (Jt- ^-/3 + e); 

.*. sin(o-e) :cos (a-e-^) = sin(j3 + c) :cos(/3 + c + ^). 

Hence we obtain tan ^= -- . ^^ ^ ^^ " -r— ,-1- — ^v • 

2 sm (o - e) sm (j3 + c) 

Ex. 2. A glass rod is balanced partly in and partly out of a cylindrical 
tumbler with the lower end resting against the vertical side of the tumbler. 
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If a and j3 are the greatest and least angles which the rod can make with 
the vertical, prove that the angle of friction, X, is 

-1 sin^ g - sin^ fi 

"* Bin-* a cos a + sin^ fi cos /3 

Let ^B be the rod, G its centre of mass. Let C be the point of the 
edge of the tumbler on which AB rests. Draw AD normal to the tumbler 
at A and CE perpendicular to the rod at C. 

(i) When AB makes the smallest possible angle with the vertical, and 
is therefore on the point of slipping into the tumbler. 

Since A is on the point of slipping down, the action there on J £ is 
in the direction AH^ which makes the angle X with AD on the side 
towards C, Similarly, the action at C on the rod is in the direction C/i, 
which makes the angle X with CJ5J, on the side away from A. 

Let KC and AH meet in If, which must therefore be vertically below G. 

Join Gil, Let a be the diameter of the tumbler, and let AG = c. 

AG : AH = Bin AHG : sin AGH =:coa X : sin /3, 

and AH : ^C=sin ACH : sin ^JfC7=cos X : sin (2X + /3) ; 

/. AG : AC=coa^ X : sin j3 sin (/3+2X), 

/. c : a cosec )3=cos^ X : sin ^ sin (j3 + 2X). 

(ii) When AB makes the greatest possible angle with the vertical and 
is therefore on the point of slipping out of the tumbler. 

By reasoning as before, we should have AH and CK on the sides of 
AD and CE respectively, opposite to those they were on in the first c&se, 
and we should arrive at the result obtained there, except that for ^ we 
must write a, and for X, - X. 

The result would therefore be 

c : a cosec a = cos' X : sin a sin (a - 2X) ; 
.*. eliminating c and a, we have 
Bin2 /9 sin (/3 + 2X) = sin' a sin (a -- 2X) ; 

sin^ a - sin^ /3 



tan 2X = 



sin^ a cos a + sin" /3 cos fi ' 



Ex. 3. A uniform rectangular board ABCD rests with the corner A 
against a rough vertical wall and its side BC on a smooth peg, the plane 
of the board being vertical and perpendicular to that of the wall. Shew 
that, without disturbing the equilibrium, the peg may be moved through a 
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spa<}e fi cos a (a cos a + & sin a) along the side with which it is in contact, 
provided /x do not exceed a certain value : a being the angle BC makes 
with the wall, and a, 6 the lengths of AB^ BC respectively. 

Let G be the intersection of diagonals, i.e. the centre of mass of the 
board. Let P be a position of the peg when there is equilibrium. 

The forces acting on the board are, its weight verticallj downwards 
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through G, the reaction of the peg through P and at right angles to BC, 
and the reaction of the wall through A, 

The necessary and sufficient condition of equilibrium is that these 
three forces should meet in a point, as the magnitudes of the reactions at 
P and A will adapt themselves to secure equilibrium^ if the above con- 
dition holds. 

Let the first two forces meet in A'; join AKy which is therefore the 
direction of the reaction of the wall. But AK is not a possible direction 
of the reaction at ^, if it makes with the normal to the wall an angle 
greater than tan~^ ix. 

Draw AE and AF making with the normal on either side of it the 
angle tan-^ /a, and meeting GK in E and P. Draw EM, FN perpendicular 
to BC. The condition of equilibrium is then that K should lie between 
E and F, i.e. that P should lie between M and N, We may therefore, 
without disturbing the equilibrium of the board, move the peg through 
the space MN along BC, 

And MN = EF cos a = 2/x cos a x horizontal distance of G from wall 

= )Lc cos a (a cos a + 6 sin o). 

We have assumed above that M and N are both between B and C : if 
either lies beyond B or C, as the peg cannot be moved off the board with- 
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out disturbing the equilibrium, it can only be moved along that part of 
MN which lies between B and C. It is obvious that if /i be greater than 
a certain value, either M or N will not lie between B and C. 

Ex. 4. If one cord of a sash window breaks, find the coefficient of 
friction of the sash in order that the other weight may still support the 
window. 

Let ABCD be the window, W its weight acting at G its centre of mass. 
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We assume that the window fits loosely in the sash, so tliat there will 
be contact at only one point on each side; these will be A and C 
respectively. 

The unbroken cord at B supplies a force ^W vertically upwards; the 
resultant of this and W is ^W vertically downwards at A. Hence in 
order that equilibrium may be possible, the action at G must be along 
CAj i.e. the coefficient of friction at G must be not less than iajiACD. 

Ex. 5.* A right circular cone, vertical angle 2a, rests with its base on 
a rough horizontal plane : a string is attached to the vertex and pulled in 




G. 
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a horizontal direction with a gradually increasing force : determine how 
the equilibrium will be broken. 

Let VAB be a vertical section of the cone containing the direction of 
the string. Let T be the tension of the string when equilibrium is about 
to be broken, and W the weight of the cone. 

The different ways in which it is conceivable equilibrium may be 
about to be broken are 

(1) the cone being lifted bodily from the plane, 

(2) the cone tilting, with one point of the base resting on the plane, 

(3) the cone sliding along the plane. 

(1) is impossible, as in that case the cone would be in equilibrium 
under the action of W and T. 

If (2) take place, the cone is in equilibrium under the action of W, T, 
nnd the reaction of the plane at the point of contact, which must there- 
fore be A; also the action at A must pass through F, Le. along AV. 
This is only possible when the angle A V makes with the vertical, i.e. a, is 
less than the angle of friction (X). If, therefore, a be <X, (2) takes place, 
(Art. 112) : if a be >X, (3) occurs. 

Ex. 6.* A heavy straight rod, whose sectional area varies as the 
distance from one end, rests on a rough horizontal plane. At the other 
end, perpendicularly to its length and in the horizontal plane, a force is 
applied of gradually increasing magnitude : prove that the rod begins to 
turn about its middle point. 

Let AB be the rod, I its length, B the end at which the force is 
applied. Let ^Si be the force at 2?, when motion is just about to take 
place. 

Let us investigate whether or no there is a xx}int in AB about which 
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the rod may be on the point of turning. If there is such a point, let C bo 
it, and let x be its distance from the end A. 
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The friction on any point of the rod between C and B acts in the. 
opposite direction to 5, and that on any point in CA in the same direc- 
tion as S. 

The friction on any small portion PQ is /* x weight of /*Q, and there- 
fore the total friction on J C is /i x weight of AC^ and acts at the c. m. of 
AC. Also the total friction on C£ is /a x weight of CB^ and acts at the 
c. M. of CB. 

By Art. 102, the weight of AC=kj?, and that of AB is <cZ*: also the 
distance from A of the c. m. oi AC is |x, that of the cm. of AB is |i. 
The weight of the remainder CB is therefore k (P - x^), and the distance 
of its c. M. from ^ is f (P - s?)l{P - a^). 

.-. taking moments about A for the equilibrium of the rod, we have 



f^{P-x^) .1^:-^,- fiKxKlx = Sl 



.(1). 



3 (P - .t2) 

Also resolving at right angles to the rod, we have 

fiK(P-a^-fjiKa?=S (2); 

.-. eliminating S from equations (1) and (2) 

2 (P - 2x3) = 3i (P - 2j;2) ; 

.-. 4x3-6Zx2 + P = 0. 

Since x=^l satisfies this equation, the rod must begin to turn about 
its middle point, as it will turn about it rather than slip there (Art. 112). 

Ex. 7.* A square lamina is supported in a horizontal position by means 
of four rough pegs on which its angles A, B^ C and D rest. A horizontal 
force is applied at C at right angles to ^C and gradually increased until 
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it moves the lamina. Shew that, if the pressures on the pegs be equal, 
the lamina will begin to torn about the angle A, 

12—2 
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We know (Art. 112) that the square will be on the point of tiuming 
about Ay provided that all the necessary equations of equilibriuni can be 
satisfied on such an assumption, without requiring the friction exerted 
at ^ to be the maximum. 

Let P be the applied force which will cause the lamina to be jost on 
the point of motion. Let be the point of intersection of the diagonals 
of the square. Let Q be the maximum friction that can be exerted at any 
of the comers of the square — then if rotation is about to take plaoe about 
A, the force at D will be Q along BC^ that at C, Q opposite to P, and 
that at By Q along CB, 

Taking moments about Ay we have 

P , AC=Q(AD + AC + AB)y 

.'.P=Q (1 + J2). 
The friction at A must be equal to the resultant of the other four 
forces, its magnitude is therefore 

^/{{P-Q - Qj^)^ + {hQ J^-iQ ^/2)2}. i.e. zero. 
A is the point therefore about which the square will begin to turn. 

Ex. 8. A heavy particle is placed on a rough inclined plane whose 
inclination is equal to the angle of friction : a thread is attached to the 
particle and passed through a hole in the plane which is lower than the 
particle, but not in the line of greatest slope : shew that if the thread be 
very slowly drawn through the hole the particle will describe a straight 
line and a semi-circle in succession. 

Let be the hole ; OA the horizontal line in the inclined plane 
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through 0. Let P be the particle, W the resolved part of its weight in 
the plane. The maximum friction that can be exerted on it is TF 
therefore. Let $ be the angle the string PO makes with a line of gxeatert 
slope. Let 4> be the angle the direction of motion at any instant^ and 
therefore the friction, makes with a line of greatest slope. Let T be the 
tension of the string. 
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(1) When P is above OA, 

The reserved parts of forces do^vn the line of greatest slope 

Those perpendicular to the same line= T sin &-W sin <f>. 

Since the particle is drawn very slowly ^ each of these forces must be 
indefinitely small. Therefore ^ and T are both indefinitely small. Hence 
the particle moves down a line of greatest slope, until it reaches A. 

(2) WhenPisat^. 

The forces now are W- W cos tp and T- TT sin 0, whence we infer 
that 0=0, i.e. the particle moves off initially at right angles to OA, 
The particle, however, cannot remain any longer in the same line of 
greatest slope, and since it must always be approaching O, it describes 
a curve, which has a line of greatest slope as tangent at -4, and which 
passes through 0. 

(3) When P is below OA. 
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In this case we deduce, as before, that 

W (1 -cos 0) - r cos ^=0, 

]Fsin0-Tsin^ = O. 

The solution T=O = is inadmissible here, since we know that the 
particle cannot continue to move down a line of greatest slope. 

■r^,. ... r^ -I 1 — COS0 . - 

Elimmatmg T, we have — -. — -^ =cot ^, 
^ sin 

.-. tan J0=cot^, 

Draw PB perpendicular to OP, meeting 0^ in P : describe a semi- 
circle through P, on OB as diameter. 

Let SP be the tangent at P to this circle. Then 

z SPM= L SPB+l BPM^T^ 2MP0 = <p. 
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Therefore the direction of motion at P is along the tangent to the 
circle, i.e. the next point to P in P's path is on the circle. Bimilarly 
the next consecutive point to that and so on. 

Hence the semi-circle is the particle's path, and as this is true always 
so long as P is helow OA^ the semi-circle must pass through A^ Le. A 
and B are coincident. 

Ex. 9.* A uniform heavy heam ^^ is placed with the end A npon a 
rough horizontal plane and a point C of its length touching a rough 
heavy sphere whose point of contact with the plane is D. Prove that if 
there is equilibrium the magnitude of the friction at each of the three 
points J, CiD will be the same. If the coefficient of friction be the same 
at each point, the point at which slipping is most likely to take place 
will be A or (7, according as A and D lie on the same or opposite sides of 
the vertical through B, 

lid be the centre of the sphere, G the middle point of the beam. 
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Considering the equilibrium of the sphere and beam togethiBr, sinoe 
the horizontal forces acting on them are the frictions at A and D respec- 
tively, they must be equal. 

Also from the equilibrium of the sphere, by taking moments about O, 
we deduce that the friction at C=that at D=that at A, 

Let us suppose that the sphere is slowly moved away from A, until 
equilibrium is about to be broken ; what will be the nature of the motion 
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\7l1ich is about to happen ? Of tho three forces acting on the sphere, 
two, the weight and the reaction at D act through D, therefore the third, 
the action at C, is along CD, and the action at D is within the angle 
CDO, Hence slipping cannot be about to occur at D, as then the angle 
CDO, and therefore the angle OCD^ would be greater than the angle of 
friction, which is impossible, as it is the angle the action at C makes 
with the normal. 

Let DC produced meet the vertical through G in If : join AH, AH 
is the direction of the action on ^^ at A, 

Hence either the angle AH makes with the vertical, or OCD must be 
the angle of friction, as slipping must occur at either A or C 

The slipping occurs at ^ or (7 

according as z AHG is > or <: z OCD, i.e. i ODC, i. e. z GHC^ 

according as G is nearer A or i>, 

according as A and B are on the same or opposite sides of the 
vertical through D. 

Ex. 10.* A block in the shape of a rectangular parallelepiped of 
weight W rests with one edge horizontal on a rough inclined plane ; 




against the block rests a rough sphere (W) whose radius is less than the 
thickness of the block. The inclination of the plane is gradually increased 
until equilibrium is no longer possible : shew that if the block tilt, the 
sphere will slide or roll along the plane according as the limiting inclina- 



/■ 
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tion (0) of the plane to the horizon is > or < Jir ; and shew also that if 
the block slide, the sphere will slide or roll according as X (the angle of 
friction) is > or < ^ir, and that in the last case, B is given by the equa- 
tion W sin (X - d) = W sin Q (cos X - sin X), X being supposed the same 
everywhere. 

Let be the centre of the sphere, A and B the points where it 
touches the plane and block respectively : C the point of the block nearest 
to A. Let the inclination of the plane {&) be such that equilibrium is 
just on the point of being broken. 

There are only two motions of the block conceivable, 

(1) turning about its lowest edge, 

(2) sliding down the plane. 

Whichever of these two ways the block moves, the sphere will cither 

(a) slip at B and roll at A^ or 

(j3) roll at B and slip at A. 

The actions at A and B on the sphere must meet in the vertical 
through O, in the point K say: join All^ BH^ these will be the directions 
of the respective reactions. 

As we have seen either (a) or (p) must occur, one of the angles OBH, 
OAH must equal X, and as the other angle must be less than X, it is the 
greater angle of the two that is equal to X. 

We shall prove that i OBII is > or < z OAII^ according as is 
< or >Jt. 

If ^is < ir, LAOIIis > iBOH, 

:. AH is > BII, 

and as JB = 0^, and OH is common to the two triangles OBU^ OH A, 

I OBH is > z OAIL 

Similarly it can be shewn that if ^ is > Jir, z OAH is > Z OBH, 

Hence whether (1) or (2) happen to the block the sphere will roll or 
slide at A^ according as ^ is < or > ^ir. 

If (2) and (j8) happen, ^=X, and X is therefore > ^ir. 

To find B when (2) and (a) happen. 

Let B be the normal reaction at B, then taking moments abont A tot 
the equilibrium of the sphere, 

TT'a sin ^=J2 (1 + tan X) a. 
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Besolving along the plane for the equilibrium of the block 

TFsin ^+i2=(TFcos ^ + i2 tan X) tan X. 

/. ^ (sin ^ - cos e tan X) (1 + tan X) = W sin (tan« X - 1), 

/. TT sin (X - ^) = W sin e (cos X - sin X). 

Since 6 cannot be greater than X, this equation shews that if X be 
> i"", (2) and (a) cannot happen. 



EXAMPLES. 

1. A body is supported on a rough inclined plane by a force acting 
along it. If the least magnitude of the force, when the plane is inclined 
at an angle a to the horizon, be equal to the greatest magnitude when the 
plane is inclined at an angle ^, shew that the angle of friction is J (a - /3). 

2. Two equal particles on two inclined planes are connected by a 
string which lies wholly in a vertical plane perpendicular to the line of 
junction of the planes, and passes over a smooth peg vertically above 
this line of junction. If, when the particles are on the point of motion, 
the portions of the string make equal angles with the vertical, shew that 
the difference between the inclinations of the planes must be twice the 
angle of friction. 

3. A uniform rod is resting on a rough inclined plane, and is moveable 
on the plane about one end which is fixed : shew that when it is about to 
slip it makes with the line of greatest slope the angle sin~' (/a cot a). 

4. Spheres whose weights are W^ W rest on different and differently 
inclined planes. The highest points of the spheres are connected by a 
horizontal string perpendicular to the common horizontal edge of the 
two planes above it. If ^i, ii the coefficients of friction are such that 
each sphere is on the point of slipping down, fiW=fi'W\ 

5. Two equal particles rest upon two equally rough inclined planes, 
being connected by a string passing over a smooth pulley at the common 
vertex, the vertical plane which contains the string being at right angles 
to each inclined plane. If the weight of one particle be increased by 
a certain amount the system is on the point of motion, and if instead the 
weight of the other particle be decreased by the same amount the system 
is again on the point of motion in the same direction as before. Prove 
that the difference of the inclinations of the two planes is double the 
angle of friction. 
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6. A lamina is suspended by three strings from a point: if the 
lamina be rough, and the coefficient of friction between it and a partide 
placed upon it be constant, shew that the boundary of possible ix>8itions 
of equilibrium of the particle on the lamina is a circle. 

7. A uniform heavy rod is in equilibrium in a rough spherical cap; 
and the length of the rod subtends a right angle at the centre of the 
sphere; find the greatest angle the rod can make with the horizon in 
terms of the angle of friction. 

8. Two fixed pegs are in a line inclined at a given angle a to the 
horizon. A rough thin rod rests on the higher and passes under the 
lower, the higher peg being lower than the centre of gravity of the rod. 
The distance of that point from the pegs being a and b respectively, 
shew that when the rod is on the point of motion (6 + a) ai= (6 - a) tan a. 

9. Prove that the direction of the least force required to draw a 
carriage is inclined at an angle to the ground, where asin0=&Bin^, 
a being the radius of the wheels, 5 of the axles, and tan ^ the coefficient 
of friction of the axles. 

10. A light string is placed over a rough vertical circle, and a nni- 
form heavy rod, whose length is equal to the diameter of the circle, has 
one end attached to each end of the string, and rests in a horizontal 
position. Find within what points on the rod a given mass may be placed, 
without disturbing the equilibrium of the system : and shew that the given 
mass may be placed anywhere on the. rod, provided the ratio of its weiight 
to that of the rod does not exceed ^ (e*^^ - 1), where fi is the coefficient 
of friction between the string and the circle. 

11 . Two particles of unequal mass are tied by fine inextensible strings 
to a third particle. They lie on a rough horizontal plane with the strings 
stretched at a given angle to each other. Find the magnitude and direc- 
tion of the least horizontal force which, applied to the third partide, will 
move all three. 

12. An equilateral triangle, of uniform material, rests with one end 
of its base on a rough horizontal plane and the other against a smooth 
vertical wall: shew that the least angle its base can make with the 

horizontal plane is given by the equation cot 0=2fi+^^, /i being the 
coefficient of friction. 

13. Two weights P, Q are connected by a string and rest one on 
each face of a double inclined plane, the string passing over the common 
vertex, which is smooth : at first P is about to slip downwards and whea 
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the weights are interchanged, it is found that P is still just abont to slip 
do¥mwards : shew that if X, X' are the angles of friction for the two 
planes and a, ^ the angles they respectively make with the horizon, then 

cos a cos V = cos /3 cos X. 

14. Two roogh spheres, the larger of which is fixed, rest on a rongh 
horizontal plane, and a nniform board rests symmetrically npon the top 
of them, its centre of gravity being midway between the points of con- 
tact: shew that, if tan X' and tan X be the coefficients of friction between 
the board and the larger and smaller spheres respectively, and motion be 
about to take place at both points of contact, tan (X' - X) = sin 2X. 

15. Two rings, each of weight ir, slide upon a vertical semi-ciroular 
wire, diameter horizontal and convexity upwards. They are connected 
by a light string of length 22 (supposed less than the diameter 2a) on 
which is slipped a ring of weight H'. Shew that when the two rings are 
as Car apart as possible, the angle 2a subtended by them at the centre 
is given by (Jr+2ir}'tan' (o + e) (P-a'sin'o) = IPci*sin'o, e being the 
angle of friction. 

IC. An isosceles triangular prism is placed with its edge horizontal 
and its base on a rough inclined plane, the inclination of which is 
gradually increased: shew that the prism will tumble or slide aoooiding 
as M is > or <:3c/2A. c is the base of a section perpendicular to the 
edge and A the height. 

17. Two hemispheres, of radii a and 6, have their bases fixed to a 
horizontal plane, and a plank rests symmetrically upon them. If /& be 
the coefficient of friction between the plank and either hemisphere, the 
other being smooth, prove that, when the plank is on the point of 
slipping, the distance of its centre from its point of contact with the 
smooth hemisphere is equal to (a ~ 6) //<. 

18. A disc in the shape of a sector of a circle lies on a roug^ table 
(tt) and is fastened at the centre by a peg. Shew that the least force 
applied along any tangent to the sector necessary to turn it round is to 
the weight of the disc as 2/ii : 3. 

19. A rod rests partly within and partly without a box in the shape 
of a rectangular parallelepiped, and presses with one end against the 
rough T»iical side of the box and rests in contact with the opposite 
smooth edge. The weight of the box being four times that of the rod, 
shew that if the zod be about to slip and the box about to tnmUe at the 
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same instant, the angle the rod makes with the vertical is 

JX + J cos~^ (^ cos X), 
where X is the angle of friction. 

20. Three equal heavy rough cylinders are placed in contact along 
generating lines, lying on a horizontal plane: and two other such 
cylinders are similarly placed upon them : find the frictions and reactions 
at the instant when the system is bordering on motion. 

21. A sphere (radius a) whose centre of gravity is distant c from its 
centre, rests in limiting equilibrium on a rough plane, which is inclined 
at an angle a to the horizon: shew that the sphere may be tamed 
through the angle 2 cos~^ (ajc cosec a) and still be in limiting eqailibriub. 

22. Assuming that the limiting friction consists of two parts, one 
proportional to the pressure, and the other to the surface in oontaot» 
shew that if the least force which can support a rectangular parallelepiped, 
whose edges are a, 5, and c on a given inclined plane be P, Q, R, when 
the faces in contact are &c, ca, ab respectively, then 

{Q-R)bc + {R-P)ac + (P-Q)ab=0. . 

23. A rough rod rests over a rough sphere, one end of the rod press- 
ing on a rough horizontal plane, on which the sphere rests. Shew that 
there will be limiting equilibrium for the whole system when the rod 
makes an angle 2X2 with the plane, if the weight of the sphere is to the 
weight of the rod in the ratio sin(X2-Xi) : sin(X2+Xi), where Xj is the 
angle of friction between the rod or sphere and the plane, and \ the 
angle of friction between the rod and sphere. 

24. A rectangular lamina rests in a vertical plane with the middle 
point of one side in contact with a rough peg, coefficient of friction 2, and 
a point in the opposite side in contact with a smooth peg. If the line 
joining the pegs make an angle a with the vertical, and the sides in contact 
with the pegs an angle ^, when the lamina is just about to slip, shew that 
tan (^ + a) = 1 - 2 tan 6, 

25. A uniform heavy rod PQ is in equilibrium with its ends on a 
rough parabola whose axis is vertical and vertex downwards : shew that 
the line joining the intersection of the tangents to the parabola at P, Q to 
the intersection of the normals makes with the vertical an angle not 
greater than the angle of friction. 
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26. A pair of equal rods AB^ AC are liinged together at A and have 
rings at B, C: these rings are free to slide along fine roogh straight wires 
0B\ OC in the same vertical plane equally inclined at an angle a to the 
vertical. Shew that if X be the angle of friction, in the limiting positions 
of equilibrium the angle between the rods is either 

2 tan-i 2 cot (a - X) or 2 tan-^ 2 cot (a + X). 

27. A right-angled isosceles triangular lamina rests with its base 
angles on the arc of a rough circular wire whose plane is vertical and 
radius equal to either of the equal sides of the triangle. If the equal 
sides be horizontal and vertical in the limiting position of equilibrium 

the coefficient of friction is J {ijn - 3}. 

28. Two uniform rods of equal weight, but different lengths, are 
jointed together and placed in a vertical plane over two rough pegs in 
the same horizontal line : if a, /3 be the inclinations of the rods to the 
horizon, d that of the reaction at the hinge, prove that when the rods 
are on the point of slipping, 2 tan^=cot (j3 + X)-cot (a-X), where X is 
the angle of friction. 

29. An ellipse is placed with its plane vertical and major axis hori- 
zontal so that one of its vertices A rests against a rough vertical wall. 
P is a point on the wall vertically above A, and a string of length 21 
which has its extremities fastened at the foci S, H passes through P. 
Find the least value of the coefficient of friction consistent with the 
equilibrium of the ellipse. 

30. A uniform ladder (length 2a) rests at an angle a to the vertical 
against a smooth horizontal rail at a height h from the ground. If X be 
the angle of friction, between the ground and the ladder, shew that a man 
of weight n times that of the ladder may ascend a distance along the 
ladder, {2 (n + 1) /* sin X sec (a - X) cosec 2a - a} / n, without the ladder 
slipping. 

31. A uniform beam AB lies horizontally upon two others at 

points A and C ; prove that the least horizontal force applied at P, in a 

direction perpendicular to BA which is able to move the beam^ is the less 

b-a tiW 

of the two forces fiW. and -■- , where -4P = 2a, AC=hy ir= weight 

2(1 — A 

of beam, and /i= coefficient of friction. 

32. A uniform rod of mass M rests in a horizontal position with its 
ends on the circumference of a rough vertical circle and subtends an angle 



190 STATICS. 

2a at the centre. An insect of mass m starts from the middle point of the 
rod and crawls gently towards one end. Prove that if the angle e of 
faction he less than 45^ it will be able to reach the end of the zod without 
disturbing the equilibrium provided sin 2£>m sin2a/(ilf +m). 

Examine the case when e>45^ 

33. A number of equally rough particles are knotted at intervals on 
a string, one end of which is fixed to a point on an inclined plane. Shew 
that, all the portions of the string being tight, the lowest particle is in 
its highest possible position when they are all in a straight line making 
an angle 8in~^ (tan X cot a) with the line of greatest slope, X being the angle 
of friction, and a the inclination of the plane to the horizon. Shew also 
that, if any portion of the string make this angle with the line of greatest 
slope, all the portions must do so too. 

34. A uniform rod, length 2a sin a, is placed within a rough vertioml 
circle, radius a, and is on the point of motion, the coefQcients of friction 
at its upper and lower ends are tan X', tan X : prove that if ^ be the in- 
clination to the vertical of the line joining the centre of the circle to the 

centre of the rod 

, . sin( X+V) 

tan = ^r ^T 777 -. 

2 cos (X + o) cos (X - a) 
Examine the case when a + X=^ir. 

35. One end of a heavy rod AB can sUdc along a rough horizontal 
rod AC io which it is attached by a ring ; B and C are joined by a- string : if 
ABC be a right angle when the rod is just on the point of slipping, and a 
the angle between AB and the vertical, shew that the coefficient of friction 

sin a cos a 



IS 



1 + cos^ a 



3G. A circular lamina, whose centre of gravity is at an ezcentrio 
point, rests in a vertical plane supported by the loop of a rough string 
which is attached to two fixed points. If the lamina be on the point of 
slipping and the radius containing its centre of gravity be inclined at 
right angles to the radius bisecting the portion of the string in contact 
with the circle, the angle of contact 0, is given by 

l + c'** . <t> a 

a being the radius of the circle and c the distance of its centre from its 
centre of gravity. 
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37. A rough circular disc of radius a lias its centre of gravity at a dis- 
tance h from the centre, and rests in a vertical plane on two pegs placed at 
a distance apart < 2 ^{a^ - h^) and > 26 in a horizontal line : shew that 
equilibrium is possible for all positions of the centre of gravity provided 
the angle of friction be not less than sin~^ ^h)' 

38. Two equal heavy rods AB^ BC, each of a length 2a, joined together 
at B, hang with AB resting on a rough peg P. If fi be the coefficient of 
friction, and 2a the angle between the rods, shew that AB will slip on 
the peg if PB<a cos a(cos a - /* sin o) or >a cos a (cos o +/t sin a). 

39. A uniform isosceles triangular lamina rests in a limiting position 
of equilibrium in a vertical plane between two rough pegs in the same 
horizontal line : prove that 3c cos X sin {20 + 2a- X) = 2^ sin 2a cos (^ + a), 
where d is the inclination of one side to the horizon, X the angle of friction, 
2a the vertical angle of the triangle, p the perpendicular from the vertex 
on the base, and c the distance between the pegs. 

40. Three rough particles of masses Tn^, wig, wig are rigidly connected 
by light smooth wires meeting in a point 0, such that the particles are at 
the vertices of an equilateral triangle whose centre is 0. The system is 
placed on an inclined plane of slope a, to which it is attached by a pivot 
through ; prove that it will rest in any position if the coefficient of 
friction for none of the particles be less than 

tan a , - _ ^ i 

j^l^-j^^^-j-^ (wiiH V + wis* - m^^ 

41. A cylindrical rod with hemispherical ends rests in a vertical 
plane against two equally rough planes, one horizontal, the other 
vertical : determine the limiting position of equilibrium, and shew that 
if the coefficient of friction be not less than the ratio of the length 
of the straight part of the rod to the total length, it will rest in any 
position. 

42. A uniform heavy rod of given length rests perpendicularly and 
horizontally across two rough parallel horizontal rails which support the 
rod at a quarter of its length from each end. One end of the rod is pulled 
perpendicularly by a string in a downward direction making an angle 
with the vertical : shew that the rod will move at both points of support 
at the same time when d=tan~^2/i; and in this case find the tension of 
the string. 



192 STATICS. 

43. To the ends of a heavy rod are attached rings which slide on the 
circumference of a rough vertical circle. Find the force perpendicular to 
its direction, acting at a given point of it which will just move the rod 
when in any position : and prove that for all positions it will be greatest 
when the rod is inclined to the horizon at an angle 

tan~^ (cot 2e + cos 2a cosec 2e), 

where 2a is the angle subtended by the rod at the centre and tan e the 
coefficient of friction. 

44. A straight uniform rod of length 2c is placed in a horizontal 
position as high as possible within a hollow rough sphere of radins a. 
Prove that the line joining the middle point of the rod to the centre of 
the sphere makes with the vertical an angle tan"*^ ixal,J{a? - c*). 

• 

45. A semi-circular arch, composed of an odd number of equal and 
similar smooth blocks, is constructed upon a rough horizontal plane : 
prove that the number of blocks must be 3: and that the coefficient 

of friction must be not <^mJ3. Also prove that the ratio of the internal 
to the external arch must not be > the positive root of the equation 

2 Js{x^ + x + l) + 'jr(2x^-x-S)=0. 

If the blocks, except the key stone, be rough, and if their number be 
n, greater than 3, prove that the angle of friction at the j>th joint from the 
base must be not <cot~^ {(^- 2jp) tan 7r/2M} -pirln, 

4G. Two particles of equal weight w connected by a rod without 
weight rest on a rough plane inclined to the horizontal at an angle a : the 
coefficient of friction p' tan a for one particle is less, and that for the other 
p tan a greater, than tan a. Prove that, when both are on the point of 
moving, if in the plane a triangle ABP be constructed whose sides AB^ 
BPt PA are 2, p', p, and O be the middle point of AB which is drawn in 
a line of greatest slope, then OP is the direction and OP . w sin a is the 
tension of the rod. 

47. An elliptical cylinder placed in contact with a vertical wall and 
a horizontal plane is just on the point of motion when its major axis is 
inclined at an angle a to the horizon. Determine the relation between the 
coefficients of friction of the wall and plane : and shew from your result 
that if the wall be smooth, and a be equal to 45®, the coefficient of 
friction between the plane and cylinder will be equal to i^, where e is the 
eccentricity of the transverse section of the cylinder. 
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48. Two eqnal spheres rest on a rough horizontal plane, the distance 
between their centres being c : and a third sphere rests on them : prove 
that the normal pressure between either sphere and the upper one is equal 
to half the weight of the upper sphere, and that the necessary and suffi- 
cient condition of equilibrium is a + b>ic cosec 2c, where e is the angle 
of friction, and a, b the radii of the spheres. 

If this condition is not fulfilled how will the lower spheres begin 
to move ? 

49. An elliptic lamina of eccentricity e rests upon a perfectly rough 
equal and similar lamina, the two bodies being symmetrically situated 
with respect to their common tangent at the point of contact. If a be 
the inclination of the major axis of the fixed elUpse to the horizon, and d 
be the inclination, measured in the same direction, of the major axis of 
the moving ellipse in a position of equilibrium, then 

sin J (^ + a)=e^ sin cos i(d-a), 

60. A chain is formed by 2« rods, equal in length and weight, 
smoothly jointed together. The two extremities can move by rings on a 
rough horizontal rod, coefficient /i. Shew that in the limiting position 
of equilibrium the inclination of either of the upper rods to the vertical is 

tan-i^ -. 

271-1 

51. A rough elliptic cylinder rests with its axis horizontal upon the 
ground and against a vertical wall, the ground and the wall being equally 
rough ; shew that the cylinder will be on the point of slipping when its 
major axis plane is inclined at an angle of \ir to the vertical if the 
eccentricity of its principal section be ,^y{2sin X (sin X -f cos X)}, where X is 
the angle of friction. 

52. An elliptic lamina moveable about its focus in a vertical plane 
rests against a smooth inclined plane, the major axis of the ellipse being 
horizontal. The lower surface of the plane is rough and rests just on the 
point of moving on a horizontal table. If a, 6 be the semi-axes of the 
ellipse, and p the perpendicular from the centre on the inclined plane, 
shew that the coefficient of friction is ^{ {p^ - b'^)l{a^ -p'^)]' 

53. A circular ring of weight W hangs in a vertical plane over a 
rough peg, and to the lowest point of the ring a string is fastened. It is 
kept always horizontal in the plane of the rmg, and its tension is 
gradually increased from zero. Prove that the ring will slip on the peg 

G. 13 
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when the tension of the string reaches the valae W tan ) { 8in~^ (8 sin e) ~* <} i 
e being the angle of friction ; and explain what happens if 8 dn e > 1. 

If the tension be still further increased to a given yalue T, find the 
position of equilibriam. 

54. A ring of diameter a is fixed with its plane making an angle a 

with the vertical, and a uniform rough cylinder is supported by being 

slipped through the ring: prove that the length of the cylinder must be 

not less than 

- cos(^±a-X) 
a cos ^ . . ' . V . ' , 
sm ($ ± a) sin \ 

where X is the angle of friction, and d is the inclination to the axis of the 
cylinder of a plane section whose major axis is equal to a. (The sign to 
ba taken in the above expression depends on whether the cylinder and 
ring make angles with the vertical on the same or opposite sides.) 

55. A cylinder is laid on a rough horizontal plane, and is in contact 
with a rough vertical wall, the coefficients of friction being equal ; a string, 
coiled round it at right angles to the axis, passes over a fixed pulley and 
sustains a weight which is gradually increased until equilibrium is broken. 
Determine the nature of the initial motion. 

56. Two uniform beams, of the same material and thickness but of 
different lengths, rest each with one end on a rough horizontal plane, and 
their other ends connected by a smooth joint. If equilibrium be about to 
be broken shew in what way it will happen. 

57. Two weights, P, Q, whose coefficients of friction are ftj, /i,, eaoih 
less than tan a, on a rough inclined plane of angle a, are connected by a 
string which passes through a fixed pulley A in the plane. Prove that if 
the angle PAQ be the greatest possible the squares of the weights of P, Q, 
are to one another aal-fi^^ cot^ a is to 1 - /i^* cot' a. 

58. A rough rod is laid on a horizontal table and is acted on by a 
horizontal force perpendicular to its length. Find about what point the 
rod will begin to turn, the point of application of the force tziseotiiig 
the rod. 

59. A cubical uniform block is placed on a rough inclined plane and 
has two of its faces vertical: it is attached by a string parali^ to a line 
of greatest slope of the plane passing from the middle point of its upper 
horizontal edge to the middle point of the nearest horizontal edge of 
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another equal similarly situated cube. If /a (less than unity) be the coeffi- 
cient of friction for the lower block, the equilibrium will be broken when 
the inclination of the plane to the horizon is given by 2/i=3 tan - 1, by 
the higher cube tumbling over, provided the friction coefficient for the 
higher block be great enough. 

GO. A heavy rod, of length 21, rests horizontally on the inside rough 
surface of a hollow circular cone, the axis of which is vertical and the 
vertex downwards. If 2a is the vertical angle of the cone, and if the 
coefficient of friction is less than cot a, prove that the greatest height of 
the rod, when in equilibrium, above the vertex of the cone is 

, . 1 1 + cos2 a + sin2 a J(sin« a + V)! I 

61. A cubical block, and a cylinder whose diameter is equal to a side 
of the cube, are laid upon a rough plane, and are attached to each other 
by a cord coiled round the middle of the cylinder, and fixed to the middle 
point of one of the edges of the cube which is parallel to the axis of the 
cylinder. If the plane be then slowly raised (the cube being uppermost) 
until equilibrium is broken, what will be the nature of the initial motion? 

G2. Two particles A and £ of weight W are connected by a thin 
weightless rod and placed on a rough inclined plane at an inclination to 
the line of greatest slope, the coefficient of friction for each particle being 
fi. A force F is applied to A the lower particle in the direction BA and 
its direction gradually turned through an angle in the plane. Find the 
nature of the initial motion of the system. If the particles be placed 
along a line of greatest slope, prove that both will slip when 

F^ + 4W^ sin a (sin a-jx cos a) 
cos^_ 2FW^(/iC0sa-2 8ina) * 

and find the limits between which F must lie when a < tan~^ ^fi. 

03. Two hemispheres (centres Ay B and weights W^ and W^ are 
placed with their rims on a rough horizontal table and in contact, and a 
rough sphere (centre C and weight W) rests on them, of such a radius 
ihoXACB is a right angle. The system is on the point of moving : shew 
that the sphere will begin to slip over the larger hemisphere, whilst the 
larger or the smaller hemisphere will begin to slip according as 

( 1\\ - W^ sin e < or > W ij2 cos (a+^ir) sin (a + c), 

where 6 - Jt is the angle of friction, and a is the angle CAB. 

13—2 
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64. A oylindrical rod with hemispherical ends and another cylinder 
are in contact on a rough plane, the axis of the former is vertical, that of 
the latter horizontal. The radius of the horizontal cylinder is such that 
the other touches it at a point in the rim of its upper hemispherical end. 
The horizontal cylinder is gradually moved along the plane in a direction 
perpendicular to its axis, the two remaining in contact : shew that equi- 
librium is no longer possible unless X be > Jir, and if X be > ^, equi- 
librium is impossible when the rod makes an angle > 6 with the vertical, 
where d is given by the equation h cos d=h-\-{h-\-a) cos 2X. 

Explain how the equilibrium is broken in this case. 

a=the radius of the hemispherical ends, 2^= the length of the 
generating lines of the rod, and X=:the angle of Motion, supposed the 
same everywhere. 



CHAPTER VI. 



VIRTUAL WORK. 



113. Def, If the point A at which a force P is acting 
be displaced to any point B^ the distance AB is called the 
displacement of the point. 

If from B, BN be drawn perpendicular to P's line 
of action, the product P . AN is called the Work done by 

FIg.97 



AN > 

the force P during the displacement. If iV falls on that 
side of A towards which P acts, the work is said to be 
positive, if on the other side, negative. We may say 
then that the product of the force into the projection of 
the displacement, along the direction of the force, gives 
the algebraical as well as the numerical value of the work 
done during the displacement. 

When the work done is negative , it is often said to be done against 
the force. 

If the displacement does not really take place but is 
only imagined to do so, it is said to be a Virtual Displace' 
menty and the work which would be done during such 
a displacement is called the Virtual Work. 
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114. Prop. If a 'particle acted an hy any system of 
forces receive any virtual displacement whatever, the alge" 
braical sum of the virtual work done hy the different 
forces during the displacement is equal to the virtual work 
done hy the resultant 

Let represent the actual position of the particle, 0' 
the position to which it is supposed displaced ; let Pj, P^ 



Pg, &c., be the forces acting on the particle ; 0^, 0^ 6^ &c., 
the angles their directions make with 00\ 

The A. s. of the virtual work done by P^, P,, P3, &c. 

= P, . Oa cos ^, + P, . 00' cos ^, + P3 . 00' cos ^3 + ... 

= 00' . (Pj cos e^ + P^ cos l9,+ ...) 

= 00' X A. s. of the resolved parts of the forces in direc- 
tion 00' 

= 00' X resolved part of the resultant in direction 0(7 

= projection of 00' along the direction of the resultant 
X the resultant 

= the virtual work done by the resultant. 

It should be observed that in the above proposition tho 
displacement the particle receives is virtual, and entirely 
unrestricted both as regards magnitude and direction. 
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Cor. If a 'particle in equilibrium uncler the action of 
any system of forces receive any virtual displacement 
whatever, the algebraical sum of the virtual work done by 
the different forces is zero, 

115. If a system of particles be in equilibrium under 
the action of external and internal forces, and any number 
of particles of the system receive any virtvxil displacements 
whatever, we have seen that the A. s. of the virtual work 
done by the forces on each particle is zero : hence the A. s. 
of the virtual work done by all the forces^ external and 
internal, is zero. 

Prop. // a system of particles in equilibrium under 
the action of any system of external forces together with 
internal forces, receive any indefinitely small virtual dis- 
placement whatever, which does not alter the configuration 
formed by the particles, the A, s, of the virtual work done 
by the external forces alone is zero, or more strictly speak- 
ing, is of an order higher than that of the displacement. 

In this proposition the displacements which the particles 
receive are very much restricted as compared with that in 
the theorem of Art. 114: here the displacement must be 
indefinitely small, there it might be of any magnitude: 
the displacements, too, of the different particles are also 
so connected, that if the particles formed a rigid body, 
these displacements would not involve any alteration in 
its shape or size, but only an alteration of its position as 
a whole. 

We shall first prove that if the displacements be of 
this character, the virtual work done by any internal force 

FIg.09 B* 
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(the action exerted by B) on the particle A is equal and 
opposite in sign to that done by the reaction exerted by A 
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on the particle B, Let R be the action exerted by B on 
the particle A, along AB in the direction indicated, then 
the reaction exerted by -4 on 5 is in the opposite direction. 
Let A\ B' be the points to which A, B are supposed dis- 
placed, then by the conditions relating to the nature of 
the displacements, the angle {6) between A'B' and AB 
is small, and the length A'B' = AB, 

Draw A'M, B'N perpendicular to AB. 

Then MN=^A'E cos 6 = A'B' ultimately, = AB, 

/. AM = BN. 

The virtual work done by action R on A = R . AM: 
that done by reaction R on B = — R . BN^ — R . AM. 

Hence the A. s. of the virtual work done by any action 
and the corresponding reaction is zero. But the internal 
forces consist entirely of pairs, each pair being made up of 
an action and the corresponding reaction: therefore the A.S. 
of the virtual work done by all the internal forces is zero, 
since that of each pair is so. We have seen too that the 
A. s. of the virtual work done by all theforceSy both external 
and internal, is zero, so that that of the virtual work done 
by the external forces alone must be zero also. 

In obtaining this result we have neglected quantities 
depending on the powers higher than the first of the dis- 
placement, so that strictly speaking the A. s. of the virtual 
work done by the external forces is not zero, but of an 
order higher than the first power of the displacement. 

Cor. If in any system of forces in equilibrium there 
are two forces equal to one another, and acting in opposite 
directions along the straight line joining the particles on 
which they respectively act, the two forces will not enter 
into the equation of virtual work, provided the virtual 
displacements of the two particles produce no alteration 
in the length of the line joining them, or at any rate one 
of the second order only. Hence, if we have two bodies in 
contact, and the virtual displacement does not alter the 
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points in contact, the action and reaction between the two 
bodies will not appear in the equation for the two bodies 
together. Also, if two particles are connected by an in- 
extensible string or rod, and they receive displacements 
which do not involve breaking or bending the string 
or rod, the tension of the string, or in the case of the rod, 
the tension or thrust, whichever it exerts, will not enter 
into the equation of virtual work for both particles 
together. This may easily be extended to the case of 
two particles connected by an inextensible string which 
passes round a smooth fixed body: for the distance 
between them measured along the string is constant, so 
long as the string neither slackens nor breaks. 

116. In applying the above proposition to the case of 
a rigid body, we may suppose the displacement any slight 
displacement of the body as a whole not involving any 
change of shape or size. If we wish to ascertain the inter- 
nal forces between one portion of a body and another, we 
may suppose that the first portion is displaced as a whole, 
without any displacement of the remainder, in which case 
the actions of this last portion on the first will enter into 
the equation of virtual work. 

In solving problems by the principle of virtual work, it is often 
convenient to make such a displacement that a force, whose magnitude 
we do not wish to ascertain, may not enter into the equation of virtual 
work. In that case the virtual work done by that particular force must 
be zero, or at any rate of a higher order in smaU quantities than the 
displacement. For that to be the case the particle on which the force 
acts must be virtually displaced in a direction making with the force, 
either a right angle or an angle differing from a right angle by an in- 
definitely small quantity. 

From the way in which the principle of virtual work is sometimes 
stated, the student is apt to get the idea that it is only for certain kinds 
of displacements, and for displacements of a certain extent that the 
principle holds. It is quite true that in order to avoid introducing 
certain forces it is often convenient to make only certain displacements 
such as those mentioned in Arts. 115 and 117. It must however be 
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borne in mind that, by the first paragraph of Art. 115, the principle in 
its most general form may be applied to any body whatever^ under the 
action of any system of forces. 

In the following propositions, it is understood that the 
displacements are indefinitely small 

117. Prop. TJie work done by the tension of an in-- 
extensible stHng or rod, when one end is fixed and the 
other attached to a particle which is displaced so thai 
the string or rod is neither broken nor bent, is vltimately 
of an order higher than the first. 

It is obvious that the particle can only move in a 
direction which is ultimately at right angles to the rod or 
string, i. e. at right angles to the tension. 

Prop. If a body resting in contact with any smooth 
curve or surface, receive a displacement by sliding along 
the curve or surface, the work done by the reaction of the 
curve or surface on the body is ultimately of an order 
higher than the first. 

In this case the particle situate at the point of the 
body touching the curve or surface is the one on which the 
reaction acts, and this point moves along a tangent to the 
surface or curve, i.e. at right angles to the normal along 
which the reaction acts. 

Prop. If a body resting in contact with any surface^ 
not necessarily smooth, receive a displacement by rolling 
along the surface, the work done by the reaction of the 
surface is ultimately of an order higher than the first. 

Let A be the common point of the body and the 
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surface : let the body be rolled so that the point originally 
at A comes to A' y and B becomes the point of contact. 

Then the arcs ABy A'B are small, and therefore the 
corresponding chords; also the angle between these chords 
is small, so that the base AA\ which is the displacement 
of Ay is of a higher order than AB, 

Cor. If the body partly roll and partly slide along a 
smooth surface, it is clear that the displacement is com- 
pounded of the two displacements of rolling and sliding, 
and is therefore of an order higher than the first, since 
each of the latter is so. 

We have already seen that if two bodies in contact 
receive such virtual displacements that their points of 
contact remain the same, the action and reaction between 
the two do not appear in the equation of virtual work for 
the two bodies : neither will they if in addition to these 
displacements one rolls along the other, or if the bodies 
be smooth, one slides or partly slides and partly rolls 
along the other. For either set of displacements alone 
will not bring these forces into the equation, therefore a 
combination will not do so. 

118. As an illustration of the application of the principle of virtual 
work, we will by means of it prove the theorem of Art. 81, viz., that the 
tensions at the ends of a weightless string stretched over a smooth 
surface are equal. 

Let ^, J5 be the points where the string leaves the surface, and let T, 
T' be the tensions at the ends P, Q respectively. 




/o' 



We shall not interfere with the equilibrium of the string if we suppose 
it to lie in a groove out in the surface, so that when pulled at one end, it 
must move along the groove. Let the virtual displacement which is 
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given to the string be produced by palling the end P in the dixeotion 
^P to P', so that the end Q must move along QB to a point Q^ suGh that 
QQ'=PP', As each portion of the string in contact with the sar&oa 
moves at right angles to the action of the surface on it, no work is done 
by the actions of the surface on the string, and the algebraical sum of 
the virtual work done is T . PP" - T' . QQ\ which is therefore zero; i.e. 
T=r, since PP'=QQ'. 

Apply the principle of virtual work to the solution of the following 
examples : 

Ex. 1. The algebraical sum of the moments about any point in their 
plane of a number of coplanar forces in equilibrium is zero. 

Ex. 2. Two small rings of equal weight slide on a smooth wire in 
the shape of a parabola, whose axis is vertical and vertex upwards; they 
will be in equilibrium if connected by an inextensible string which pasaes 
over a smooth peg placed at the focus. 

Ex. 3. Two equal uniform rods freely jointed at their ends rest, one 
on each of two smooth pegs which are in a horizontal line. Shew that 
the inclination {d) of either rod to the vertical is given by the equation 

a sin^ d = c, 

where a is the length of each rod, and c the distance between the pegs. 

Ex. 4. Shew that in Ex. 27, page 92, the weight of eaoh beam is 
proportional to the tangent of the angle, which the line joining the centra 
of the semicircle with the corresponding point of contact of the heam 
makes with the horizontal. 

Ex. 5. Two equal uniform rods of the same material and thickness 
have two ends connected by a smooth hinge, and their other ends an 
attached to small rings which slide on a smooth horizontal wire. Find 
the position of equilibrium when a circular disc whose weight equals that 
of either rod, is placed between them so that each rod touches its circum- 
ference. 

Ans, Each rod makes with the vertical the angle (6) given by the 
equation 2a sin^ d=r cos d, where a is the length of a rod and r the 
radius of the disc. 

Ex. 6. A tripod formed of three equal uniform rods, three ends being 
connected by a common joint, and the other three connected, each with 
the other two, by equal strings, rests with the joint uppermost on a 
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smooth horizontal plane. Shew that the tension of each string is Wcl3h, 
W being the weight of a rod, c the length of each string, and h the 
height of the joint above the plane. 

Ex. 7. Prove that the total work done against gravity in raising or 
lowering any number of bodies is equal to the work done in raising a 
weight equal to the total weight through the height moved through by 
the centre of gravity. 

Ex. 8. A heavy elastic string rests in the shape of a necklace rounds 
smooth right circular cone whose axis is vertical : shew that its radius is 
a + i(7a^/Xtana, where X is the modulus of elasticity, 27ra the length of 
the string when unstretched, w its weight per unit length, and a the 
semi- vertical angle of the cone. 

Ex. 9. Two small rings of equal weight attracting with a force vary- 
ing as the distance, slide on a smooth parabolic sloped wire, whose axis 
is vertical and vertex upwards: shew that if they are in equilibrium in any 
symmetrical position, they are so in every one. 

Ex. 10. A frame is formed of four uniform rods, freely jointed at 
their ends and forming a parallelogram ABCD, The frame is hung over 
a peg at A and the points B, D are connected by a weightless rod. Shew 
that the thrust of the rod : the weight of the frame =BD : 2 AC, 

119. We shall now prove the converse of the principle 
of virtual work for a single particle, i.e. 

If the algebraical sum of the virtiml work done by a 
system of forces acting on a particle be zero for every 
displacement whatever y the particle is in equilibrium. 

For let (fig. 98) the forces be P„ -P, &c., the par- 
ticle, 00' any virtual displacement, 6^^ 6^, &c. the angles 
P^y P^, &c. make with 00\ Then, since the algebraical 
sum of the virtual work done by the forces = 0, 

P, . 00' cos ^1 + P, . 00' cos 5, + . . . = 0, 
.-. 00' (Pj cos ^j + P, cos ^,+ ...) = 0, 

.-. PjCOS^j + PjCOS^, + ...=0, 

i.e. the algebraical sum of the resolved parts of the forces 
in any direction is zero, and the particle is therefore in 
equilibrium. 
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120.* The material systems, to which the following 
propositions refer, are either single rigid bodies, or systems 
of rigid bodies, connected in such a manner by means of 
inextensible strings, smooth joints, &c., that the motion 
of one of them determines that of all. 

Prop. A material system as above, under the action 
of a system of external and internal forces, is in equi- 
librium, provid£d that for every indefinitely small virtual 
displace7nent whatever, which does not violate the geometrical 
conditions, the algebraical sum of the virtual work done by 
the external forces is of an order higher than the dis- 
placement. 

For if the system be not in equilibrium, its motion 
is a definite one, which does not break the geometrical 
conditions : now we can conceive a number of smooth 
surfaces or inextensible strings to be so arranged, that 
they do not interfere with the actual motion of the system, 
but yet render it the only motion possible. If this be 
done, the whole system can be fixed by fixing one of the 
moving points in it, and this can be effected by applying 
to it a force (F) of sufficient magnitude, in the direction 
opposite to the point's motion, since that is the only 
direction in which the particle can move. 

The system is now in equilibrium under the action of 
the original forces, the new forces of constraint and the 
force F, If then any virtual displacement be given 
to the system the algebraical sum of the virtual work 
done by these forces is zero : let the displacement be the 
one which actually takes place, when F is not applied. In 
this case the work done by the new forces of constraint is 
zero (Art. 117) and by h3rpothesis the virtual work done 
by the original forces alone is zero also. Hence the virtual 
work done by F is also zero. But as the point on which 
F acts is one of the moving points of the system, its dis- 
placement is of the first order, so that F must be zero, i. e. 
the system is in equilibrium without F^ and without the 
new forces of constraint. 
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121.* Prop. A material system as above, tinder the 
action of external and internal forces, will, if held in any 
position, and then let go, move at first so that the alge- 
braical sum of the work done by the external forces is 
positive, provided the position is not one of equilibrium,. 

If the system is not in equilibrium, we can, as before, 
arrange a system of smooth surfaces, so that the actual 
motion is the only one possible, and this again can be 
entirely prevented by applying at one of the moving par- 
ticles, A , say, of the system, a force, of sufficient magnitude 
F, in a direction opposite to that of A's motion. The 
system beiug now in equilibrium we see as before, choosing 
the virtual displacement that which actually takes place, 
that the algebraical sum of the virtual work done by the 
original forces and F is zero. 

But it is obvious, since A moves in the direction op- 
posite to that of the force F, the work done by F is 
initially negative; and therefore the algebraical sum of 
the virtual work done by the original forces is initially 
positive. The algebraical sum of the work actually done 
by the original forces is therefore at first positive. 

122. Def The equilibrium of a body is said to be 
stable, when, on moving it slightly from its position of equi- 
librium, it returns to it ; if it moves still further away 
from this position, its equilibrium is unstable. If the body 
remain in equilibrium, the equilibrium is neutral. 

If a small ring slide on a smooth circular wire placed in a vertical 
plane, it will be found by experiment that there are two positions of 
equilibrium, one, the stable one, at the lowest point of the wire, and 
towards which it will readily return if moved away from it : the other, the 
unstable one, at the highest point, away from which it will move if 
disturbed ever so slightly, and in which it is found practically almost 
impossible to keep it. A uniform sphere resting on a smooth horizontal 
plane is an instance of a body in neutral equilibrium ; for if it be rolled 
out of its position along the plane, it will neither return, nor, unless a 
velocity be given to it, move further away. 
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The positions of stable and unstable equilibrium of a 
body succeed one another alternately, i.e. there cannot be 
two positions of stable equilibrium without one of unstable 
equilibrium between them, and vice versA. For a position 
of stable equilibrium is one to which the body tends to 
move when placed near it, so that if there are two such 
positions of a body, there must be a position between them 
such that, if the body be placed on one side of it, it will 
tend to move towards one of the above positions, and if 
placed on the other side, towards the other : Le. there is a 
position of unstable equilibrium between them. Similarly 
we can shew, that there is a position of stable equilibrium 
between every two positions of unstable equilibrium. 

123.* Prop. When the only external forces acting on 
the material system of the last two propositions are the 
weights of the different particles which compose it, and 
the forces due to the geometrical constraints, such as the 
reactions of smooth surfaces and the tensions of inexten- 
sible strings, the system is in a position of stable or unstable 
equilibrium, according as its centre of mass is at a maximum 
or minimum depth consistent with the geometrical conditions 
of constraint. 

For the work done by gravity during any displacement 
is the algebraical sum of the products of the weight of 
each particle into its vertical displacement (the positive 
sign being given to the displacement when it is down- 
wards, the negative when upwards): and this again is 
equal to the product of the weight of the whole system 
into the vertical displacement of its centre of masa Also, 
during any displacement of the system, consistent "with 
the geometrical conditions, gravity is the only force which 
does work. We have seen (Art. 121), that when not in 
equilibrium the system moves so that the work done by 
the forces is initially positive, i.e. in this case, so that 
the centre of mass moves downwards. Hence the system 
always tends to move initially, so that its centre of mass 
moves towards the adjacent position at a maximum depth 
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and away from the adjacent position at a minimum depth; 
these positions succeed one another alternately, and it is 
clear that the former are positions of stable, and the latter 
of unstable equilibrium. 

124* The cases considered above divide themselves 
into two classes : one, in which the centre of mass of the 
system is constrained to move along a certain curve, so 
that in any position, it is only free to move in two direc- 
tions, opposite to one another; the other, in which the 
centre of mass is constrained to move on a certain surface, 
so that in any position, it is free to move in ani/ direction 
in a certain plane, the tangent plane to the surface at the 
point. A rod with its ends compelled to move along fixed 
wires is an illustration of the first class, one placed inside 
a bowl is an illustration of the second class. 

If there is a position of the system, such that for all 
possible small displacements from it, the depth of the 
centre of mass is diminished, that position will be a posi- 
tion of absolutely stable equilibrium ; on the other hand, a 
position, such that for all possible small displacements 
from it, the depth of the centre of mass is increased, is one 
of absolutely unstable equilibrium. A point then on the 
locus of the centre of mass, where the tangent line or plane 
is horizontal, corresponds to a position of equilibrium ; if 
the tangent line or plane is below the adjacent points of 
the curve or surface, the corresponding position of the 
system is one of absolutely stable equilibrium, if it is 
above the adjacent points, one of absolutely unstable equi- 
librium. 

If the locus of the centre of mass is a curve, it may be 
that there is a point on it, such that the tangent at it is 
horizontal, and cuts the curve there, i.e. the adjacent part 
of the curve on one side is above the tangent and that on 
the other side below it : in other words there may be a 
point of inflexion at which the tangent is horizontal. Such 
a position of the centre of mass corresponds to a position 

G. 14 
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of equilibrium of the system, a position from which a dis^ 
placement in one direction brings about a tendency to 
return to it, in the other direction, a tendency to recede 
still further from it. 

Again, when the locus of the centre of mass is a surface, 
the shape of the latter may be that of a saddle, or that of 
the ground at the top of a pass between two mountains ; 
in this case a tangent plane to the ground at the top of the 
pass is horizontal, and has part of the surface above it and 
part below it. This position of the centre of mass cor- 
responds to a position of equilibrium of the system, which 
is unstable for displacements of the centre of mass in the 
plane containing the tangent to the path over the pass, and 
stable for displacements in the plane at right angles to it. 

125.* A body BAC rests on a rough fixed body DAE, 
the surfaces near the point of contact A being spherical : 
it is required to determine whether, for displacements 
made by rolling only, BAG is in stable or imstable equi- 
librium. 

Let 0, be the centres of the spherical surfaces : we 
suppose that the common normal o^O is vertical, (r.the 
centre of mass of BAG will be situate in Ao. 

Let BAG be displaced by rolling through a small angle 
so that it comes into the position B'A'C^ G' and o' bemg 
the new positions of G and o, P the point of contact of 
the two surfaces. 

Leto^ = r,0^ = ii,u4(? = A, Z ^ OP = a, and -4 VP=i8. 

The angle o' J. 'makes with J. o = /.A 'o'P+ jL PoA =a + A 

•.• the arc AP =■ the arc A'P, Rol = r/8. 

Since the weight of B!A'G' acts through G\ the 
equilibrium is stable or unstable, according as the vertical 
line through G' lies to the left or right of P, i.e. according 
as the horizontal distance from A of 

G' is < or > that of P. 
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But the horizontal distance of G' from A 
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= the horizontal distance of G' from A' since (Art. 117) 
AA* is of the second order, i.e. 

= ^'(?'sin (a + y8). 

The horizontal distance of P from J. = jR sin a, 

.*. the equilibrium is stable or unstable 

according as A' G* sin (a + /3) is < or > iJ sin a, 



accordinc' as /i is < or > ;z 



according as 



accordinsr as 



Ih is < or > 



as a and ^ axe small, 
E + r' 



1 . ^11 

,- is > or < ^ + - . 
A K r 



If the concavity of either surface be turned the other 
way we shall obtain the same result as before, except that 
the sign of the corresponding radius will be changed. If 
either surface be plane, its radius is of course infinity. 

14—2 
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Cor, The above results hold for any curved surfaces, 
if R and r represent the radii of curvature of the sections 
made by the plane of displacement. 

Ill 

If r = ~ + » > the equilibrium is said to be critical, 
ft r xC 

and we must proceed to a higher degree of approximation 

in order to determine whether the equilibrium is really 

stable or unstable. 

Ex. 1. A body made up of a cone and a hemisphere having a oommon 
base, rests 'with the axis vertical on a rough horizontal table : determine * 
the greatest height of the cone in order that the equilibrium may be 

stable. A ns. Height of cone = ^ . radius of base. 

Ex. 2. A prolate spheroid rests with its axis horizontal on a rough 
horizontal plane; shew that for rolling displacements in its equatorial 
plane the equilibrium is neutral^ and for displacements in the Tartical 
plane containing the axis, it is stable, 

Ex. 3. A right circular cylinder of radius r rests with its axis hori- 
zontal on a fixed rough sphere (radius R>r): shew that the equilibrimn 
is stable or unstable, according as the plane in which the displacement 
takes place makes with the vertical one containing the axis of the 
cylinder an angle <or>cos-\/(r/J?). 

Ex. 4. A prolate hemispheroid rests with its vertex on a rough hori- 
zontal plane, prove that the equilibrium is stable or unstable according 
as the eccentricity of the generating ellipse is less or greater than ^^(3/8). 

126.* The material systems for which we have proved 
the preceding propositions have been either single rigid 
bodies, or rigid bodies connected in such a way that the 
position of one determines the positions of the others. 
We can however easily extend them to include the case of 
a system of rigid bodies so connected, that it is necessary 
to know the positions of a number of the bodies in order 
to know those of all. 

Prop. If the algebraical sum of the virtual work done 
by the external forces be zero for all possible small virtual 
displacements c&iisistent tuith the geometrical conditions, 
the above material system is in equilibrium. 
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For if it is not, it will have a definite motion consistent 
with the geometrical conditions, and without interfering 
with the actual motions of the bodies we can so arrange a 
number of smooth surfaces or inextensible strings, that 
these actual motions are the only ones possible : they need 
not however all take place, i.e. several of the bodies may 
move without all the others doing so, and fixing one of 
them will not of necessity fix all. . In this case we can re- 
duce the whole system to rest by fixing one moving point 
in each of the bodies, and this can be done by applying 
forces P, Q, ii, &c. of sufficient magnitude in the directions 
opposite to the actual motions of these points respectively. 
Now the whole system is in equilibrium under the action 
of the original forces, the new forces introduced by the 
smooth fixed surfaces &c., and the forces P, Q, R, &c. i 
therefore, if the virtual displacements chosen be the actual 
ones, the algebraical sum of the virtual work done by the 
original forces and P, Q, P, &c. will be zero, because the 
virtual work done by the reactions of the smooth surfaces 
is zero. But it is obvious that the work done by each of 
the forces P, Q, P, &c. is negative, since the particle 
on which it acts moves in the direction opposite to that 
of the force : the algebraical sum of the work done by the 
original forces is therefore positive, which is inconsistent 
with its being zero, as it is by supposition. Hence each 
of the forces P, Q, It, &c. is zero, and the system is in 
equilibrium; and as the smooth surfaces or inextensible 
strings do not interfere with the actual motion in any way, 
their removal will not upset the equilibrium of the system. 

Cor. We see from the foregoing, that when such a 
material system as the above is not in equilibrium in a 
particular position, under the action of given external 
forces, it will, if placed in that position and then released, 
move so that at first the algebraical sum of the work done 
by the external forces is positive. By reasoning as in 
Art. 123 the proposition there proved can be extended 
to the case of the material systems we have just been 
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considering. Among the systems we can include a mass 
of liquid, or a heavy inextensible flexible string. 

It may be observed that the propositions of Arts. 120, 
121 apply to all systems of bodies the internal forces 
among which can do no work, so long as the geometrical 
conditions are not violated : they will not however apply 
to those systems in which the internal forces are capable 
of doing work ; for instance, systems in which the pressures 
of compressible fluids, the tensions of elastic strings, and 
the actions of rough surfaces are included among the 
internal forces. On the other hand there is no restriction 
on the nature of the external forces : they may consist of 
frictions, or the tensions of elastic strings, without affecting 
the validity of these propositions. 

127.* In a precisely similar way to that used in Art 
121, we can prove the much more general proposition still, 
that if any material system whatsoever, under the action of 
any system of forces, he placed in any position and then 
released, it will, if not in equilibrium, move at first so that 
the vjork done by all the forces, internal a^ well as external, 
is positive. 

128.* Def When the forces, internal as well as ex- 
ternal, acting on a material system are such, that the 
algebraical sum of the work done by them, as the con- 
figuration of the system changes, depends only on the 
initial and final configurations and not on the paths the 
different bodies take, they are said to form a Conservative 
system of forces. 

Def If any material system is acted on by a con- 
servative system of forces, the algebraical sum of the work 
done by these forces, as the configuration of the system 
changes from any other to some standard configuration, 
is termed the Potential Energy of the system correspond- 
ing to the former configuration. It is generally convenient 
to take the standard configuration such that the potential 
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energy for every other configuration which is practically 
considered is positive. 

129* Prop. When any material system is acted on 
by a conservative system of forces, it is in a position of 
stable equilibrium when its potential energy has a mini- 
mum value, and in a position of unstable equilibrium 
when its potential energy has a maximti/m value. 

We have seen (Art. 127), that when the system is 
placed in any position, except one of equilibrium, and then 
released, it will move so that the algebraical sum of the 
work done by the forces is initially positive, i.e. it will 
move so as to diminish its potential energy. Hence it 
will move towards a position of minimum, and away from 
one of maximum potential energy. The positions of 
maximum, potential energy then are positions of unstable 
equilibrium and those of minimum potential energy of 
stable equilibrium. 

The proposition proved in Art. 123 is a particular 
case of this theorem. 

130. Recapitulation. We began by shewing that if a 
particle be in equilibrium, the total virtual work done by 
the forces acting on it, during any virtual displacement 
whatever, is zero. The same theorem is therefore true for 
any system of particles, when the internal as well as the 
external forces are taken into consideration ; but if the 
virtual displacement is a small quantity of the first order, 
and the system of particles form a rigid body, and also in 
certain other cases, it was shewn that the total virtual 
work done by the external forces alone is a small quantity 
of the second order. 

The converse theorem was then shewn to hold for 
single rigid bodies, and also for a system of rigid bodies, 
connected in certain ways. Also such a system will, if 
placed in any position, and then released, move so that 
the total virtual work done by the external forces during 
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the initial small displacement is positive, unless the posi- 
tion is one of equilibrium. Hence followed the principle, 
that such a material system, when gravity is the only 
active force, is in stable or unstable equilibrium, according 
as its centre of mass is at a maximum or minimum depth 
consistent with the geometrical conditions. Similarly 
followed the more general theorem, that for any material 
system under the action of any conservative system of 
forces, stable positions are positions of minimum, and un- 
stable positions of maximum, potential energy. 



ILLUSTKATIVE EXAMPLES. 

Ex. 1. Find the amount of work done in stretching an elastic string. 

Let a be the natural length of the string, X its modulus of elasticity; 
let X be the extension of the string. 

Let the extension x be divided into n, an indefinitely large nnmber, 

TX 

equal parts. When the length of the string is aH — » the tension is 

n 

T X f"4- 1 

X . - . - , and therefore the work done in stretching it to a-\ x lies 

n a n 

, T X X ^ T-\- X X X 

between X . - . - . - , and X . . - , - , 

nan nan 

i.e. the total work done in stretching the string to the length x 

_ X^ Jt 1 + 2 + 3 + .. .(n-1) _ X^ 
~ a *-*-'n=ao n^ ~~ 2a' 

Hence the work done in increasing the extension from y to x is 

X(a;2-2/2)/2a. 

Ex. 2. Shew that the power necessary to move a cylinder of radios r 
and weight IV up a plane inclined at angle a to the horizon by a crowbar 
of length I inclined at an angle j8 to the horizon is 

Wr sin a 

~r ' l + cos(a+^)' 

Let be the point where the axis of the cylinder intersects the veiii« 
cal plane containing the crowbar AB ; C the point where the same plane 
meets the generating line in contact with the inclined plane. Let P ba 
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the force, which applied at J5 at right angles to AB will maintain 
equilibrium. 




FIg.103 



Let the virtual displacement be for AB io turn through a small angle 
6^ so that its inclination to the horizon becomes fi+d. 

By Art. 117, the actions between the cylinder and crowbar and between 
each and the plane do not enter into the equation of virtual work. 

The vertical height of O above A is AG sin a + OC cos a, i.e. 

=7* {sin a tan 4 (a + ^) + cos a} =r cos J (a - j3)/co8 J (a + j8). 

.'. neglecting the weight of the crowbar, the equation of virtual work ia 



cos 



a-p-0 



cos 



P19 - Wr 



cos 



a + ^-\-e 



Wr 
I 



sm a 



a+B a+8+0 
cos —A— cos — ^ 




Wr 
I 

Wr 



sm a 



cos 



a+/3 
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2 cos 



2 

sin a 



cos 



a+^ + $ 



sm 

"7 
2 



e 

2 



I ' l + cos(a+j3)' 
since 6^ and higher powers are neglected. 

Ex. 3. A straight uniform rod has smooth small rings attached to its 
extremities, one of which slides on a fixed vertical straight wire, and the 
other on a fixed wire in the shape of a parabola whose latus rectum equals 
twice the length of the rod, and whose axis coincides with the straight 
wire : prove that in the position of equilibrium (stable when the vertex is 
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upwards) the rod will be inclined at an angle of 60^ to the veoiioaL 'Which 
is the position of stable equilibrium when the vertex is downwards ? 

Let PQ be the rod, P being the point on the parabola. Let be its 
inclination to the vertical, 2a its length, and G its middle point. 

Draw PN perpendicular to the axis AN. 

A 




(1) When the axis is upwards, the depth of G below A 

=AN+PG COB e 

PN^ ^ 4a2sin2^ 

= -: 1- a cos ^= . 1- a cos ^ 

4a 4a 

= a(l + cos^-cos2^). 

The positions of equilibrium are given by the maximum and minimum 
values of this expression, 

1 + cos ^ - cos2 0= I - (J - cos 0)-, 

i.e. is a maximum when cos ^= J or when ^=60<>. 

It is clearly a minimum when ^=0. 

Hence ^=60^ corresponds to a position of stable equilibrium, ^n^ 
^=0 to one of unstable equilibrium. 

(2) When the vertex is downwards 6=0 corresponds to the position 
of stable, and = 60^ to the position of unstable equilibrium. 

Ex. 4. Two smooth rods which intersect at an angle 2a are placed so 
that they are equally inclined to the vertical, and the line biseoting the 
angle between them is inclined at an angle p to the vertioaL Prove that 
a spherical ball of radius a will be in a position of unstable eqnUibiriimi, 
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if the distance df its points of contact with the I'ods from the intersection 
of the rods be 

a cot a cos /3 
\/ (1 - cos^ a sin^ j8) ' 

Let be the centre of the sphere, 0' of the circle in which it is inter- 
sected by the plane of the rods. Let B, C be the points where the rods 
AB, AC touch the sphere: the angle CO' or BO' subtends at 0. 



^igjOB 




A 

Then 00' = a cos Of CO' = asmOj AO' = a sin Scosec a. 

The vertical height (/t) of above A 

= ^0' cos /3+ 00' sin ^, 

= a (sin 6 cosec a cos /3 + cos 6 sin /3). 

Let cos /3 cosec a = r cos 0, and sin j8 = r sin ^ : 
then h = ar (cos sin ^ + cos $ sin 0) = ar sin (^ + 0). 

Now the sphere is in a position of unstable equilibrium when h is 
a maximum, i.e. when ^ + 0=Jt, i.e. when d = cot~^(sinatanj3). 

But ^B = 0'jBcota=acot asin^, 

. jj^_ a cot a _ ^ cot a cos j8 



^{1 + sin'' a tan-* /3) ^(1 - cos'' a sin-' j3) ' 

Ex. 5. A trestle composed of four jointed bars which form a crossed 
parallelogram ABCDy the alternate bars being equal, is placed in a 
vertical position, and is stiffened by a cord connecting the lower comers 
B and D, which rest on a frictionlcss horizontal plane. A platform is 
supported on AC, and is loaded in any manner. Shew that the stress in 
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the connecting cord is independent of the distribution of this load W, and 
is equal to W I (tana + tan/S), where a and j3 are the indinatioiiB of AB 
smd AD to BD. 

Draw AH perpendicular to DB: let AH=h, AB=a, and AD=ib: let 
T be the tension of cord DB, 




Fig. 106 



AH=AB sin ABD = AD Bin ADH, 

,\ h=a sin a=h sin p, 

DB=IIB + HD = a cos a + 6 cos /3. 

Let such a virtual displacement be given to the system that the joints 
B,t A, By C, D are unbroken, while the height AH is diminished by a 
small quantity x, and the length DB is increased by y. Let in con- 
sequence a become a - a', and jS, j3 - /3'. 

Then 7i - a;= a sin (a - a') = 6 sin (j8 - /3'), 

and DB + y = aco8 (a-a') + b cos (p-^), 

x = a {sin a - sin (a - a')} = 2a cos (a - Ja') sin Ja' 
=a€i cos a ultimately. 

Similarly x=h^ cos /3. 

2/ = a{cos(a-af)-cosa} + 6 {cos (j3 - |S') - cos j8} 
= 2a sin Ja' sin (a - \a!) + 2& sin J/3' sin (/3 - Jj3'), 
=aa' sin a+bp* sin /3 ultimately 
=:x (tana + tan /3). 
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Since none of the connections are broken except the cord DB, the 
only forces which do work are the weight W which, however distri- 
buted, descends through a distance a;, and the tension T, which does 
negative work. (It is assumed that the bars themselves are without 
weight.) 

Hence the equation of virtual work is 

.-. T= Wxly= Wl(t&n a+tan /3). 

Ex. 6. Four uniform thin heavy rods are freely jointed together at 
their extremities so as to form a parallelogram, and two opposite 
angular points of the frame so formed are connected by a light in- 
extensible string ; the system is suspended by another string attached to 
one of the same angular points : compare the tensions of the strings. 

Let A be the point from which the frame is suspended, B the 
diagonally opposite point to which the string is attached. 

The centre of mass, G, is the middle point of ABy which is therefore 
vertical. Let the virtual displacement be such that B is moved vertically 
downwards through a small distance x without any separation of the rods 
at the joints. 

By Art. 117, the only forces which occur in the equation of virtual 
work are T, the tension of the string AB, and W the weight of the four 
rods. 
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The equation is Tas - TF. Ja;=0 ; 

i.e. the tension of the string AB is half that of the one which supports the 
whole framework. 

The same reasoning will enable us to prove that the same relation 
holds when the framework of rods forms the edges of a parallelepiped, or 
any figure, such that the centre of mass is always the middle point of the 
diagonal along which the string lies. 

Ex. 7. Three equal particles, each of weight TT, are fastened to an 
endless elastic string without weight, so as to be at equal distances from 
each other. The whole is then laid on a smooth sphere so that the string 
lies unstretched along a horizontal small circle of the sphere whose radius 
is f that of the sphere. Prove that the particles will be in eqnilibriimi 
when the lines joining them subtend angles of CO^ at the centre, the 

modulus of elasticity of the string being ^Js W» 

Let be the centre of the sphere; A, B, C the positions of the 
particles when in equilibrium. Let H be the point where the vertioal 
through meets the plane ABC^ which is from symmetry horizontal. 
Let r= radius of the sphere. Let </> bo the angle which AB^ BC, or CA 
subtends at 0, and d the angle which OA, OB, or OC makes with OH, 

lAHB=lAHG=lBUC=l-, 

Jf-i = r sin d. 



ng.108. 



VIRTUAL WORK. 223 

.*. AB = 2r Bin ^ sin ^v=,sJS . r sin ^ ; 

.-. 2sinj0=^3Bin^ (1). 

The original length of the string was frr ; when stretched it is 3r0. 
r, the tension, therefore 

_3ri^-|7rr STT _SW 40 -ir 

Let the virtual displacement be such that all three particles descend 
through equal small distances, the consequent small increments in and 4> 
being x and y. The equation of virtual work is then 

3^r {cos^-cos(^ + a;)}- STry=0, 

OTTT • //I . 1 N • 1 3TF 40 — IT - 

£t»^ Z IT 

.-. 'jrarsin^ = |^(40-7r)?/ (2). 

From (1) 2sin4(0+y)=V3sin(^ + a:) (3); 

.-. subtracting (1) from (3) we have 

2 cos (J0 + iy) sin iy=fjS cos {0 + Jar) sin ^.r, 

/. ycos h<p=x^ScoB0 (4) ; 

eliminating the ratio x : y between (2) and (4), 

f a/G (40 - ir) cos ^ = TT sin ^ cos J0, 
substituting from (1) 

I ^6 (40- it) (3-4 sin2 J0)^ = 2ircosi0sin J0=ir sm0. 

This equation is satisfied by putting = iir, and substituting in (1) we 
get a consistent value for ; this value of therefore corresponds to a 
position of equilibrium. 

Ex. 8. A small ring sliding on a smooth elliptic wire, whose axis is 
vertical is connected by elastic strings with each focus, the modulus of 
elasticity is half the weight of the ring, and either string is just 
unstretched when the ring is as near as possible to the corresponding 
focus. Shew that in the unsymmetrical position of equilibrium the 
distance of the ring from the upper focus is equal to the distance of the 
centre from either directrix. Determine the nature of the equilibrium in 
the different positions. 

Let P be any position of the ring, S\ A' the upper focus and vertex, 
5, A the lower ; let SP=r. Let JV be the weight of the ring. 
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Let the system have its standard configuration (Art. 128) when the 
ring is at J. In that case the potential energy of the system when the 
ring is at P is the total work done by the forces as the ring moves from 
Pto^. 




Draw PN perpendicular to the directrix NX, The potential enagj 

of the system, when the ring is at P, is (Ex. 1, page 216), 

W{PN-AX)^ -.-^ ^. 2^r,— 



= W \ 



\ SP-a(l-e ) SP^ + S'P^-a^{l-e)^-a^{l + ey 
[ e ■*■ 4a(l-e) 

r-a{l-e) r^ - 2ar + a^ (i - e^) 



e "^ 2a(i-e) 



\ 



r^W 



er^ + 2a (l-2g) r-a^ (l-e) {2-Se-(^) 
2ae (1 - e) 



{er-{2e-l)aY - a^{l-2e-e^ + 2e^ + e^ 
2ae^{l-e) 

The minimum value of this expression corresponds to «r=(2«~l) a, 
i.e. S'P=ale~CX\ the maximum values correspond to the greatest and 
least values of 5P, i.e. occur when P coincides with A and A\ 

Hence the stable position of the ring is where its distance from fiTs CX, 
and the unstable positions are A and A'. This supposes that there if a 
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point P on the ellipse Buch that S'P^aje, which will not be the case unless 
e be less than a certain quantity. If there is no such point, it is easily 
seen that A' is the position of unstable and A of stable equilibrium. 



EXAMPLES. 

1. A heavy beam AB is movable freely about the end A which is 
fixed; an elastic string is attached to A, passes through a fixed ring G 
vertically above A and is fastened to ^: AG i^ equal to AB, Find the 
position of equilibrium. If the natural length of the string be ^C, 
discuss the problem in the case when its modulus of elasticity is >, =, 
or < half the weight of the beam. 

2. A rhombus is composed of four equal rods jointed at their 
extremities. Two opposite corners are connected by an elastic string 
whose natural length is a^2^ a being the length of each rod, and the 
system stands in a vertical plane with one of the corners on a horizontal 
table. Find the angle between the rods. 

3. A solid homogeneous hemisphere of radius a and weight W rests 
in apparently neutral equilibrium on the top of a fixed sphere of radius &. 
Prove that 6a = 36. A weight P is now fastened to a point in the rim of 
the hemisphere. Prove that if 55P=181F, the hemisphere can still rest 
in apparently neutral equilibrium in contact with the highest point of the 
sphere. 

4. Two heavy rings slide on a fixed smooth parabolic wire whose axis 
is horizontal, and the rings are connected by a string which passes over 
a smooth peg at the focus. Prove that in the position of equilibrium the 
depths of the rings below the axis of the parabola are proportional to 
their weights. Is the equilibrium stable or unstable? 

5. A prolate spheroid rests upon another equal and similar fixed 
spheroid, the point of contact being on the equatorial plane of each, their 
major axes being horizontal and at right angles to each other. Prove 
that the equilibrium will be stable for a displacement in a plane through 
either axis, if the upper spheroid be loaded at its lowest point with a weight 
bearing to its own weight a ratio greater than the duplicate ratio of its 
least and greatest diameters. 

G. 15 
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C. A uniform rod AB of length 2a is freely morable about A: a 
smooth ring of weight P slides on the rod and has attached to it a fine string 
which passes over a pulley at a height h vertically above A and supports 
a weight Q hanging freely; find the position, of equilibrium of the 
system. 

7. A cylinder rests in equilibrium with the centre of its base on the 
highest point of a fixed and perfectly rough sphere. The altitude and 
diameter of the base of the cylinder are each equal in length to a 
quadrant of a great circle of the sphere. Find the greatest angle thron|^ 
which the cylinder may be made to rock without falling off. 

8. A wire in the form of an ellipse, whose semi-axes are a and 6, is 
placed with its minor axis vertical. A light string of length a on which 
slides a ring of weight W has one end fastened to the centre, and the 
other to a ring of weight W% which slides on the wire. Shew that, if 
there is no friction, there will be equilibriimi if W is 'anywhere on the 
upper half of the ellipse, and &/a= WI(W+2W), 

9. Two particles are connected by a fine inextensible string and can 
move freely in a smooth cycloidal tube whose vertex is upward.% the 
string passing over the vertex. Prove that in equilibrium the arcnal dis- 
tances of the particles from the vertex must be inversely as their maimcw 

10. Five equal rods each of length a are hanged together and placed 
on a smooth horizontal table, one of the angular points being joined to 
the two opposite angles by two equal strings of length 2c: a horizontal 
force P acts at the middle point of each rod in an outward direction per- 
pendicular to its length. Find the tensions of the strings : and shew that 
the action at each of the joints where there is no string is pa-tf^ll^] to the 
nearest string and is equal to 

11. A parallelogram composed of jointed rods, each of leng^ a end 
weight P, is hung up by one angle, and inside it is placed a droolar disc 
of radius b and weight W. Prove that there will be equilibrium, when 
the inclination of the rods to the vertical is given by the equation 

2a (W+2P) 8in3 e=Wh cob 6. 

12. A lamina in the form of a rhombus made up of two eqnilatenl 
triangles rests with its plane vertical between two smooth pegs in the 
same horizontal plane at a distance apart equal to a quarter of the longer 
diagonal : prove that either a side or a diagonal of the rhomhoB must be 
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vertical, and that the stable position is that in which a diagonal is 
vertical. 

13. A parallelogram ABCD formed of four uniform rods freely 

jointed at the comers has the side AB fixed horizontally, and the frame 

hangs in a vertical plane with the joint A attached by a light string of 

length I to the opposite joint C: AC is the shorter diagonal and a the 

acute angle of the parallelogram: shew that the tension of the string is 

Wl 

— cot a, where a is the length of the fixed side and W the weight of the 

four rods. 

14. A surface rests in contact with a perfectly rough fixed surface, 
the common normal at the point of contact making an angle a with the 
vertical: prove that the equilibrium is stable or unstable, according as 
the distance of the centre of mass from the point of contact is less or 
greater than 

cos a 

Th+Tl7" 

where p, p' arc the radii of the surfaces, supposed spherical at the point 
of contact. 

16. A heavy body in the shape of a paraboloid of revolution placed 
on a rough horizontal plane, has its G. G. at the critical height: determine 
this height, and find the real nature of the equilibrium. 

16. A thin straight rod is suspended by a fine inextensible string 
fastened to it at the two ends and passing over a fixed smooth peg. If 
the centre of gravity of the rod is not at its middle point, determine 
whether the equilibrium is stable or hot. 

17. A uniform rod of length c rests with one end on a smooth 
elliptic arc whose major axis is horizontal and with the other on a 
smooth vertical plane at a distance h from the centre of the ellipse : prove 
that, if 6 be the angle which the rod makes with the horizon and 2a, 26, 
the axes of the ellipse, 2b tan 6=a tan 0, where a cos + /i=c cos 0, 

18. Two elastic strings are fastened at a fixed point P and pass 
through fixed smooth rings A and B such that PA , PB are the natural 
lengths of the respective strings: the other ends of the strings are 
fastened to C and D, two points of a rigid lamina which is movable in 
its plane about a fixed point 0. If A and B are in the same plane as 
the lamina and if the angles CO A, DOB are supplementary and the 
system is in equilibrium, prove that the equilibrium will be neutral. 

- ' v--. --- J' ■•.. 15— "i6 
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19. Twelve equal uniform rods fona a cube having universal joints 
at each of its angles ; shew that, if it be suspended by one of its angles, 
and be prevented from collapsing by three rods without weight forming 
the diagonals not passing through the point of suspension, the thrusts 
along the three rods will be half the weight of the framework. 

20. Two equal rods rigidly fastened at right angles to each other are 
placed over an ellipse whose plane is vertical and major axis horizontal ; 
^d the least length of the rods that the equilibrium may be stable. 

21. A smooth fixed sphere supports a zone of very small equal 
smooth spherical particles and the whole is prevented from slipping off 
the sphere by an elastic ring occupying a horizontal circle of ^-ngnl^r 
radius a, shew that in the position of equilibrium the tension of the band 
is T, where 2'irT=Wi&nat and W is the whole weight of the ring and 
particles together. 

22. A uniform elliptic hoop is weighted at an extremity of its major 
axis by a weight equal to that of itself: shew that if it be placed on a 
smooth horizontal plane with its plane vertical, it will have two or four 
positions of equilibrium according as its eccentricity is less or greater 

than iis/2* What is the nature of the equilibrium in the several 
positions ? 

23. Two similar uniform straight rods of lengths 2a, 25 rigidly 
united at their ends at an angle a rest over two smooth pegs in the same 
horizontal plane : prove that the angle which the rod 2a makes with the 
vertical is given by the equation 

c (a + h)sm(2d-a) = a^smasmd -h^ sinasin (o-^), 

c being the distance between the pegs. 

24. Three equal and in every way similar uniform rods AB, BC, CD 
freely jointed at B and C, have small smooth weightless rings attached to 
them at A and D : the rings slide on a smooth parabolic wire whose axis 
is vertical and vertex upwards, and whose latus rectum is half the length 
of the three rods: prove that in the position of equilibrium, the in- 
clination {&) of A B 01 CD to the vertical is given by the equation 

cos ^ - sin ^ + sin 20 = 0. 

Is the equilibrium stable or unstable ? 

25. A number of uniform thin rods, all equal and similar, are freely 
jointed together at their middle points, so that they form the generaton 
of a right circular cone, symmetrically placed about the axis. 'Within 
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the cone thus formed is placed a smooth sphere, and round the rods a 
smooth thin ring of the same weight and radius as the sphere. The 
whole is placed on a smooth horizontal plane, so that the ring is helow 
and the sphere above the vertex of the cone ; prove that the semi- vertical 
angle (6) of the cone in one position of equilibrium is given by 

(P-{-W)a (2 sin + sin 2d) = P^ 

where W is the weight of the rods, P that of the sphere and ring 
together, 2a the length of each rod, and r the radius of the ring or sphere. 
Determine the stress on any rod at the joint. 

26. A, By Cy D are four fixed points in the same horizontal plane, at 
the comers of a square whose semi-diagonal is b. A\ B\ C, D' are the 
corresponding corners of a square plate of weight W and semi-diagonal a. 
Four equal cords join AA\ BB*, CC\ DD'. When the plate is hanging 
by the cords the distance between A'B'C'D' and ABCD is k. Shew that 
if a couple L about a vertical axis be appUed to the plate so that it is 
turned through an angle ^, then 

L^Wab8inei^{k^-4:abBm^l^d). 

27. Two equal equilateral triangular laminsB each of weight W and 
freely jointed together at their vertices, are placed with their bases 
on a smooth horizontal table, and have their base angular points 
connected by two inextensible strings, one of which is equal in length (2a) 
to a side of either triangle. Shew that the tension of the other string (2b) 
is equal to 

lWa^{3a-b)-^-(2a-b)k 

28. Two small rings, each of weight P, slide on a smooth circular wire 
(radius r) in a vertical plane, and are connected by a string of length 2a 
( < 2r) on which slide a ring of weight Q. Shew that when the string is 
vertical, the corresponding position is one of unstable equilibrium, and 
that the stable position of equilibrium is when Q is at a distance from 
the centre of the wire 

20. A pyramidal plug is made to fit symmetrically into an equilateral 
trlanf;ular hole whose side is a and plane horizontal. Prove that, to 
retain it in the hole with its axis vertical so that its section by the plane 
of the hole is an equilateral triangle whose side is c, a couple must be 

applied of moment Whi - j - 1 I » where Wis the weight of the plug and 

h is the depth of the vertex in this pqsiljion. 
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131. It is frequently desirable that we should be able 
to counteract one force by another, differing from it in 
magnitude, point of application, or direction, or. in all three. 
To enable us to do this we employ machines more or less 
complicated. 

In Statics we suppose the machine to be in eqoilibrium 
under the action of the forces due to the geometrical 
conditions of constraint, the force at our disposal generally 
called the Power, and the force which we wish to coun- 
teract, generally called the Resistance or the Weight 

It is found practically that, when the power is just 
on the point of overcoming the weight, other resistances 
are called into play, owing chiefly to the friction between 
the different parts of the machine, and the imperfect 
flexibility of ropes : all these resistances oppose the power, 
so that the latter has to be greater than would be neces- 
sary, were the machine a perfect one. If the weight 
were on the point of overcoming the power, these resist- 
ances would assist the latter. It is usual to call the 
resistance or weight, which it is the object of the machine 
to enable us to overcome, the useful resistance, while the 
other resistances are called wasteful resistances^ When 
we take these latter into consideration, we shall suppose 
that motion is just about to take place, and that the 
power is overcoming the useful resistance. 
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If motion just occurs, the work done by the power will 
equal that done against both the useful resistance and 
the wasteful ones ; the former part of the work is termed 
useful and the latter lost work. 

132. Bef, When motion just takes place in a machine, 
the ratio of the useful work done to the whole work done 
in the same indefinitely short time is called the Efficiency 
of the machine. It is of course desirable to have the 
efficiency as near unity as possible. 

Let P denote the power, W the useful resistance, and 
TF' the wasteful resistance. 

If P move its point of application through a small 
distance s, and in consequence the work done against W 
be w, and that done against TT' be w\ we have from the 
principle of virtual work, 

Ps^w + w' 

the efficiency then is wliw + w'\ 

Let Pq be the force which would just move W were 
there no wasteful resistance, then P^s = t^ by the principle 
of virtual work. Hence the eflBciency = P^s/Ps = P^/P, or 
the eflBciency is the ratio of the power, which would just 
move the weight were there no wasteful resistance, to the 
actual power required. 

Unless otherwise stated, we shall suppose the machines 
perfect ones, i.e. with eflSciency equal to unity, 

183, The simple machines are, — the Lever, the Wheel 
and Axle, the Pulley, the Inclined Plane, the Screw and the 
Wedge, The principle of the wheel and axle is the same 
as that of the lever, and the screw and wedge are identical 
in principle with the inclined plane. 

134. The Lever. This is a rigid rod, straight or 
curved, and free to turn about a fixed axLs, which is 
called the fulcrum. The two parts into which the rod is 
divided by the fulcrum are called arms. 



232 STATICS, 

Levers are usually classified as follows. In the lever 
of the first class, the fulcrum is between the power and 
the weight: a poker where the bar of the grate is used 
as the fulcrum, and a pair of scissors are instances of it. 
In the second class, the weight is between the fulcrum 
and the power, as in a wheelbarrow, where the point of 
the wheel in contact with the ground is the fulcrum, or 
in an oar, where the blade in contact with the water is 
the fulcrum, and the resistance is applied at the rowlock. 
In levers of the third class, of which a pair of shears and 
the human arm are examples, the power is between the 
fulcrum and the weight. 

135. The condition of equilibrium of a Lever, As in 
Art. 74 we can shew that the necessary and sufficient 
condition of equilibrium of any body whatsoever, which is 
free to turn about a fixed axis, and under the action of 
any number of forces, is, that the algebraical sum of the 
moments of the forces about the fixed axis be zero. In 
the case of the simplest form of the lever the forces are 
generally only two, the power and the weight, acting in 
one plane, so that the condition of equilibrium becomes 
that the moment of P about the fulcrum should be nu- 
merically equal but of opposite sign to that of W. 

This condition may also be easily found by the Prin- 
ciple of Virtual Work. 

136. To determine the pressure on the fulcrura when 
the Lever is in equilibrium. 

Since the action of the fulcrum together with the 
power and the weight keeps the lever in equilibrium, 
the reaction on the fulcrum is obviously the resultant 
of the power and the weight. If, however, the lines of 
action of P and W are not in one plane, they do not 
reduce to a single resultant, and the pressure on the ful- 
crum is not a single force. 

We shall assume that the lines of action of P and W 
are in one plane. 
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When the power and the weight are parallel, the 
reaction (R) of the fulcrum (F) is parallel to each of them; 
and in a lever of the first class, ii = P + TT, 

of the second class, ii = TT— P, 

of the third class, .R = P — W, 

When the lines of action of the power and weight are 
not parallel but meet in C, let A, B be their respective 
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points of application, a, yS the angles, which their lines of 
action make with AB. 

It is required to find the magnitude of P, and the 
angle (0) its direction makes with AB, 

Since the lever is in equilibrium under the action of 
the three forces, P's line of action passes through C, 

Also (Art. 18) sin ACF : sin BGF= W : P; 

/,sm(0-a) : sin (tt - ^-^) = TT : P; 

sin cos a — cos sin a W 



tan^ = 



Also 



sin ^ cos ^ + cos ^ sin /8 P ' 

TT sin )8 + P sin a 
P cos a — TT COS ^ * 

P* = P« + Q'' + 2PQcos^aP; 

^ = V{i'' + Q'-2PQcos(a-f^)}. 



234 



STATIC& 



137. To find the relation between the Power and the 
Weight in a rough Lever, when the Power is on the paint 
of moving the Weight 

Let AyBhe the points of application of the power (P) 
and the weight ( W) respectively : let their lines of action 
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meet in C at an angle 6. The fulcrum is a rough solid 
cylinder, which passes through a cylindrical hole in the 
lever, just so much bigger in diameter that there is contact 
along one generating line only. 

Let the plane ABC, which we assume to be perpen- 
dicular to the axis of either cylinder, cut the hole in the 
circle DUG of radius r and centre F, D being the point 
where the line of contact meets the circle. Join DO, then 
the reaction of the fulcrum (R) acts along CD. Also, since 
the lever is on the point of turning round -Fin the direction 
in which P tends to turn it, the reaction R will make with 
the normal FD an angle equal to \, the angle of friction, 
and on the side which enables it to assist W. 

Let p, q be the perpendiculars from F on the lines of 
action of P, W respectively. 

Since R counteracts P and W, 

Ji^ = P'+ TP + 2Plf cos A 
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Also, by taking moments about F^ we have 

= Tfi? + rsmX.V(P'+F*-f 2PTrcos^...(l). 

If P and W are in the same direction this becomes 

P {jp — r sin X)= W{q'\'r sin \). 

If P could only just balance Tf, or, in other words, were 
ir on the point of moving P, the relation would be 

Pp= Wq-r sin X . V(P*+ F' + 2PFcos 6). 

138. To find the efficiency {E) of the rough Lever. 

Let Pq be the power just required to move TT, when 
the fulcrum is perfectly smooth. 

Then P,p = Wq. 

P Wq 
But the efficiency, E=-p = -~. 

Therefore from (1) we have 

.\pq{l^E) = r sin X . V((?' + J>'^ + 2pqE C03 0), 
which gives us E. 

If P and W are in the same direction E becomes 
q(p — r sin X)/{p (j' + ^ sin X)]. 

139. The Wheel and Axle, This machine consists of 
a cylinder a (the wheel) with a groove cut round the cir- 
cumference, and a cylinder b of smaller radius (the axle). 
The two form one rigid body and have a common hori- 
zontal axis cc\ at the ends of which are two pivots c and 
c, resting in fixed sockets so that the whole can turn 
about this axis. 



. ^ r sm 
i=E + - 



236 



STATICS. 



The power P is applied tangentially at the circum- 
ference of the wheel, generally by means of a rope, while 




u^ 



\N Fig. 1 12. 



the weight is suspended by a rope which is wound round 
the axle so that it tends to turn the machine in the op- 
posite direction to the power. 

The apparatus for drawing a bucket of water out of a well is &eqn6niljr 
a machine of this kind, the power being applied by means of a handle 
attached to the wheel instead of by a rope. A windlass for hauling npan 
anchor on board ship is a modification of the wheel and axle, in which 
the common axis is vertical, and the power is applied at the end of poles 
which project from the wheel so as to form radii produced. 

Condition of Equilibrium, The Wheel and Axle, as 
before stated, is a kind of lever, and we can shew as in 
Art. 74 that the condition of equilibrium is that the 
moment of P about the axis should be equal and opposite 
to the moment of W, i.e. that 

P X the radius of the wheel = TT x radius of the axle. 

If the ropes be of considerable thickness, the tension of each may be 
supposed to act along its axis or central line, so that the condition of 
equilibrium becomes 

P X (rad. of wheel + J thickness of P's rope) 

= W (rad. of axle + J thickness of TFs rope). 
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Rigidity of Ropes, We have hitherto supposed, that the ropes are 
perfectly flexible^ i.e. that they offer no resistance to being bent. As a 
matter of fact when a rope is wound on to a drum, pulley or axle, it does 
offer a resistance, though none is offered when it is wound off. From 
experiments made on new dry ropes and tarred ones Coulomb has deduced 
the following empirical results. 

If a rope whose tension is T, is on the point of being wound on to a 
drum, the effect of the rigidity of the rope is the same as would be pro- 
duced by increasing T by a certain amount T, This amount T' is most 
simply expressed by the formula 

R' ' 

where a and 6 are constants depending on the rope, and R' is the effec- 
tive radius of the drum, i.e. its actual radius + half the thickness of the 
rope. 

What is the precise meaning of the above statement? 

The force T exerted by the rope cannot be greater than itself ; how 
can the rigidity of the rope increase the effect of T ? As it cannot alter 
the magnitude and direction of T, it clearly can only increase T's effect by 
causing it to act at a greater distance from the drum than would be the 
case, if the flexibility were perfect. This is precisely what we should be 
led to expect from k priori considerations. Where the rope is being 
wound oUj those fibres furthest from the drum will be stretched more than 
those nearer, and will therefore exert the greatest tensions — hence the 
resultant tension will act further from the drum than the central axis of 
the rope. At the point where the rope is being wound off, there seems no 
reason why one fibre should exert a greater tension than another so that 
the resultant tension will act along the central axis. 

Where must T act in order to have as great a moment about the axis 

of the axle or drum, as T^ , - acting along the central axis of the 

XV 

rope? If the distance of the line of apphcation of T from the central axis 
be X, we must have 



T(R- + x) = (t + ^^PjK, 



X clearly cannot be greater than J the thickness of the rope. 
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Bj using the method of Art. 137, the following results nmj be ob- 
tained. 

If the Power P applied to a wheel and axle of weight tr, by means of 
a rope of thickness f^, be about to raise a weight W which is suspended 
by a rope of thickness t^ the relation between P and W is 

P {R + iti-p8m\) = W {r + it2+p sin \)+wp sin \ 

where R is the radius of the wheel, r that of the axle, p that of tibe fUTots 
about which the whole turns and X the angle of friction between the pirots 
and their bearings. 

If the rigidity of the rope to which W is attached be taken into 
account, the relation becomes 

P(R+U^-pam\)=(w+^^^^^^-\ {r+it^+pan\)+wpBm\ 

where a and b are the constants mentioned above. 

In both these cases, P is applied vertically downwards. 

Ex. 1. Four sailors, each exerting a force of 112 lbs., can just raise 
an anchor by means of a capstan whose radius is 1ft. 2 in. and whose 
spokes are 8 ft. long (measured from the axis). Find the weight of the 
anchor. Aru. Iff tons. 

Ex. 2. If the length of each of a pair of sculls be 8 ft. 6 in., and the 
distance from the hand to the rowlock be 2 ft. 3 in., find the resultant 
force on the boat when the scuUer pulls each scull with a fprce of 25 lbs., 
assuming that the blade does not move through the water. Ans. 18 lbs. 

Ex. 3. A fly-wheel 10 ft. in radius weighs 15 tons, its axle is 6 in. 
in radius and revolves in bearings between which and it the coefficient of 
friction is *2 : find the smallest weight which, hung from a band round 
the circumference of the wheel, will just turn it. Ans. 333 lbs. nearly. 

Ex. 4. Find the efficiency of a * wheel and axle,' which weighs 50 lbs. 
and turns on pivots of ^ in. radius, and coefficient of friction *1, when 
the Power acts vertically downwards, the radii of the wheel and axle an 
2 ft. 8 in. and 5 in. respectively, and the weight to be raised is 500 lbs. 

Atu. -987. 

Ex. 5. Find the efficiency of the machine described in Ex. 4, every- 
thing remaining the same, except that the thickness of the ropes and their 
rigidity are to be taken into account ; the ropes are *8 in. thick, and the 
constants a, b (Art. 139), are 8*6 and '18 respectively, provided that, in 
using the empirical formula of Art. 130, R' is expressed in inches, and T 
in lbs. Am. '96S. 
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140. The Pulley. A puiley-block consists of two 
plates or sheaves connected by an axle about which a 
circular disc, with a groove cut in its circumference, can 
turn. Rigidly connected with the axle is a hook to which 
a string can be attached so as to support the pulley, or by 
means of which the pulley can support a weight. Some- 
times there are several discs, either turning about the 
same axle or placed one below another ; they then form 
double, treble, &c. blocks. A rope passes along the groove 
in the circumference of the disc, and, as the latter is 
supposed smooth, the tension of the rope will be the 
same on both sides the pulley. 

When the block is fixed, the pulley is said to be fixed ; 
otherwise it is called a movable pulley. 

If a fi^ed pulley be used to enable us to overcome 
resistance, the only object gained by the use of the pulley 
is that the force applied is enabled to counteract a force 
in a different direction, though not of greater magnitude. 



^ 



p 



r> 
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When a single movable pulley is used, the weight W 
is attached to the block, and the power P is applied at 
one end of a rope which passes under the disc of the 
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pulley, the other end of the rope being fastened to a fixed 
point. 

It is obvious, when the strings are parallel, that 
W=2P, and when they are not parallel, but each makes 
an angle d with the vertical, that W= 2P cos 0. 

141. There are three systems of pulleys usually de- 
scribed in text-books. 

In the First System, the weight is attached to the lowest 
pulley, which is supported by a rope, one end of which is 
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attached to a fixed beam, and the other end to the next 
])ulley above, which is in turn supported in a similar way: 
the power is applied at the end of the rope supporting 
the highest pulley. The portions of the ropes not in 
contact with the pulleys are vertical. 

Condition of Equilibrium, Let there be n pulleys, whose 
weights in order from the lowest are w^, w^,...w^, and let 
the tensions of the ropes supporting them be 2\, T^,..T^ 
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Then from the equilibrium of the different pulleys, we have 

22'.= F + w, (1), 

2r,=r,+w, (2), 

2T, = j; + «;. (3), 



« • • 



2T^ = T^_^^w^ (71), 

also P=^T^ (n+1). 

Multiplying equations (2), (3)...(7i + l) by 2, 2^ 3',... 2" 
respectively, and adding, we have 

If the pulleys be without weight, this equation reduces 
to2».P=F. 

We can deduce the same equation hy the principle of 
virtual work. 

Let the virtual displacement be the one which would 
actually be produced by moving: the end of the rope to 
which P is applied through a small distance x in P's 
direction. By this, the uppermost pulley would be raised 

through a height », the next lower pulley through a 



2 



height ~ , and so on, the lowest pulley and weight being 



X 

raised through a height ^ . 

During this displacement, the actions of the fixed 
points to which the ends of the different ropes are at- 
tached do no work, nor is any done by the internal forces 
of the system (Art. 117). The equation of virtual work 
then is 

d.e. 2"P = TF + 1^;^ + 2m;, + 2^ + . . .2"-X- 
G. 16 
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142. In the Second System there are two pulley- 
blocks, the upper of which is fixed, and the lower mov- 
able : a rope passes over one of the discs of the upper 
block and under one of the lower block alternately, the 
radii of the different discs being such that the portions 
of the rope not in contact with a pulley are vertical, or 
nearly so. One end of the rope is attached to one of the 
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two blocks, and at the other end the power .is applied. 
The weight is attached to the lower block. 

Condition of Equilibrium, Let W be the weight to be 
raised, including that of the lower block : let P be the 
power which just raises it : then the tension of the rope is 



P throughout, and if there be n strings coming from the 
lower block, the total force exerted by them is nP, and we 
must have W=nP. 

143. In the Third System, the uppermost pulley is 
fixed : each pulley has a rope parsing over it, with one 
end attached to the weight and the other to the pulley 
nest below. The power is applied at the end of the string 
passing over the lowest pulley. 



It sbonld be obBetvedtiiat the third Bjatem is obtained bjicTertiug tha 
first, tbe beam beooming the weight, and vioe veisfi. 

Condition of Equilibriitm. In investigating the relation 
between the weight W and the power P which will support 
it, we shall suppose the portions of the ropes not in contact 
with the pulleys to be vertical, and the ropes to be without 
weight. 

Let there be n pulleys, including the fixed one, and 
let w,, w,, M',...M'„_j be the weights of the movable ones 
16—2 
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beginning with the lowest; let 2^, T^-.-T^ be the tensions 
of the ropes passing over them. 

Since each pulley is in equilibrium, we have 

T,=^2T, + w, (1), 

T, = 2T,-^w, (2), 



• • • 



?'» = 2?;.. + «;.„ (n-1), 

from the equiUbrium of the weight 

T, + T,-^T,+...T^=W (n), 

also T, = P. 

Multiplying equations (1), (2)...(?i — 1) by 2""*, 2*^, 
2**"*... 2 respectively, and adding, we have 

Adding equations (1), (2)...(w — 1), and employing 
equation (n), we have 

Eliminating T^, we have 
Tf=P(2»-l) + t^,(2"-^-l) + t^,(2»-«-l)+...'M;^,(2-l). 

To deduce the relation between W and P Jrom the 
principle of virtual work. 

Let the weight W be supposed moved vertically down- 
wards through a small distance x. Then the highest 
movable pulley, w^_^, will be raised through a height a?: 
the next pulley below will be raised twice the height 
through which the highest is raised, together with the 
distance through which the weight descends, i.e. through 
a height 3a?. Similarly we can see that any pulley will 
rise through a height x, together with twice the distance 
through which the next pulley above rises. The distances 
therefore through which the weights w^_^, '^u-%"'^v ^^ 
respectively raised are x, (2' — l)a?, (2' — l)a?,...(2*"* — 1)«, 
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Also the point of application of P will be moved vertically 
upwards through a distance (2** — 1) a?. 

Hence the equation of virtual work is 

Wx - «;„., x -<2» - 1) «;„., a; - (2' - 1) «,„.. x 

- (2"-' -l)w^x- (2" - 1) Pa! = ; 

.-. TF= <2» - 1) P + (2"-' - 1) w, + (2"-» - 1) w, 

+...(2'-l)«r„^ + «;,.,. 

We can take into account the friction between the axles of the pulleys 
and their bearings by the method of Art. 137, and also the rigidity of the 
ropes by that of Art. 139. 

Ex. 1. If there are three movable pulleys arranged as in the first 
system, their weights beginning from the lowest being 9, 3, and 1 lbs. re- 
spectively, find what power will support a weight of 69 lbs. Atis. 11 lbs. 

Ex. 2. If in the second system there are altogether nine pulleys and 
each pulley weigh one pound, what force will be required to support a 
weight of 86 lbs. ? Ans, 10 lbs. 

Ex. 3. If the weight supported in the third system be 56 lbs., and 
each movable pulley, of which there are 3, weigh 1 lb., find the horizon- 
tal distance of the centre of mass of the weight from the centre of the 
fixed pulley, supposing the diameters of all the pulleys to be equal. 

Ans. -^ the radius of any pulley. 

Ex. 4. If a weight P be on the point of lifting a weight Q by means 
of a rope to which P is attached, passing over a fixed j)ulley and under a 
movable one, to the latter of which Q is attached : find the relation 
between P and Q, assuming that the pulleys are exactly similar, and 
that the effects of friction, and rigidity, are small. 

Ans. P=i {1+f {2p sin <f>+b)lr}Q + ialr where r is the radius of 
each pulley, p of the axle, the angle of friction, and a and b the con- 
stants determining the rigidity of the rope. (The ropes not in contact 
with the pulleys are supposed vertical.) 

"Ex. 6. Find the weight required to lift a weight of 70 lbs. by means 
of 2 movable pulleys arranged as in the first system, when each pulley 
weighs 1 lb., is of 3 in. radius, and has an axle J in. radius, the coefficient 
of friction being '075, and each rope *6 in. thick, the constant of 
rigidity a being 3*6 and b '125. Ans. 19*8 lbs. nearly. 
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Ex. 6. Find tbe force which must be applied yerticftlly downwards 
in order to lift a weight by means of 4 pulleys arranged as in the second 
system, each of 2^ in. radius, and turning about an axle of *2 in. radius 
(coefficient of friction *12), when the total weight of the lower Uook is 
600 lbs., and the rope is *25 in. thick. The constant of rigidity a is 1*8; 
and &, -086. . Atu. 172 lbs. 

144. The Inclined Plane. A line in the plane per- 
pendicular to its intersection with the horizontal plane is 
called a line of greatest slope, and the vertical plane 
containing this line the principal plane. 

To find the condition of equilibrium on an inclined 
plane, where W is the weight and P the power, 

(i) When the plane is smooth. 

Let BAG be a section of the inclined plane made by 
a principal plane, BA being the line of greatest slope and 



AC being horizontal. Let a be the angle of inclination 
BAG. 

The reaction R of the plane acts at right angles to 
the plane and therefore parallel to the plane BAC: the 
weight W acts parallel to this plane also^ so that the 
power P must also act parallel to this plane. Let be the 
angle which P's line of action makes with AB measured 
up the plane, being positive when P's direction is above 
the plane. 
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By Art. 18, 

P : W : R = sin (TT, R) : sin (i?, P) : sin (P, TT) 

= sin a : cos : cos (a -f 0)- 

P clearly has its least value for a given value of W 
when ^ = 0. 

(ii) When the plane is rough, and the direction of P 
is in the principal plane. 

The total reaction R of the plane will act in the 
principal plane, since W and P do ; its direction cannot 
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make with the normal an angle greater than \, the angle 
of friction, but may make any smaller angle. 

Let X' be the angle which R makes with the normal, 
\' being measured towards the lower part of the plane. 

We have then the equations 

E^ = P«+TP + 2PTrcos(^ + i7r + a) 

= p2+TP-2PFsin(^ + a), 

, P sin (W — V + W — Gt) sin (a + V) 
and — — ^ ^^ 



f\ » 



W sin (\' + ^TT - (?) cos {0 - V) 

to determine R and \'. 
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When P is just on the point of moving W so that the 
latter is just about to slip up the plane, the total reaction 
will make with the normal an angle \ on the side towards 
the lower part of the plane : in that case 



P^W. 



Also 



sin (a + \) 
cos (6 — X)' 

COS {0 — \) 



The value of which will give the least value of P for 
a given value of TF is \ ; i. e. for P to be most effective it 
should make with the plane an angle equal to the angle 
of friction. 

By changing the sign of \ in the preceding investiga- 
tion we can obtain the value of P which will just prevent 
W from slipping down the plane, when the reaction JB 
will make an angle \ on the other side of the nonnaL 
This gives us 

p^W sin (a - X) 
•cos(^ + \)' 



and 



^^^ c_0 3(a + ^) 

COS {0 + X) 



(iii) When the plane is rough and P s direction does 
not lie in the principal plane. 

,p 

B 
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Let P make with the plane an angle 0, and let its 
resolved part along the plane make an angle ^ with the 
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line of greatest slope drawn up the plane. Let the re- 
action R of the plane be resolved into R cos X' along the 
normal, and R sin V along the plane, the latter making an 
angle /3 with the line of greatest slope. 

Resolving the forces at right angles to the plane, along 
the line of greatest slope, and in the plane at right angles 
to the line of greatest slope, we have 

Psin0 + i2cosV- Tf cosa=0, 

P cos d cos <f> + R sin V cos )8 — TTsin a = 0, 

P cos 6 sin <f> + R sin V sin ^ = 0. 

These equations are sufficient to determine -B, V and /8, 
when the other quantities are known. 

If P be on the point of moving TT, the reaction R 
makes with the normal an angle X, so that writing \ for 
V in the above equations, they enable us to determine 
P, R and yS, when the other. quantities are known. 

145. The Screw, A screw may be supposed con- 
structed as follows : — 

Let aa^dfd be a solid right circular cylinder, and let 
AA'D'D be a rectangle, whose breadth AA' is equal to 





Fig. 120 



the circumference of the cylinder. Draw BB\ CG\ I>D\ 
&c. parallel to AA' and at equal distances from one 
another : join AR! ^ BC\ CD'. Now let the rectangle AD' 
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be wrapped round the cylinder, so that the sides ABCD, 
A'B'G'I/ coincide with the generator ad, the points A, A! 
coinciding in a, B, B' in b, C, G' in c, and JD, D' in d. 
The lines AB', BCy CD' will now form a continuous line 
going round the cylinder, called a helix. It is clear that 
in wrapping the rectangle round the cylinder, we have not 
altered the inclination to A^B of any of the lines AB', BO, 
CD'y so that the helix everywhere makes the angle SAA! 
with the base of the cylinder. This angle is called the 
]}itch of the helix ; and it is equal to 

1 AB 
tan -j-^,. 



or 



tan 



_i distance between two consecutive coils (a6) 



circumference of the cylinder 

Now imagine a solid figure to be generated by a small 
rectangle ahcd (fig. 121) which moves so that one 
side ad always coincides with a generating line, while a 
comer a describes the helix, and its plane always contains 




the axis of the cylinder. Each point in ah will describe a 
helix, the pitch of the helix being smaller the farther the 
point is from a : the distance between two consecutive ooils 
will be the same for all, but the circumference of the 
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cylinder round which any particular helix would wrap 
will be greater the further the generating point is from a. 

This thread is a square one: an angular thread is 
generated by an isosceles triangle abo, whose plane always 
contains the axis of the cylinder, and whose base ab moves 
exactly aa the side ad of the rectangle abed which gene- 
rates the square thread. 

The solid cylinder, together with the solid figure above 
described, form a solid screw, which works in a hollow 
cylinder of the same diameter as the solid one, and with a 
groove cut in it, which just fits the thread of the solid 
screw. The hollow screw is generally fixed in a support. 

The screw is generally used as follows : — 

The solid screw has at one end an arm at right angles 
to the axis : the power P is applied at the end of this arm 



and perpendicular to it, so as to tend to turn the screw 
round and so move it in the direction of its axis, and thus 
produce pressure on any body situate at the end of the 
axis: the pressure which is thus overcome is called the 
Weight (W). 

146. To find the condition of eguilibnum in a screw 
witii. a square thread. 
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Let a be the length of the arm, at the end of which 
the power P acts: % the distance between two consecu- 
tive threads. The surface of the groove of the hollow 
screw will exert pressures perpendicular to the surface of 
the thread at a very, large number of points. Let R be 
the resistance at one of these. points Q, which is at a 
distance r from the axis of the screw : we have seen that 
the pitch (a) of the helix, which passes through this point, 
and has as axis the axis of the screw, is tan"* h/2*irr. The 
direction of iJ is normal to the surface of the thread at Q, 
and therefore to anyline in that surface, passing through Q. 
From the way in which the surface of the thread' lias been 
generated, R must be at right angles to the line from Q 
perpendicular to the axis of the screw ; it must also be at 
right angles to the tangent to the helix through Q, i.a it 
makes an angle a with the axis of the screw. We may 
resolve R into two components, one, iJ cos a, along the 
axis of the screw, and the other R sin a, perpendicular to 
the axis, and at a distance r from it. Similarly all the 
resistances, such as R, can be resolved in the same way. 

Resolving along the axis, we have 

W = t {Rcosa). 

Taking moments about the axis, 

Pa = ^ {Rr sin a). 

But 27rr sin a = A cos a ; 

73 ^ /Rh cos a\ A <^ / r» N Wh 

F_2to 

_ circumference of circle traced out by end of P's arm 
distance between two consecutive threads 

We can easily deduce the same relation for a screw 
with any smooth thread, square or angular, from the 



principle of virtuat work, by a method similar to that \\^<di\ 
m Art. 155. 

Ex. A smooth sorew makes three reYoltttioina while it i^dranoea h(Uf «a^ 
inch, find the power which must be applied at the extremity of an arm 
one foot long in order to prodnoe a pr^ssare of 144 Iba, Am* '3d lbs. 

147. When the screw thread is not smooth, we can 
find the condition of equilibrium, if we assume that the 
breadth of the thread, i.e. the side ab (fig. 121) of the 
rectangle which is supposed to generate it, is very small. 
The pitch of the screw will be the same then at every 
point of the thread : let it be a. 

Let us suppose that the power (P) is just on the point 
of moving the weight TF, then the limiting friction is 
called into play at every point of contact of the thread 
with the groove, and acts in the direction in which it can 
most effectively oppose P, i.e. directly opposite to that in 
which the point of the thread is about to move : it makes 
then an angle ^tt— a, with the axis of the screw, and is 
perpendicular to the line drawn from its point of applica- 
tion at right angles to the axis. Let \ be the angle of 
friction, R^, R^, R^... the normal reactions at the dinerent 
points of contact ; r the distance of each of them from the 
axis of the screw. 

Resolving along the axis of the screw, we Ixave 
W-XiR cos a) -h X(ii tan X sin a) = 0, 
taking moments about the axis, 

Pa — X {Rr sin a) — 2 {Rr tan \ cos a) = 0. 

h cos OL 



But r sin % 



iir 



' coaX 
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, ,. (h COS a h tan X cos' a\ -^ , „v 

and Pci = (-^ — + — o 2(jB) 

\ zir 27rsina / ^ 

A cot a sin (a + X) ^ / «x 
2^' C03X •^^^^' 

P _ _^ tan (g + X ) 
TT 27ra ' tan a 

When W is on the point of overcoming P, the relation 

P A tan (a - X) 



becomes 



W 27ra ' tan a 



Since the power (P^) which would just move W, 
when the screw is smooth, is Wh/27ra, the efficiency of the 
rough screw is = tan a cot (a + X). 

Ex. If the screw in example on page 253 be rongfa, eoeffident of 
friction '08, and the radius of the axle be ^ in., find the power required 
to raise 144 lbs. Aru, *8 Uw. 

148. The Wedge, which is a solid prism, whose section 
is an isosceles triangle, and which is used to split wood, 
&c., by being driven in by blows of a hammer, is so 
essentially dynamical in principle, that we shall not dis- 
cuss it here. 

149. Besides being used as an instrument for multi- 
plying Force, the Lever is also employed for weighing 
purposes: in one form it is known as the Common 
Balance, 

This in its simplest form consists of a straight uniform 
beam AB, from the two ends of which scale-pans hang. 
The lever turns about a fulcrum C, which is situated 
above it in a short beam CD, which projects at right 
angles to AB, from its middle point D. 

The substance to be weighed is placed in one scale- 
pan, and such weights in the other, that the beam is 
horizontal when in equilibrium. 
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An index needle is often attached at right angles to the beam. The 
needle traverses a graduated arc and shews when the beam is horizontal by 
pointing to the zero mark. In balances for accurate weighing the folcrum 




Q+S 



Kp+s 



is formed by the edge of a triangular prism of hardened steel (a knife 
edge), which rests on a plate of smooth agate. Hence (Art. 137) the effect 
of friction is rendered very small. 

Fig. 123, like the other figures of the machines, is not intended as a 
realistic representation. It is assumed that the student is familiar with 
the actual forms of the simple machines. 

150. The following are the requisites of a good 
Balance. 

(1) It should be true, i.e. when loaded with equal 
weights, the beam should be horizontal. This requisite is 
obtained by making the scale-pans of equal weight, and the 
two arms exactly similar in every respect. We can easily 
test the Truth of a Balance by interchanging the weights, 
which keep the beam in equilibrium, when horizontal ; if 
the beam settles again into a horizontal position, the 
weights are equal and the balance tru£, but not otherwise. 

It is easy to make a balance approximately true, but almost impos- 
sible to make it absolutely so. When therefore very great accuracy is 
required, the method of douhU weighing is adopted. This enables us 
to determine the exact weight, however untrue the balance may be. It 
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consists in first making the beam horizontal with the body whose weight 
is required in one scale-pan and sand or shot in the other : .then the body 
is replaced by weights sufficient to keep the beam horizontal. It is dear 
that the weight of the body is that of the weights. 

(2) A Balance should be sensible, i.e. when the weights 
diflfer by a small quantity the deviation of the beam from 
the horizontal should be easily perceptible. 

To ascertain how this requisite is secured we must find 
the position of equilibrium when the balance is loaded 
with weights P and Q. 

Let G be the centre of mass of the lever, not includ- 
ing the scale-pans, W its weight. Let AB = 2a, CD == A, 
CG = k. Let 8 be the weight of each scale-pan acting 
through Ay B respectively. Let 6 be the angle which 
AB makes with the horizon when P is placed in the 
scale-pan hanging from A and Q in the other. 

By taking moments about G for the equilibrium of the 
beam, we have 

(P + >Sf)(acos5~Asin0)-(Q + ^(acos5 + Asin^ 

-F&sin0 = O, 
. ^_ {P-Q)a 

" {P + Q + 2S)h+Wk' 

For a given value of P — Q, the sensibility will be the 
greater, the greater tan is, and for a given value of 0, 
the sensibility is the greater, the smaller P — Q is, so 

that we may take -p — ^ as a measure of the sensibility. 

Hence the second requisite is best obtained by making 

{P + Q + m i7+Wk ^^"^ ^''^^' '•®- ^y ""^■'^ a large in 
comparison with h and k. 

In balances for very accurate weighing, C is in the line AB^ bo fhat k 
is zero, and the sensibility is proportional to aj Wk, which is independent 
of the load placed in the scale-pans. Also the sensibility is increased by 
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making W smaller. In order to have a beam as long and as light 
as possible, consistent with sufficient strength, it is ordinarily made of 
not a single rod, but of a framework of rods. 

(3) A good balance should be stablCy i.e. it should 
readily return to its position of equilibrium, when moved 
from it, i.e. its time of oscillation about its position of 
equilibrium should be small. It is shewn in works on 
Rigid Dynamics that the time of oscillation is small when 
the arm a is small compared with h and k, so that the 
conditions of sensibility and stability are at variance one 
with another. 

In making a balance, however, consideration is paid to the sort of 
weighing it is required for. In scientific measurements, where the 
greatest accuracy is desired, the third requisite is sacrificed to obtain the 
second ; but for ordinary commercial purposes, where it is more necessary 
to save time than to be very accurate, the reverse is the ease* 

The stability is often measured by the sum of the moments of the 
forces which tend to bring back the beam into its position of equilibrium, 
but it is obvious that the time required to do this, and therefore 
the stability, will depend on the mass to be moved and on its shape, 
as well. 

151. The Common Steelyard, This is a lever used 
as a balance, in which the necessity of keeping a number 



A_iiUla44|<^-i^i^f-i^i-j^-^?^---i5/-f- 






f 



of weights is obviated. It consists of a straight beam AB, 
which is free to turn about a fulcrum C, The weight to 
be ascertained is placed in a scale-pan, which hangs from 
the end A. A fixed movable weight slides along the 

G. 17 



258 STATICS. 

beam, which is graduated so that the graduation at which 
the movable weight is situate, when the beam rests in 
a horizontal position, gives the required weight. 

To shew how the graduations are obtained. 

Let P be the movable weight, Q the weight of the 
beam and scale-pan, G the point of the beam through 
which Q acts. 

Let K be the position of the graduation n, Le. the 
position P occupies when there is a weight nP in the 
scale-pan, and the beam balances in a horizontal positicm. 
Taking moments about (7, we have 

nP . AC-Q. CG-P . CK=0. 

Putting 71 = 0, in this equation, we get the position of 

the zero of the scale, CO = — -v> . CG, or is on the other 

•side of C to G, and at a distance -p . CG from it. 

Hence nP.AC^P.OK, 

or OK = nAC 

The graduations are obtained then by marking off dis- 
tances from 0, equal to AG, 2 AC, SAC, &c. By giving 
n fractional values we can obtain intermediate graduations. 

152. The Danish Steelyard, This steelyard consists 
of a beam AB, terminating in a ball B ; from the end A 
hangs the scale-pan in which the body to be weighed is 
placed. The fulcrum C is moved until the weight placed 
in the scale-pan is counterbalanced by that of the steelyard. 
The beam is graduated so that the position of (7, .when the 
beam balances, gives the corresponding weight in A. 

To obtain the graduations. 

Let P be the weight of the steelyard and scale-pan, 
acting through the point G of the steelyard It is obvious 
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that the zero graduation is at (?, since the fulcrum must 
be at Gy when the beam balances without any weight in 
the scale-pan. 




ZIC 



543 



Wf 



f' 
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Let C be the position of the graduation n, Le. the 
point where the fulcrum is when there is a weight nP in 
the scale-pan^ and the beam balauces. 

Takiug moments about (7, we have 

nP .AG = P.CG^P{AG-AC), 

w-fl 
Hence the graduations are at a distance from A equal to 

AG AG AG . 
2 ' "T"' 4 ' 

i.e. the distances between successive graduations are in 
Harmonical Progression. 

Ex. 1. If the beam of a balance be horizontal, when there are no 
weights in the scale-pans, shew that if the balance be a false one, the 
actual weight of a body is the geometric mean of its apparent weights 
when weighed first in one scale-pan, and then in the other. 

Ex. 2. If the arms of a false balance be without weight and one arm 
longer than the other by ^th part of the shorter arm, and if in using it 
the substance to be weighed is put as often into one scale as the other, 
shew that the seller loses f per cent, on his transactions. 

Ex. 3. If the bar of the conunon steelyard be 18 inches long, weigh 
3 lbs. and be suspended at a point 3 inches from one extremity, what is 
the greatest weight which can be measured by a movable weight of 2 lbs.? 

Ant. 16 lbs. 

17—2 
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Ex. 4. A common steelyard is 12 inches long, and with the scale-pan 
weighs 1 lb., the centre of gravity of the two being 2 inches firoln the end 
to which the scale-pan is attached; find the position of the lolcnim when 
the movable weight is 1 lb. and the greatest weight that can be ascer- 
tained by means of the steelyard is 12 lbs. Ans. 1 in. firom scale-pan. 

Ex. 5. The movable weight of a common steelyard is 6 oz. A 
tradesman diminishes its weight by half an ounce: of how much is a 
person defrauded who buys what appears to weigh 6 lbs. by this steelyard? 

Afu, I oz. 

Ex. 6. Find the length of a Danish steelyard, weighing 1 lb., when 
the distance between the graduations 4 lbs. and 5 lbs. is 1 inch. 

Ans, 80 in. 

153. RohervaVs Balance. This consists of four uniform rods, AB, 
BDj DCy CA, freely jointed at their extremities and forming a parallelo- 
gram. The rods AB, CD can turn about pivots at their middle points 
Ey Fy which are fixed in a vertical support. The rods AB, CD are similar 
in every respect, as are the rods ACy BD, Equal scale-pans are rigidly 
connected with AC and BD. 

The advantage of this balance is that it does not matter whereaboats 
the scale-pans the weights to be compared are placed. 

Let the weight P, when placed in the scale-pan attached to ^C, 
counterbalance the weight Q placed in the other scale-pan. If now the 
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system be supposed displaced by the beams AB, CD turning through a 
small angle, it is clear that the centres of mass of AB, CD Batten no 
displacement, while that of BD and its scale-pan is raised or loweied 
through a vertical distance p, say, and the centre of mass of AC and its 
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scale-pan is lowered or raised through the same distance. The virtnal 
work done by the weight of BD will be equal to, but of opposite sign to, 
that done by the weight of AC. Also the algebraical sum of the virtual 
work done by the internal forces of the system is zero. The equation of 
virtual work is therefore Pp- Qp=0, since P, Q move through the same 
vertical distance as AC, and BD viz. jp; therefore P=Q. This result 
holds wherever P and Q are placed in their respective scale-pans, i.e. 
whatever be their distances from the vertical support. 

154. The Differential Wheel and Axle, In order to raise a very 
large weight by means of a comparatively small power, with the help of 
the ordinary 'wheel and axle', it would be necessary to make either the 
radius of the wheel inconveniently large, or else that of the axle so small 
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that it would be unable to bear the strain put upon it. This difficulty is 
got over in the * Differential "Wheel and Axle*. This consists of two axles 
B and C, of different radii, rigidly connected together and turning about 
their common axis AE, which is horizontal and turns in fixed sockets. 
The power P is applied at right angles to the axis, and at the end of an 
arm AD^ the * wheel' ; the weight W is attached to a pulley supported by 
a rope which is wrapped one way round B, and the other way round C : 
P and the rope round the thicker axle B tend to turn the machine in 
opposite directions. 

To find tJie Conditions of EquiUhrium, 

Let a be the length of AD, 6, c the radii of jB, C respectively, and T 
the tension of the rope supporting the pulley^ 
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Since the pulley is in eqiiilibriiim 

2T=W, 

Since the machine is in equilibrium, taking moments about €he axis AE, 
"we have 

Pa-Tb + Tc=0, 

.-. Pa = T(b-c) = iW{b-c), 

or P:W=b-c:2a. 

Hence by making the radii of B and C as nearly equal as we please, the 
weight which a given power P can raise, may be increased to any extent. 

The principle of work also enables us to obtain this result Yerj 
easily. 

In practice, this machine is useless, as in order to raise the weight 
through an appreciable height, the length of rope required would be Yery 
great. This difficulty is however got over in a modification of the 
differential wheel and axle, known from the name of the patentee, as 
Weston's Differential Pulley, 

In the Differential PuUey shewn in figure 128, an endless chain passes 
over a fixed pulley B, under a movable pulley to which the weight is 
attached, and then over another fixed pulley (7, a little smaller than, but 
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coaxial with B : the two ends of the chain are jointed so as to form a loop, 
the Power is applied to the right-hand portion of the loop : to prevent th^ 
chain from slipping, there are cavities formed in the circumfei;ences of the 
upper pulleys into which the links of the chain fit. 

The condition of equilibrium is obtained as in the difiCerential wheel 
and axle, and is the same, if we write b for a, i.e. is 

P: Tr=6--c:26, 

where h is the radius of the larger fixed pulley, c that of the smaller. 

155. Hunter^i Differential Screw. This consists of a screw AD 
which works in a fixed nut CC. AD is hollow and has a thread cut 
inside it, in which a solid screw DE works. DE is prevented from turn- 
ing round by some means, for instance, by means of a rod FEF rigidly 
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connected with it, and whose ends work in smooth grooves, so that the 
screw DE can only move in a direction parallel to its axis. 

The weight W is the resistance exerted by any substance placed 
between E and the base GG' of the framework CGG'C, The power P is 
applied at the extremity of the arm AB which is at right angles to and 
rigidly connected with the screw AD, 

Condition of Equilibrium, Let a be the length of ABj h^ W the dis- 
tances between consecutive threads of AD, DE respectively. 

Let us see the effect of the arm AB making a complete revolution. 
AD will clearly descend through a distance h\ DE cannot turn with AD^ 
and therefore will move upwards relatively to ^D through a space hf, i.e. 
will actually descend through a space h-h!', this is therefore the distance 
through which the weight i? moved. 
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Let ns suppose the virtaal displacement made to be that which would 
be produced by P moving its point of application through a small angle 
6y so that in consequence the weight descends through a distanoe x : as 
the distance through which DE descends is proportional to the angle 
through, which AD turns, a;/(/i - /i') = ^/2t. As P and W are the only 
forces that do work during the aboye displacement, the equation of yirtnal 
work is 

:. P ,2Tra=W(h-h'). 

This relation might have heen obtained by an extension of the method 
adopted in Art. 146. 

It is clear that by making h and U sufficiently nearly equal, we can 
make WjP as great as we please ; whereas the same result is obtained in 
the simple screw only by making a inconveniently large, or by mnViTig 
h so small that the thread is too weak to support the pressure on it. 



EXAMPLES ON CHAPTER YH. 

1. If a power P acting horizontally will support a weight W on u, 
plane of inclination a, and would also support it on a plane of inoUnation 
j3, acting parallel to the plane, the pressure on the plane in the former 
case being double that in the latter, prove that a=i cos~^ (J). 

2. If in the first system there be two pulleys, the fixed ends only of 
the strings being parallel, and the power horizontal, prove that the 
mechanical advantage is J^, 

3. In the first system the weights of the pulleys beginning with the 
highest are in a. p. and a power P supports a weight W\ the pnlleye are 
then reversed, the highest being placed lowest and so on, and now W and 
P when interchanged are in equilibrium: shew that n {W'\-F)=^2W, 
where W is the total weight of the pulleys and n is the number of them. 

4. If there be n pulleys in the third system, and if the string which 
goes over the lowest have the end at which the power is usually hong, 
passed under another movable pulley, over a fixed pulley, and then 
attached to the weight W ; and if the weight of each pulley be w and no 
other power be used, prove that W= (3 . 2^*"^ - n - 1) tr. 

5. In a weighing machine constructed on the principle of the 
common steelyard the pounds are read off by graduations reaching fh>m 
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to 14, and the stones by weights hong at the end ot the arm ; if the 
weight corresponding to one stone be 7 oz., the movable weight J lb., and 
the length of the arm one foot, prove that the distance between suc- 
cessive graduations is f inches. 

6. Shew that, in the third system, if there are n pullies, each of 
diameter 2a and weight tr, the distance of the point of suspension of the 
weight from the line of action of the power is equal to 

y*+^Tf+[(w-3)2^+w+3]ir 

7. In the first system of pulleys, shew that, if the weights of the 
pulleys are all equal, the equilibrium will not be affected by increasing P, 
IF, and the weight of each pulley, by the same amount. 

8. A weight W is weighed by a common steelyard, but a weight Q is 
substituted for the proper movable weight P. Shew that the error is 
{W-whja) (P-Q)lQt where w is the weight of the steelyard, and 6, a 
the distances from the fulcrum of the centre of gravity and of the scale- 
pan in which w is placed. 

9. A false balance, the weight of whose beam may be neglected, has 
given weights in the pans, which weights are afterwards interchanged. 
In the two positions of equilibrium the beam makes complementary 
angles with the vertical. Shew that the line, joining the point of 
suspension to the middle point of the beam, makes with the beam twice 
the angle, that the beam makes with the vertical in one of its positions. 

10. The weight of a commwi steelyard is Q, and the distance of its 
fulcrum from the point from which the weight hangs is a, when the 
instrument is in perfect adjustment; the fulcrum is displaced to a 
distance a + a from this end ; shew that the correction to be applied to 
give the true weight of a body, which in the imperfect instrument appears 
to weigh IF, is (W-{-P-hQ)al(a + a)f P being the movable weight. 

11. If in the first system, P is the power (acting upwards), W the 
weight, and R the stress on the beam from which the pulleys hang, shew 
that R is greater than W (1 - 2-»») and less than (2»» - 1) P. 

12. If on a steelyard the movable weight P which forms the power 
be increased in the ratio l + k : 1, prove that the consequent error in W, 
the weight to be found, is kY^ where Y is the weight that must be removed 
from W in j)rder to preserve equilibrium when P is moved close to the 
fulcrum. 
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13. Prove that, if in a machine the weight can be supported by the 
friction alone, then in raising the weight half the power at least ia 
wasted in overcoming friction. 

Apply this to the differential pulley ; and prove that if the weight can 
be supported by friction alone, the radius of the axle must be greater than 
the difference of the radii of the pulleys multiplied by the cosecant of the 
angle of friction. 

14. A single movable pulley, weight TF, is just supported by the 
power P, which is applied at one end of a coid which goes under the 
pulley and is then fastened to a fixed point : shew that if be the angle 
subtended at the centre by the part of the string in contact with the 
pulley, it is given by the equation 

15. A true balance is in equilibrium with unequal weights P, Q in its 
scales. If a small weight be added to P, the consequent vertical displace- 
ment of Q is equal to that which would be the vertical displacement of P, 
were the same small weight to be added to Q instead of to P. 

IG. Prove that in the third system, if the pulleys be small compared 
with the lengths of the strings, the necessary correction for the weights 
of the strings is the addition to TT, P^, Ps,...P^ respectively, of the 
weights of lengths /ij + //j . . . + 7i^+ /i, 2 (/ij - h^, 2 (h^ - ^J, ..,2{k^--h)Joi 
string: where /t^i ^2) ^'s* ••• ^^n ^^^ ^^^ heights of the n pulleys {whose 
weights are Pj, Pg, ... Pn respectively) above the line of attachment, sup- 
posed horizontal, of the strings to the weight TT, aiMl 7i the height of the 
point of attachment of the power above the same line. 

17. In graduating a steelyard to weigh pounds marks are made T?iih 
a file, a weight x being removed for each notch. With the movable 
weight P at the end of the beam, n lbs. can be weighed after the gradua- 
tion is completed, (71+ 1) before it is begun, shew that n(n+ l)=2P/j;, and 
find the error made in weighing m pounds. The c. o. of the steelyard is 
originally under the point of suspension. 

18. A Danish steelyard, weight W lbs. and accurately graduated, is 
painted. In consequence of the paint, the apparent weights of two 
known weights of X lbs. and Y lbs. are found when weighed by the 
steelyard to be {X-x) lbs., (Y-y) lbs. respectively. Prove that the 
centre of gravity of the paint divides the graduated arm in the ratio 
W (x-y) : Yx-Xy; and that its weight is, to a fir^t approTifnation, 
x{W+Y)l{X-Y)+y{W+X)l(Y-X). 
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19. A brass figure ABDC, of nniform thickness, bounded by a circular 
arc BDC (greater than a semicircle) and two tangents AB^ AC inclined 
at an angle 2a, is used as a letter-weigher as follows. O the centre of the 
circle is a fixed point, about which the machine can turn freely, and a 
weight P is attached to the point A^ the weight of the machine itself 
being w. The letter to be weighed is suspended from a clasp (whose 
weight may be neglected) at D on the rim of the circle, OD being per- 
pendicular to OA. The circle is graduated and is read by a pointer 
which hangs vertically from : when there is no letter attached, the 
point A is vertically below O, and the pointer indicates zero. Obtain a 
formula for the graduation of the circle, and shew that if P=l w sin^ a, 
the reading of the machine will he \w when OA makes with the vertical 
an angle equal to 



_j ((ir + 2a)8in'a + 28ino008aV 
( (ir+2o)8in^a + 2co8« (' 



20. A common steelyard is graduated on the assumptions that its 
weight is Q, and that the movable weight is TT, both of which assumptions 
are incorrect. If two masses whose real weights are P and E appear to 
weigh P+JC, and R+Y, then the weight of the steelyard and the movable 
weight are less than their assumed values by 

J(X-r)Bnd| (X-Y) + -^{PY-BX) 

respectively, where &, a are the distances of the fulcrum from the centre 
of gravity of the bar and the point of attachment of the substance to be 
weighed, and D=P-i2+^- Y, 
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1. If a solid cube of finite size be cut by parallel 
planes into n slices of equal thickness, we can by sufficiently 
increasing n make the volume of each slice smaller thw 
any assignable volume. The volume of a slice is in this 
case said to be ultimately an iiidefinitely small qmvntity. 

An indefinitely small quantity, then, is one which 
though itself less than any assignable quantity, yet when 
multiplied by a sufficiently great number amounts to a 
finite quantity. It is often said to be ultimately zero, but 
it must be understood that it is not absolute zero, which 
does not amount to a finite quantity, by however great a 
quantity it is multiplied. 

Let the above cube be now cut by planes parallel to 
another face, so that each slice is divided into n equal 
prisms, each having square ends. Again, let the cube be 
cut by planes parallel to a third face, so that each prism is 
divided into n equal cubes. The total number of cubes is 
w', of prisms n^, and of slices n; and it requires n prisms 
to make a slice, or n^ cubes. It follows then that, when 
71 is increased indefinitely, a slice, a prism, and a cube be- 
come all indefinitely small, but that though n slices make 
up a finite volume, n prisms do not, and though the sum 
of ?i' prisms is finite, that of n^ cubes is indefinitely smAll. 
Therefore the ratio of a prism to a slice is indefinitely 
small, and also that of a cube to a prism, and d fortiori 
that of a cube to a slice. This is usually expressed by 
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saying that a slice, a prism, and a cube are respectively of 
the firsty second and third orders of indefinitely small 
quantities. 

One indefinitely small quantity is of a higher order 
than another, when the ratio of the first to tho second is 
indefinitely small. 

Two quantities are equal when their difi'erence is 
indefinitely small compared with either : i.e. two finite 
quantities are equal when their difference is an inde- 
finitely small quantity, and two indefinitely small quanti- 
ties are equal when their difference is a small quantity 
of higher order. 

When we assert that the algebraical sum of a finite 
number of indefinitely small quantities is zero, we are not 
stating a truism, but mean that they are so related that 
their algebraical sum is of a higher order than that of the 
quantities involved. 

2. Prop. If two series, consisting of the same number 
of indefinitely small quantities of the same order, are such, 
that each term of the one bears to the corresponding 
term of the other a ratio differing from k (a finite quantity) 
by an indefinitely small quantity, the sum of the one series 
is k into the sum of the other. 

Let ttj, ttj, ...a„ be the first series, 6^, 6,, ...6^ the second, 
so that 

— tC "T C.f f~ — A? + Coy ••...• T a7 -r C , 

where c^, c^..x^ are indefinitely small : let c be the greatest 
of these quantities. 

Then 

«i + a^ + ... a^ = k (6i + 6,+ ... bj + b^c^ + 6jC,+ ... 6„c„ ; 

.-. 2 (a) -ifc S (6) is not > c 2 (6) ; 

.-. 2 (a) = A; 2 (6), 

since c2 (6) is indefinitely small compared with kX (b). 
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Cor. Hence two infinite series of indefinitely Bmall 
quantities of the first order, such that each term of the one 
diflfers from the corresponding term of the other by a 
quantity of the second order, are equal. 

This explains why in Arts. 97, 99, 101 and 102 wo 
have neglected one infinite series and retained another: 
this is done when the first series is of a higher order than 
the second. 

3. As an illustration of these principles we will give 
proofs of Guldin s theorems. 

One theorem is, that the volume^ genercCted hy the comr 
plete revolution of a plane area about any straight line in 
its plane and not cutting it, is equal to that of a right 
cylinder whose section is the plane area and height the 
length of the path described hy the centre of mass of the 
area. 

Draw a number of straight lines at right angles to the 
line ABy about which the revolution takes place, dividing 
the area S into ?i strips of equal breadth. Let Pp, Qq be 
two consecutive lines of this system, typical of the rest, 
M, N the points where they meet AB. 

Draw PR, pr perpendicular to Qq. 

The volume, generated by the revolution of PRrp 
about AB, differs from that generated by PQqp by the 
volumes generated by the two curvilinear triangles PQR, 
pqr. 

But when n is increased indefinitely, the breadth only 
of the rectangle is diminished indefinitely, whereas both 
length and breadth of each triangle is diminished in- 
definitely; the volumes generated by the latter are 
therefore of a higher order than that generated by the 
former. 

Hence the total volume generated by the area equals 
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the sum of the volumes generated by the rectangles of 
which Pr is a type, i.e. 

= 'S.{irPM\MN--irpM\MN) 

==7rX{{PM'-pM){PM+pM)MN} 

t= ttS {Pp . MN{PM^pM)}. 

Also the sum of the areas of the rectangles is the area 
of the figure S; and since they differ by the sum of the 
areas of the triangles PQR, pqr, &c., which are of a higher 
order than the rectangles, the centres of mass of the sum 
of the rectangles and the figure S must be coincident. 

Therefore oc, the distance of the CM. of S from AB 

_ ^{Pp. MN. i (PM+p3I)} 

_ ^ vol. generated by S 
IT X area S ' 

.*. volume generated hy S= S, ^irx. 

The second theorem is, that tlie area of the surface, 
(jenerated hy the revolution of a curve about any straight 
line in its plane and not cutting the curve, is equal to the 
rectangle^ whose length is the ■ length of the curve and 
breadth the distance of the curve's centre of mass from 
the straight line. 

Let PQ be a side of a polygon, either inscribed within or 
circumscribed about the curve : let R be the middle point 
of PQ, and therefore its centre of mass. Draw RK perpen- 
dicular to the line AB, about which the curve revolves. 

As in Art. 99, it can be shewn that the area of the 
surface generated by the revolution of PQ about AB is . 
27rPQ . RK, 

Therefore the total surface generated by the revolution 
of the polygon about AB 
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= 27rX {PQ.RK) 
= 27rx X perimeter of polygon, 
where x is the distance of its centre of mass from AB. 

When the lengths of the sides of the inscribed and 
circumscribed polygons are diminished indefinitely and 
their number increased indefinitely, their perimeters differ 
by indefinitely small quantities, and their centres of mass 
become coincident. The surfaces generated by each are 
therefore equal. 

It is assumed as axiomatic, that as the perimeter of the 
curve lies in position between the two polygons which 
ultimately coincide, it is equal to the perimeter of either 
polygon, its centre of mass coincides with that of either 
polygon, and the surface generated by it is equal to that 
generated by either polygon. 

Hence the surface generated by the curve is equal to 
the product of the length of the curve into the length of 
the path traced out by its centre of mass. - 

Each of Guldin's theorems can easily be extended to 
the case in which the revolution is not a complete one. 
There is no limitation in either as to the number of times, 
in which a straight line at right angles to AB cuts the 
generating curve. 

Ex. Find the volume and surface of an anohor-ring, the figure 
generated by the revolution of a circle about a line in its plane, and not 
intersecting it. 

Ans. Yol. = 2w'^a^Cf surface =4ir®ac, where a is the radius of the 
circle, and c the distance of its centre from the line. 

4. The following proposition has been assumed 
throughout. The limit of 
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where p is any positive quantity, and n is increased in- 
definitely. 

Let 8^ denote 1' + 2' + 3' +. . .(n - 1)'. 
,^' _ (,i _ iy« = (p + 1) (« _ ly + ^-£±il£ (n _ 1)^' + &a 

{n-l)'^'-(n-2)'*' = (p+l)(n-2y 

+ (£±l)P(n-2r+&c. 



:. by addition 

n**' - 1'*' = (i) + 1) /S, 



+ 



8. 



P+1 «^ yv,P+l 



" ^ + 1 (p + 1) w'''^* n^ 

^2rn" m" ^ 3! "n'"*!'^'^ ' 
But -^, IS obviously < -^ — -p^ — , i.e. is < 1. 

Similarly ,,.^1 is < 1, if ^j is > r. 

Hence, when p is integral, 

1 S; A^ A, A^ A,^, 
p + 1 rf"'^ n ^ n' ^ n^^'^rT'* 

where J.^, A^ A^, &c. are all finite quantities ; 

S 1 
.'. -pJi = :j-, when n is increased indefinitely. 

G. 18 
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If p be fractional 

S 

-^J" = ultimately, when p is> r, 

when pis<r,^iis<'^^; 

/. ^-^ - ^ is numerically < A ||. +£(|^ 

Le. = ultimately. 
Hence the result holds, whether p is integral or not. 
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